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Abstract

This paper is concerned with an observation driven model for time series of counts
whose conditional distribution given past observations follows a Poisson distribution.
This class of models, called GLARMA, is capable of modeling a wide range of de-
pendence structures and is readily estimated using conditional maximum likelihood.
Recursive formulae for carrying out maximum likelihood estimation are provided and
the technical components required for establishing a central limit theorem of the max-
imum likelihood estimates are given in a special case.

1 Introduction

In recent years there has been considerable development of models for non-Gaussian time
series. A review of models for the special case of time series of counts is contained in
Davis et al. (1999). There, a new class of models, which we will refer to as generalized
linear autoregressive moving average (GLARMA) models is introduced. These GLARMA
models are developed further in Davis et al. (2003) where, for a simple example, ergodicity
of the process is established and asymptotic normality of the maximum likelihood estimates
is stated. The primary objective of this paper is to provide some of the technical details
required to establish asymptotic normality of the maximum likelihood estimate in the first-
order GLARMA model. While equivalent results for the fully general GLARMA models
are difficult to establish, the proofs are likely to follow the lines of argument for the cases
considered here.

To introduce the general version of our model, assume that the observation Y; given the
past history F;_1 = o(Y;, s <t — 1) is Poisson with mean y; which will be denoted by

YilFior ~ P().

It is further assumed that the state process log(j;) is a moving average driven by noise that
is a martingale difference sequence generated from the data. Formally, the state process is



given by
q
Wy = log(p) = B+ ZTj(’Y)et—j; (1)
j=1

where 1 < g < o0,
er = (Y — ) /1, A >0

is a martingale difference sequence, and -y is a parameter vector. Even if ¢ = 1, the condi-
tional mean E(Y;| YY) depends on the whole past and hence is not Markov. On the other
hand, the mean process log(y;) is ¢'* order Markov. For ¢ = 1, it was shown in Proposition
2 of Davis et al. (2003) that the process {IW;} has a unique stationary distribution and is
uniformly ergodic.

One desirable way in which to parameterize the moving average weights 7;(7) in (1),
is to allow them to be the coefficients in an autoregressive-moving average (ARMA) filter.
Specifically, set

7(2) = ij(v)zj =0(2)/d(2) - 1,

where ¢(2) = 1 — ¢12 — -+ — ¢$p2P and 0(z) = 1+ 012 + --- + 0,29 are the respective
autoregressive and moving average polynomials of the ARMA filter, each having all their

zeros outside the unit circle, and = is the parameter vector consisting of the ¢;’s and 6;’s.
Writing W, = 6 + Z;, where

Zi = ZTj(’)’)Gt—p (2)

it follows that {Z;} satisfies the ARMA-like recursions,

p q
Zt = Z ¢z‘<Zt_i + 6t—z’) + Z Giet_l-. (3)
i=1 i=1

When this condition holds for the {W;} process, the model is referred to as a generalized
ARMA or GLARMA (see Davis et al. (2003)).

2 Estimation and Inference for the Model

2.1 Maximum Likelihood Estimation

The likelihood and its first and second derivatives can easily be computed recursively and
used in a Newton-Raphson update procedure for the GLARMA model. Standard errors
for the parameter estimates that properly account for serial dependence are also readily
available. The details follow.

Let & = (3,77)T and define L;(8) = log f(y:|F:_1), where f is the conditional Poisson
density of Y; given F;_;. The log-likelihood can then be written as >, ; L;(d) which, upon
ignoring terms which do not involve the parameters, becomes

L) = 3 (¥iWi(8) — ™@) (4)

t=1



where

and

er(8) = (Vi — pu) /1.
For brevity, we will often suppress the dependence of W; and e, on . The first and second
derivatives of L are given by the following expressions

oL W, <  OW,
Er >_(Yi— ) 96 Zet’”%

and

0L _Z”: {( B )82Wt B 8Wt8Wt]
26067 Ft as06T 08 08T

t=1
B i { Nl oWy 8Wt]
2 M 9e0sT M08 987 |
The remaining recursive expressions needed to calculate these derivatives are given below.
Asymptotic results for these estimates are given in Section 2.2 for the case where A = 1

and ¢ = 1. Under these conditions, the asymptotic distribution of the maximum likelihood
estimates is N(0,V 1), where

1 ..
V= lim = MW, (5)

with W, = aWt 6).

To 1n1t1a11ze the Newton Raphson recursions we have found that using the GLM estimates
without the autoregressive moving average terms together with zero initial values for e;, t <
0, gives reasonable starting values. Convergence in the majority of cases that we have
considered occurred within 10 iterations from these starting conditions.

The remaining expressions needed to calculate the derivatives of the likelihood are derived
below. These can be readily programmed and implementation in the S-language is available
from the second author upon request. First we note that

de, oW,
06 06

_ [e(l_A)Wt + )\@t]

and
oW, 6 0Z;

95 05 08
where {Z;} is defined in (2). From the recursion (3), it follows that

07, . P 0Zi—;  Oeyy
o5 = Zaé(th+etz+Z¢,< + aa)

69 86,5_2'
.95 +2‘)Z’ 96

1=




In particular:

6Z U (9Z i 86 —q E 86 —q
— Zﬁbz( - a%)‘FZQi—atﬁ 3
i=1

8Zt 8Zt i (96,5,1- aet,i
=7 0.
aQSa ta+€t G+Z¢Z(a¢a + 8¢a)+; ’Laqsa

and

aZt . P 8Zt,i aet,i K a@t,i
26, _;@( 96, o6 “t‘”;e" 96,

The second derivatives are then

d%e (1-\W, Wy
= — Lt ey —=
20057~ ¢ ‘55987
8Wt (1=\)W; 3et (9Wt
{85 (1—2Xe +)\86 567
and
PW, B 08°Z,  06°Z,
0608% 0608 98086 06087
in which

aZZt o Xp: [a¢z (aZt 7 aet z) <8Zt A aet ’L) a¢z:|
0608" = [0 \ 96" 08"
b (9QZt i 8 Ct—; 1 80 8et i 8et_l- 602
+ i +
;d) <8686T 6586T> ; [85 067 08 aaT}
I 82615,1'
0 ———.
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2.2 Asymptotic Distribution of MLE

In this section we establish asymptotic properties of the MLEs given in Section 2.1 for the
first order model with A =1 :

W,=0+7 (Y},_l — eWtfl) e W1, (6)

Uniform ergodicity and stationarity of {W,;} are the key ingredients of the argument.
We first note that by the ergodic theorem,

n'L() =n"" Zn:(YtWt(é) — ")) 5 §(8) 1= Ej, (YiW1(8) — 19

a.s., where Ejs, represents the expectation operator when the true parameter value is equal
to dg. The following result establishes identifiability of the model parameterization.



Proposition 2.1 The function S(8) has a unique maximum at the true parameter value
5 - 60.

Proof: We have
S(9) = E50<€W1(50)(W1(6) — W (80) + W1 (8p) — eW1(6)—W1(50))
< By (e (W, (89) — 1))
= 5(50) )

where the inequality follows from the relation x — e¢® < —1. The inequality is an equality if
and only if W1(d) = W1(do) a.s. However, in this case, we have

0= P — B+ (e ") — 4e” WO Yy — (19— 7)

for Yo =0,1,.... It follows that 3 = (3, and v = vy which completes the proof. O

We next consider the normalized score function evaluated at &,

L - -
Hn e n—l/Q%go) = n_1/2 Z 6t€WtWt > (7)
t=1

where W, = W;(dy), W, = awatgao)’ and e; = (Y} — eWt) /e"t. The following result establishes

the asymptotic normality of the score function, which is typically the primary factor in
establishing the asymptotic normality of maximum likelihood estimates.

Proposition 2.2 If v > 0 and v(1 + ¢#)Y/2 < 1, then the normalized score function H,
is asymptotically normal with mean 0 and covariance matriz V(o) given by

] — o as o
=~ W 5 V(80) = B AW

t=1

Proof: It is easy to see that H,, is a sum of a triangular array of vector martingale differences,
M = 0" 2egby,

where

bt = Wtewt = thut.

In order to apply a martingale central limit theorem, it suffices to show (see Corollary 3.1 of
Hall and Heyde [4]) that

> Emunl, | For) = V(o) (8)

t=1
where F; = (Y5, s < t), and, for all € > 0,

> B (nuni I 0wl > € | Fix) = 0. 9)

t=1



Under these two conditions, we have
H, % N©O,V).
To establish conditions (8) and (9), we see from (6) that
- ow, :
- o W,
W = ay ] = |: . t1 ]
L% Wi

[ Yie Wit — 1 — WYZ—le._Wt‘IWt—m
i 1 =Y, e MW,

[ U, + AtWt—l,l _ | U+ Yoo Ay AU
1+ AW 1+ Zf; Ap- o A ’

where U, = Y,_je”"e-1 — 1 and A, = —Y;_1e""-1. Since W, is a function of {W,, s < t},
it also is a strictly stationary ergodic process. Now,

(10)

- 1< .
Z E(nnmfft | Fio1) = " Z ethtWtT,

t=1 t=1

which is a function of two stationary ergodic processes, {W;} and {W;}. By the ergodic
theorem we then have

1 — s .
= VW 25 v = B W)
[
it &/ |eWt(50)WQWQT| < o0o. Conditions under which this holds will now be derived for a

particular choice of parameter values of 3 and «. It suffices to show E|e"* Wt21| <oo,i=1,2.
First we will consider the case i = 1. Using || - ||2 to denote the Ly norm, we have from (10),

e Waalla < 1™ Uilla + €2 Ar--- ArcisaUile

i=1

Using properties of the moment generating function for a Poisson distributed random variable
and the fact that the process W, is bounded below by ( — v, we have

“Wi_1

— P E {eewt_l(ewwt_l_l) [1 + ere (6767%_1 +e Wi 2)“

—(B=7) _

e R G ) | ST A (R



where the last inequality follow from the fact that the function z(exp(yz~!)—1) is decreasing
inx > 0.

E [eWtAtZ ‘ ftfl] = F |:’)/2eﬁ7’y}/;271672Wt_167Yt_1e_wt71 ‘ Wt71:|

Wi_1

_ _ —Wi1 Wit (pve _ “Wi_q Wi_q(oye Vi1
— ’)/26’3 ¥ [6 Wt,le'ye e (e 1) + 62’}/6 e® (e 1):|

< ,ygeﬁ_veeﬁfv(eve_(ﬁ_w_1)6767(,577) (6767@37’” + e_(@_7)> L b%,
E A} | Fooa] = E[YY2 720 | Wiy
= ">/2 (1 + e_Wt_l)
and

EU} | Fia] = E Y2 eV —2Y, eVt + 1| Wiy ]
_ €*Wt71

< e B .= b3.
Applying these results, ||e"*/2A, .- A,_;11U,_;||2 may be calculated recursively:

eV 24y AU = E (M AY-- AL L UL)
=E[E (AL A7 UL | Fia)]
= E[AZ .- A2, U2E (A2 | )]
<UWE[E (AL - AL UL, | Fis)]
= be [Afo T AiiHUE—iE (At271 | E*Q)}
< 5%72<1 + 6_(ﬁ_7))E [A?fz o 'A?fiJrlUth’J
<8 (14 6—(ﬁ—v)))i71 EE (Ui | Fiziz1))
< B (v (1 4+ e )

Therefore, i,
€™ P Wyalla < e1 4 e Z’Yiil(l +er )i,

=1

where ¢y = b1by. Likewise

le™2Woalla < [l ?])5 + Z eVt 2 A, - Al

1=0

<czH+ ey Z YL A P2
i=1
where



|:65*’Y€€ﬁ_7(3757<67w *1)i| 1/2

C3 =

Y

and
_ 1/2
Ch = [7266_76667’\/(6’\/5 (B=v) 1) 'Y —(B—) ( ve —(B=7) + 6_(ﬁ_’7)>:| /

It follows that E|e"tW,W/[| will be finite for v(1 4 e7#)/2 < 1.
The convergence required in condition (9) is easily established using condition (8) and
the stationarity of {W;}. Now,

S E (il (el > €] | Fioa)

t=1

1 — .. .
= Z E [(YH — M PWWII|(Yiey — V)W > ev/n] | fm]

t=1

1 - :
<- Z B |(Yior = e W I (Vg — W)Wl > M) | 7

X E | (- MW (v - | > M|
— 0as M — oo.

O

To argue that the MLE is asymptotically normal, consider the the linearized version of
the log-likelihood obtained by linearizing W;(§) in a neighborhood of the true value §y in
(4). Specifically, let '

W(8) = Wi(80) + (8 — 8p)" Wi,

so that the linearized log-likelihood takes the form
NOESY (ytwj(a) . eWJ@) .
=1
After re-parameterizing with the transformation u = n'/2(§ — &,), we have

R}, (u) :== L'(do) — T(5 +un’1/2)

uTn—1/2 ant . ZeWt ( WTn=1/21, 1)
—uTp=1/? Z (Yt — eWt) W, + Z et (e“T’fI/QWt —1- uTn_1/2Wt> ) (12)
t=1 =1
Note that Rl (u) is a convex function of u. The first term in (12) is —u” H, which, by
Proposition 2.2, is asymptotically normal with mean 0 and variance —u”V (8y)u. The second
term in (12) is

u® [(Qn)_l Z eV
t=1

u+ O, (n_?’/z Z et (uTWt)3> = 27"V (8o)u + op(1),

8



so that R} (u) <, R(u) where
R(u) = —u" N(0,V) + u’ Vu/2.

This convergence extends to finite dimensional distributions and since R], is convex, the
convergence is actually on C(R?), the space of continuous functions on R? (see Remark 1 of
Davis et al. (1992)). Moreover, the convexity implies that the minimizer, ,, = n'/ 2(32 — &),
of RI converges in distribution to the unique minimizer of R(u). It is easy to see that this
minimizer is V"' N(0, V) which has a N (0, V') distribution.

Under suitable smoothness conditions, the convergence of R} (u) can be transferred to
R, (u) := L(8o) — L(un? + &). That is, Rf(u) — Ry(u) = 0 uniformly for |u| < K. In
this case, 3;2 and the maximum likelihood estimator &, have the same limiting distribution,
namely, N(0,V~1).

Simulation results from these models (see Davis et al. (2003)) show close agreement

between the theoretical values and the model estimates, thereby supporting the derived
theory.
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