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ABSTRACT

In this ongoing work, we propose a Bayesian model that
can be used to detect targets in multispectral images when
the signals from the materials in the image mix linearly,
the noise is Gaussian, and abundance parameters are non-
negative. By using efficient implementations of the Gibbs
sampler, the expectation of any measurable functional of
the abundance parameters, relative to the posterior
distribution, can be computed easily. This general
approach can be used to include additional constraints.

1. INTRODUCTION

In the linear mixing model, the spectrum of a mixed pixel
is represented as alinear combination of component
spectra, i.e.,
y=Ma +n, (@D}

whereM isan N~ r matrix whose columns correspond to
the spectra of the r materials present in the pixel, a isan
r" 1 vector consisting of the abundances of the materials
inapixel, and nisan N~ 1 vector corresponding to the
noise [10], [14]. Due to physical considerations the
components of the vector a are considered to be non-
negative. These constraints can be expressed asa 1 T :=
[0,¥) =0, ¥) ...”[0, ¥). The matrix M is assumed to
be of full rank and the noise in the model is assumed to
be Gaussian, i.e. n ~ N(0, s?ly).

In section 2 we list standard results for the truncated
multivariate distribution that are used in this work and
we prove the main result of thiswork. In section 3 a
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Bayesian framework for the model in (1) is described. In
section 4 we briefly review the basic idea behind the
Gibbs sampler. In section 5 we propose various
implementations of this technique for the model and
discuss our findings.

2. TRUNCATED MULTIVARIATE NORMAL
DISTRIBUTION

Definition 1. (Truncated Multivariate Normal Distn). Let
f (x; m S) denote ak-variate normal density with mean m
and covariances S. Then X ~ Ngr(m S) denotes a random
vector whose density is proportional to f (x; m S)Ir(X),
where R1 A has positive Lebesgue measure and Ig(.) is
the indicator function for R. We call Nr a truncated
normal distribution.

Result 1. Let T be asubset of A that has positive
Lebesgue measure. Suppose X ~ Nt(m S). Define 0 < k;
<k, and partition mand S as

m= én‘ll‘;' S _ésu SIZE;I
-e. . u - us
N 6921 Szzﬂ

where m is avector with k; components and Sy; isa
ki ky-matrix. Then the generalized Gauss-Markov
theorem for the truncated normal distribution Ny is

i) Px(X1, X2) 1 f(Xg; m, Sya) f (x5 i, 522)|T(X),
where

m, =m+ S21(S11) (X1 - m),
S, = Sx1(S11) 'S

ii) If T=T, T,, where T;and T, are subsets of A* and
A%, respectively, with positive Lebesgue measure, then

XoX1~ Ny (m,S2,)



Let Z beavector of order k, i.e. Z =[Z,..., Z]". We
define Zjjy; := [Z,..., Z]". Also, given a square matrix A =
{ay} of order k, Ay, mn) denotes the submatrix of A
containing the rowsj thru | and columns mthru n. When
j=I or m=n we can write A, mq to denote a subrow and
A1, m to denote a subcolumn, respectively. Whenj = |
and m = n then A[j;|' mn] = A[j' m = Am-

The following result establishes the action of linear
transformations on truncated normal distributions. This
result is crucial to implement an efficient Gibbs sampler
for the Bayesian linear mixing model proposed in this
work.

Result 2. Suppose X ~ Nr(m s2S), where T i A has
positive Lebesgue measure, and S is positive definite.
Moreover, let A be areal k' k matrix of full rank and
definea := Am Y := AX, and S:={Ax :x1 T}. Now, let
SV1s--+» Vi, Yistr---» Yi) denote the subset of A, defined by

SO Vit Yooz W = {5 Qe T S ()
Then
(@) Y ~ Ng(a, s’ASA").
(b) If in particular A isalower triangular matrix such
that ASA" = |, then writing a = [a1,...,a,]",

Y0 or Vit Yieno ¥) = Ng (@5,89,  (3)
provided that § := S(y1,..., ¥-u, ¥j+1,-.., Vi) has
positive L ebesgue measure.

(©) If Aand S areasin (b) and T := [0, ¥), then
S={a+az:bz£c, z3 0}, 4)
where

8 1= Ay, 1yl Xy ©)

by 1= (A js1) Ak (6)

G 1= 1) = (Agerk i)~ Agetk, 11 X{t-1 (7)

r:= (Ageak o) " Vi

X = (A, 1) Yo (8)
For the particular cases j=1 and j=k we take

a:=0 9

C1 = (Azk 2x) " Vizk (10)

SV Vi) = {ac+ awz: 23 0}. (11)

Proof. Only (c) needs to be shown. Note that S has the
form
S={yl A%y=Ax, x1 T}. (12)
Forj1 {2, ..., k-1}, partition x and y, respectively, as
(X523, %0 X oea] s Y s Vo Y geial s
and A as

gAl: j-1Lj-1] O O H
& Az a; UNT
e U
eAj+1:k,1:j—1] Aj+1:k,j] Aj+1:k,j+1:k]u

Then from y = Ax we obtain

Vizj-g = Arig, -2 X (13)
Yi = Ay, vl Xz + 3% (14)
X1k = (Agerk jr) )

(Vrisnk = Apjeak, 1-01X125-11 = Agjeak, %)
Then (8) follows from (13). Now, taking &, b, and ¢; asin
(5)-(7), respectively, (14) and (15) become
Y= &+ aX (16)
Xjs1ig = G — By X (17)
Thus, (4) follows using (16), (17) and (12) in (2). When |
=1or | =k, partitioning appropriately the system y = Ax,
and repeating the previous procedure, produces equations

(9) to (L1). .
Example 1. Consider the case ASA™ = |, where
e u é1 Ou
S=¢, 1ga\ndAzé_4 50-
& “H €3 30

Thus, if X ~ Nr(m s2S), and Y= AX, where T = [0, ¥)?
then from (a) of Result 2, Y ~ Ng(a, s?l) where S= {Ax :
x1 T} anda := Am=[m, -4m/3+5my/3]". Moreover,
from (3),

yily2 ~ Ng (m, s ?),

Yayi = Ng (-4m+3m,s ),
where S, := Si(y,) and S := S(y,) can be found using (c)
of Result 2 asfollows: from (6), (9) and (10) we obtain b,
=-4/5, 3, =0, and ¢; = 3y,/5. Thus, from (4), S =
[max{0, -3y,/4}, ¥). Now, using (8), (5) and (11) we find
that Xy =Y, &= (-4/3)y1 and S = [-4y1/3, ¥) The
regions T and Sfor this problem are shown in Figure 1.
Although S, and S; could have been obtained directly
from this figure, in general for higher dimensions the
calculation of § must be coded asin Result 2.

Figure 1. Regions T and S={Ax : x1 T}. n

For T := [0, ¥), Result 2 suggests how to implement an
efficient Gibbs sampler for atruncated multivariate
normal distribution. First we shall transform asin (b).
Then (3) gives the distributions to be sampled in each
cycle of the Gibbs sampler (see Section 4). This



implementation gives a chain that solves the problem of
slow mixing that may appear in the standard Gibbs
sampler implementation for the truncated multivariate
normal distribution [5] with T of the above form. For a
general convex regionsuchas T :={xT A% a£Bx£ b},
where B isafull rank matrix of dimension m" k (m £ k)
and the components of a and b are allowed to be -¥ and
+¥ | respectively, aprocedure asin (c) of Result 2 can be
obtained with only minor adjustments.

3. MODEL

The model in (1) describes the conditional distribution of
y given the parameter vector q := (a, s?) consisting of
abundances a and noise variance s°. Now we assume the
prior distribution for q to be

pa, s?) =p(@) p(s?),
a ~Nr(my, s (M™™M) ™), (18)
s?2~1G(n, 1),
where T := [0, ¥)*and IG is the inverse gamma
distribution (see [15]). We assume s¢?, nand | are
known positive scalars, and my is a known vector. Let

p(a, s?| D) denote the posterior distribution of g, given
the pixel values D. Then

p@@,s’D) u L(y; a, s’ p@) p(s?, (19
where L isthe likelihood of q given y from the model (1),
when n ~ N(O, s?ly).

The problem addressed in this work is to obtain a
sample qy,..., gn from the posterior density p(q|D), for
which functionals of the posterior can be estimated. Such
functionals can be expressed as

E[h@) | D] = ¢h@)p(@ | D)dq, (20)

where h(.) is areal-valued function of g that is integrable

relative to p(q | D). Notice that (20) reduces to

(a) the posterior mean of g when h(q) = q.

(b) the posterior covariance of g; and g; when h(q) = (q; -
E(qID))( ai - E(aID)).

(c) the posterior probability of aset A if h(q) = 1a(q).

4. GIBBSSAMPLER

To draw a sample from the posterior distribution p(a, s
D) in (19) we consider the Gibbs sampler, an example of
aMarkov Chain Monte Carlo (MCMC) simulation. The
latter originated with the algorithm of [11] and
immediately found widespread use in Physics and
Chemistry. This algorithm, known as the Metropolis
algorithm, was generalized in [9], but this work did not
find extensive use in statistics until the appearance of the
Gibbs sampler introduced by [3] in the context of image

restoration. The basic ideais to simulate a stationary
ergodic Markov chain, whose stationary distribution has
the desired posterior density.

To implement the Gibbs sampler, write the
components of the vector g as (y,..., dq) Wherethegi’'s
are either uni- or multidimensional. Assuming that we
can simulate a random value from the conditional density
functions p(gildy,..., Gi-1, Gi+1, ..., dg, D), then the basic
scheme of the Gibbs sampler is given as follows

Step 0. Choose an arbitrary starting point qo= (dy,0...,0q,0)
in the support of p(q |D) and sett = 0.

Step 1. Generate g1 = (g, 1., g+1) as follows:
Generate gy 1+1 from p(daldzy,. .., dguD).
Qenerate Oz,+1 from p(02/Qy,+1, G- .5 g, D).

Generate Qq,t+l from p(Qq|q1 t+1s QZ, t+1y =eey Qq—l,t+1.D)-
Sep2. Sett=t+1andgotostep 1.

Notice that each component of the vector q is updated in
the natural order, using most recent updates of all other
components of q, and that a cycle in the scheme requires
the generation of g random quantities. Under certain
regularity conditions (see [2] for example), the Markov
chain {qo, d1, 92, g3, ...} hasastationary distribution
which is the posterior density p(q |D).

5. GIBBSSAMPLER IMPLEMENTATIONS

Using (18) in (19) we find the following posterior
conditional densities

a|(s? D) ~ Ny(m, Sy), (21)

s %@ D)~ (Sa)+2) cl.n (22)
where c2y; o, denotes achi-squared distribution with N +
2n degrees of freedom, and
S5 4 s?
s2+s? at s2+s

erbl

s&s? Tl
SS"'SZ(M M) 1

S(@):= (y- Ma)'(y- Ma).
Here a isthe ordinary least squares estimates of a from
the model in (1). Notice that m is a convex lineal
combination of prior myand & and S3a) is the residual
sum of squares; also S, is the least squares covariance
matrix, scaled by the factor for & inm.

Slz

5.1. Full conditionals (scalar Gibbs)

As afirst implementation of the Gibbs sampler for the
posterior density p(a, s/ D), we consider the set of
unidimensional conditional distributions. Hence, to



update the current value (a;, si°) = (@xj,..., ar;, Si°) of
the i-th iteration we proceed as follows:

- draw ay;.; from p(asja,,..., arj, si%, D),

- draw ap,+ from p(azlas,si, asj..., ar, si% D),

- draw a, 41 from p(a,las,ss, @zjst,nns Aras Si%5 D),

- draw s?.; from p(s?a;.s, D).
The conditional distribution p(s?ja;.1, D) is given in (22)
while aj|(@iis1,s @j1j+1, iy arj, S D) are
truncated normal, as (21) and (ii) of Result 1 show.

With this standard implementation of the Gibbs
sampler the MC values may not properly mix (i.e., the
chain does not move rapidly through the "entire" support
of the posterior distribution). This problem is particularly
acute when the abundance parameters are highly
correlated in the stationary distribution [6], [12].

5.2. Grouping (vector Gibbs)

Blocking highly correlated components into a higher-
dimensional components may improve mixing [12]. By
grouping the abundance parameters, i.e., write q = (qy,
02) = (a, s?), the modified updating process of the Gibbs
sampler becomes:
Givenq; := (a;, si%) = (@yj,..., axj, Si°), update g1 in
two steps:

generate a;; from p(als;%, D),

generate 2, from p(s?a;.1, D),
where the required distributions are given in (21) and
(22), respectively.

5.3. Reparameterization (transformed Gibbs)

A reparameterization may improve the mixing of the
chain ([6]). Result 2 allows us to reparameterize the
abundance parameters as follows. Let U be an upper
triangular matrix for which U'U = (M'M)™. Denote A :=
U and consider the transformation
h := Aa.
Let us suppose that we have already finished the i-th
iteration of the Gibbs sampler, i.e., the last term of the
current path is given by (ay;, ..., a,j, si°). From (21) we
know that
al(s D) ~Nr(m, S),

where

m =ga +(1-g)m,

S =si’g (M'M)7,

g :=so(s¢” + sid).
Using this and Result 2, it follows that

h|(si%, D) ~Ns(Am, si%gl), S={Ax:xT T} ()

Let hi = (hl,in---n hr,i) = Aa;. We update (alvi, vy @iy Siz)
via(hy,, ..., hyj, si%) asfollows: Forj =1, ...,r,
- Draw h; .1 from p(hj|(Nyiet,enes Njgies, Njivees, Neiy S,
D).
Obtain aji+1 = (hj'i+1 - aj)/a” (%e (16))

- Draw s 2, from p(s®[a;., D).

From Result 2 and (23), the posterior conditionals
p(hjlhl,i+l| ey hj-l,i+l| hj,il ey hr'i Siz, Y),J = 1, ..., rare
truncated normal. Also, p(s?ai.1, Y) isgivenin (22).

6. NUMERICAL EXAMPLE

In amodel with two variables and n=20, we set a,=0.98,
a,=0.02, and s?=1. With simulated values from model
(1), the least squares estimates of a and s? are [1.0133, -
0.0162] " and 0.894, respectively. The constrained
maximum likelihood estimates (CMLE) of these
parameters are [0.9983, 0]" and 0.9951, respectively.
Now, to define the prior in (18) we use s,°=0.9951, m =
[0.9983, 0] (the CMLE), r=0.001 and | =0.001. Using
this prior, we obtained Gibbs paths of length 1600 for
each Gibbs sampler from section 5. The scalar and
transformed Gibbs implementations in sections 5.1 and
5.3 need to draw from a univariate truncated normal. We
followed the procedures described in [5] and [13]. The
implementation of the Gibbs sampler in section 5.2 needs
a procedure to draw from a multivariate truncated normal
density. We followed the naive procedure, consisting in
generating successively from the unrestricted normal
until avalue in the region of interest is obtained.
Alternative procedures are the Accept-Reject method
from [7] and the Geweke-Hgjivassiliou-K eane simulator
(GHK) [4], [8]. In Figure 2, the autocorrelation plots of
the first component (a,) of the chain are shown for the
scalar and transformed Gibbs samplers. The scalar Gibbs
sampler was approximately two times faster than the
Gibbs with transformation. However its draws are highly
correlated. As commented in [1], sSlow decay in the
autocorrelations of monitored functionals suggests slow
mixing within a chain and usually slow convergence to
the posterior distribution. Thus, following [1] we observe
slow mixing within the scalar Gibbs chain and fast
mixing within the transformed Gibbs. The corresponding
plot obtained with vector Gibbs, which shows better
mixing even than the transformed Gibbs is not shown.
Even though the chain that results with the vector Gibbs
implementation is "ideal", we warn that this
implementation can be computationally expensive. The
naive method becomes impractical when the conditional
probability of the unconstrained abundance parameters,
given noise variance, is small. We are unaware of the



existence of an efficient accept-reject procedure to
simulate a truncated multivariate normal.
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Figure 2. Autocorrelation plots of the monitored first
component (ai) of the chains for the scalar and transformed
Gibbs Samplers.

In Figure 3 we show the posterior density p(aiD)
obtained using the transformed implementation of the
Gibbs sampler and the prior p(a;). We include also
p(aiD) when no constraints are imposed on the
abundance parameters.

Constrained

Un-constrained

O.;}S 0.59 1.60 1.61 1.62 1.63 1.64
ai
Figure 3. Constrained and unconstrained density p(a4|D) and
prior p(ai).

7. CONCLUSIONS

We have derived three different Gibbs samplers for
drawing non-negative multispectral abundances from the
posterior distribution density of the abundances.

Of these MCMC methods, the scalar Gibbs mixes poorly.
While the vector and transformed Gibbs speed up the
mixing, the former mixes better than the | atter.
Computationally, however, the scalar implementation is
the cheapest, and the vector Gibbsis the most expensive.
The Gibbs with transformation requires only little
additional computational cost over that of scalar Gibbs.
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