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7 LAD Estimation for ARMA Models
e finite variance

e Infinite variance

] A Real Data Example
e LAD estimation

* unit root problem



Asymptotics in Non-standard Settings
(When Taylor series expansions do not work.)

Applications to:

e LAD estimation
(Pollard "91, Davis and Dunsmuir "95)

» M-estimation with infinite variance
(Davis, Knight and Liu 92, Davis 95)

 Unit root problems (AR + MA)

(Davis and Dunsmuir "95, Davis, Chen and Dunsmuir
"95)



Example (The median).

Data. Z,...,Z 11D median 0 and pdf f(0) > 0.

N
Median. m = median(Z,, ..., Z,)

(assume m, = population median = 0)
Asymptotics:

m. is AN(0,??)
Note: m_ minimizes

T(m= S (Z-m-Z)
t=1



Set u=n"?’m and put

Sa(U) = Ty(un™?)

= > (Iz,-un™?-1Z)).
=1
Then

N N
u,=n"?m, .

Using the key identity,

2-y] - 2] = -y sgn(2) + 2(y-2) (1(0<z<y) - I(y<z<0)),

we have
n
Sy(u)=-un? 2 sgn(z,)
, t=1

2 t; ("2 u- 2, ){ 1(0< Z, <2 u)- 1(n2 u< Z, <0)}



Sy(U) = ~un z sgn(z, )

n

+2 > (n2u-z){ 1(0< Z, <n?u) - 12 u< Z, <0)}
t=1

=:A +B,

d
Results: A, — -uN, N~N(0,1) (CLT)

EB, =2nE(n l’2u Z,) 1(0< Z, <n"?u) (for u>0)

=2n r (n"Y?u = z) F(d2)

1/2

~ 2n r (N2 u - 2) f(0)dz = u” f(0).



Conclude :

d
°*A, —> -uN

P 2
eB. — Uuf(0)
S (U) SLN S(u):= —uN +u” f(0) [on C(R)]
d

—> U := minimizer of S(u).

Solve S'(u) =-N+ 2 u f(0) =0, we obtain

U = N/(2f(0)) ~ N(0,1/(4F % (0)))

or

RIXS 4, N(0,1/(4f* (0)))

n




The Paradigm:

* Objective function to be minimized: T,(0O)

* Reparameterize by setting u = a,(0—-6,)
0, = true value, a, = scaling

* Form new objective function:

Sn (U) = Tn (90+UIan )
® Establish weak convergence of S, (u) to S(u) on C(R).

® Show

I\ A d A i
u,=a, (0-6,) —> u:=argmin S(u)




Theorem. Let {Y,} be the Ilnear process

Y, = ZCZ Z|c|<oo,

j=0

where {Z, }~ ||D(O,O’2), medlan(Z )=0, and f(0)>0 .
Then

n
_Zl (1Z,-n2Y 4] -1Z,])

— > yf0) +N,
where N~ N(O,y) (y=Var(Y,)).

Key identity:
2yl - |z = -y sgn(z) + 2(y-z) (1(0<z<y) - I(y<z<0))




Using the key identity,

z-y| - |z| = -y sgn(z) + 2(y-z) (1(0<z<y) - I(y<z<0)),

we have
n

S =-Z Y, ,sgn(Z,)

+2 (M2 Y1 - ZOL0< Z <2 Y )- 1(n2Y<Z,<0)}

Result: A -4 N (MGCLT)

B. —> yf(0) (Ergodic Theorem)



Results :
q . 0| |1 EX,
® Ay “UNp= VN, (N Ny~ N( EX, EX. ).
°* EB, —> EY,*f(0) = (u,v) = (u,v)" f(0).
* B, —> (Uuv)Z V) f(0)
Conclude :
e S (uv) I —UN, =V N,+(uV)Z (uv) F(0).
° (U, , V. )4 =YN,N)T/2f0) ~ N0, = Y/ 45(0))

o (N (i), n"2(9-@))" 9> N(O, = Y/ 4(0))



Example (AR(1)).

Model. Xi= Mg+t @ X+ Z,,
| @ | <1, {Z.} ~ 1ID(0,6°), f(0)>0.

LAD estimation:
Minimize n
To(L0)= g (X = 1= @Xeal = 1 Z{)

= Zl (1Z, = (1) = (@ @) Xeal = 1 Z4)
t=

1/2 1/2

Set u=n

(M—Hp), V=n""(0—@),

n
S, (UV) = tzl (1Z, - un ™= vn™? X 4| - | Z{)



n
S, (U,V) = Zl (1Z, - un =2 X, | - | Z))
=

n
tzzl (|Zt - r]_1/2Yt-1| - |Zt|)

-1/2 . -1/2 -1/2
(N7,  =un™ 4+ vn"" X.,)

n
= -n” Y sgn(Z,)
N t=1
2 (7Y -z < Zo<n Y )17 Y < Z<0)}
t=1

=:A, +B,



Results :
q . 0| |1 EX,
® Ay “UNp= VN, (N Ny~ N( EX, EX. ).
°* EB, —> EY,*f(0) = (u,v) = (u,v)" f(0).
* B, —> (Uuv)Z V) f(0)
Conclude :
e S (uv) I —UN, =V N,+(uV)Z (uv) F(0).
° (U, , V. )4 =YN,N)T/2f0) ~ N0, = Y/ 45(0))

o (N (i), n"2(9-@))" 9> N(O, = Y/ 4(0))



Example (MA(L)).

Model. X,= Z,+82Z,.,
16, | <1, {Z} ~ 1ID(0,6°), f(0)>0.

LAD estimation:
Minimize n

T.0)= 2 (1Z.(8)-1Z, (8y))

t=1
n

= Z (X, = X +6% X 5= -+« (-0) Xy| - |Z, (Bp)] )
t=1

Set u=n"%(6-6,),



Sn(U) = Ty (Bg+un™?)

= tzzl (|Zt (6, + Un_llz)l - |Z, (8y)] )

(Not a convex function of u!)

-1/2

Linearize Z, %90+ un—°) to get

S,(0) 0.2 (1Z,(8) + un™* Z(89)|- 2, 8]
. 1=
where - Z.(6,) is the AR(1) process
Y= =08, Y,+Z,.
Result : Same limit result as in the AR(1) case, i.e.

2B Lap — By) 4> N/ (Var(Y,)2f(0))
~ N(0, (1-8%) / (0°4f*(0)))



Linearized Version :

Initial estimate :

N

Bp= 6y + O, (n**)

Objective Function:
" N\ ' N\ N\ N\
T.0) = D (1Z, (Bp) + Z'(B,)(0-6y)! - 1Z, (B)])-
t=1
Then

n2(8, - 8,) 4> N(0, (1-69) / (47(0))),

where IG\L =argmin T_(0)



Extensions :
ARMA Model : @B)X,=8(B)Z,, {Z} ~ 1ID(0,0°), f(0)>0.

Set B=(@,....q,0,...,08)" and
V= nllz(B - Bo)
Then

(i) S, (v) —Z (1Z, (Bo+ V™) - 1Z, (B )
45 f(O)v Fo¥2v+ VTN, N~N(0, o), (in C(R"™)
(ii) Viap = NY2(Biap — By) —4> o NI(2f(0))
~N(0, [ ™/(4f (0)))

Note: I~ 6% is the limiting covariance matrix in Gaussian case.
Q



ARMA Model With Stable Noise:
(Davis, Knight and Liu 92 for AR case, Davis 95 for ARMA.)

Model:
@B)X,=06(B)Z,, {Z} ~ 11D symmetric stable(a), O<a < 2.

nlla(%LAD - Bo) > W

In this case both A, and B, have random limits!

Least squares estimates: (n/ In n)ﬁo‘(BLS - By) RN,

Simulation results: Cauchy noise

LS LAD
AR(1) ¢=.4 395(.041)  .399(.015)
MA(1) 6=.8 795(.049)  .794(.036)
ARMA(L,1) g=.4  .399(.053) :399(.026)

6=.8  .781(.046)  .781(.033)



Linear Regression with ARMA Errors :
Model - Y, = Ala + X,
where {X} follows an ARMA process
@®B)X,=8(B)Z,, {2}~ 11D(0,0°), f(0)>0.

Assume A,' = (8, ,...,a,)" satisfies Grenander’s conditions:

P
@ lylb, — 0

n
i q P :
(b) Bn ' Z At At+jT Bn ' rA(J)
t=1
P
(C) bjn o

where b= [|AJI* and B, =diag(by,, ..., by).



Estimation: Let

0, i t<1,
Xt(a) — {
Y,-A'a, if t>0,
and fort' =(a', B"), define
0, i t<1,
Z(1) = { _
AB)X(Q) = 8, Zoy(D)= - - - =8, Z,o(T), if t>0,
Minimize
n
S,(u,v)= D (1Z, (T + n(uv))| - 1Z, ()] )
t=1

where n(u,v)= (B, u)’,n"?v") T,



Result :

S (u,v) 4> S(uv) onCR™)
* By (Oap ~0p), N (BLap —By) —> TIN/(2R(0))
~ N(0, /(4 (0))),
where

[ =

and

re= 2 T AGK), T(B)=6y(B)/@(B).

) K



An Example : (overshorts Y5, . . ., Y., from underground
storage tank.)

X [\ MM@/\ MW\
WW AT




Model. Y,=p+ Z,+0Z,

Problem. Estimate g and construct a C.1.?
(Isu<-5 gallons/day?)

Estimation.
Estimates Asymptotic Var
[y e =—4.87 (1+6)? o°/n = (1.408)°
B, ¢ = —.849 (1-6%)/n = (.070)?
[ Ao = -6.01 (1+6)* /(4nf?(0)) = (2.236)°

6, o = —673 (1-6%) / (62 4n(f %(0))) = (.106)?



Unit Root. If 6=1,then

(e is AN(Y,, 120°/n°) (if 8 is not estimated)

(L, e is asymptotically non-normal (if 8 is estimated)

Asymptotic distribution of fi, x, and 6, », when 8 = 17



