
Basic	  Time	  Series	  

R	  code	  at	  h1p://www.stat.columbia.edu/~madigan/W2025/code/Ameseries.R	  



Linear	  Filtering	  

Moving	  average:	  



DecomposiAon	  of	  Time	  Series	  
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ExponenAal	  Smoothing	  

•  Obvious	  forecasAng	  model:	  

•  Could	  use	  geometric	  weights:	  

weights	  add	  to	  one	  



Holt-‐Winters	  

•  exponenAal	  smoothing	  with	  trend	  and	  
seasonal	  variaAon	  

•  three	  parameters:	  α	  (for	  the	  level),	  β	  (for	  the	  
trend)	  and	  γ	  (for	  the	  seasonal	  variaAon)	  



StaAonarity	  

•  ProperAes	  of	  esAmators	  depend	  on	  whether	  series	  is	  
staAonary	  or	  not	  

•  Time	  series	  yt	  is	  staAonary	  if	  its	  probability	  density	  
funcAon	  does	  not	  depend	  on	  Ame	  i.e.	  pdf	  of	  (ys,ys
+1,ys+2,..ys+t	  )	  does	  not	  depend	  on	  s	  	  	  	  

•  Implies:	  
–  E(yt)	  does	  not	  depend	  on	  t	  
–  Var(yt)	  does	  not	  depend	  on	  t	  
–  Cov(yt,yt+s)	  depends	  on	  s	  and	  not	  t	  



Simplest	  StaAonary	  Process	  

•  Where	  εt	  is	  ‘white	  noise’	  –	  iid	  with	  mean	  0	  and	  
variance	  σ2	  

•  Simple	  to	  check	  that:	  
–  E(yt)=α0	  

–  Var(yt)=	  σ2	  	  
–  Cov(yt,yt-‐s)=0	  	  

•  Implies	  yt	  is	  ‘white	  noise’	  –	  unlikely	  for	  most	  
economic	  Ame	  series	  

0t ty α ε= +

h1p://econ.lse.ac.uk/~amanning/courses/ec402/UnivariateTimeSeries.ppt	  



First-‐Order	  Autoregressive	  Process	  AR(1)	  

0 1 1t t ty yα α ε−= + +

( )1 0 0 1 1,...,t t tE y y y yα α− −= +

	  |α1	  |	  <1	  –	  this	  is	  the	  condiAon	  for	  staAonarity	  of	  AR(1)	  process	  



More	  General	  Auto-‐Regressive	  Processes	  

•  AR(p)	  can	  be	  wri1en	  as:	  
0 1

p
t i t i ti
y yα α ε−=
= + +∑

•  Necessary	  condiAon	  for	  staAonarity	  is:	  

1
1 1p

ii
α

=
− < <∑



Moving-‐Average	  Processes	  

•  Most	  common	  alternaAve	  to	  an	  AR	  process	  –	  
MA(1)	  can	  be	  wri1en	  as:	  

0 1t t ty α ε θε −= + +

• MA	  process	  will	  always	  be	  staAonary	  



MA(q)	  Process	  

•  Will	  always	  be	  staAonary	  
•  Covariances	  between	  two	  observaAons	  zero	  if	  
more	  than	  q	  periods	  apart	  

0 1

q
t t i t ii
y α ε θ ε −=
= + +∑



ARMA	  Processes	  

•  Time	  series	  might	  have	  both	  AR	  and	  MA	  
components	  

•  ARMA(p,q)	  can	  be	  wri1en	  as:	  

0 1 1

p q
t i t i t i t ii i
y yα α ε θ ε− −= =
= + + +∑ ∑



ARIMA/Box-‐Jenkins	  Modeling	  

•  Model	  idenAficaAon	  
•  Parameter	  esAmaAon	  
•  DiagnosAc	  checking	  
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