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2.1. Linear Population Biological Growth Example

Table 1 records dental measurements of the distance (in millimetres) from the
centre of the pituitary gland to the pteryo-maxillary fissure in 11 girls and 16 boys
at the ages of 8, 10, 12 and 14 years. Both in the original analysis (Potthoff and

TABLE 1
Measurements on 11 girls and 16 boys, at four different ages
Individual Results for the following ages in years:
8 10 12 14
Girls
| 21 20 21.5 23
2 21 21.5 24 25.5
3 20.5 24 24.5 26
4 23.5 24.5 25 26.5
5 21.5 23 22.5 23.5
6 20 21 21 22.5
7 21.5 22.5 23 25
8 23 23 23.5 24
9 20 21 22 21.5
10 16.5 19 19 19.5
11 24.5 25 28 28
Boys
12 26 25 29 31
13 21.5 22.5 23 26.5
14 23 22.5 24 27.5
15 25.5 27.5 26.5 27
16 20 23.5 22.5 26
17 24.5 25.5 27 28.5
18 22 22 24.5 26.5
19 24 21.5 24.5 25.5
20 23 20.5 31 26
21 27.5 28 31 31.5
22 23 23 235 25
23 21.5 23.5 24 28
24 17 24.5 26 29.5
25 22.5 25.5 25.5 26
26 23 24.5 26 30
27 22 21.5 23.5 25
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Fig. 1. Least squares estimates of intercepts and slopes (the plotting symbol is the individual’s

number)




Let y; denote the jth measurement for ith child

Let x; denote the time of the jth measurement for ith child

Consider a model with this likelihood:

H H[-yljlol’T] = H H[yijlaia Bia T]
i J i j

= H N(yii | i + Bix, 1)
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Bivariate normal prior for the 6,’s:

[116:161 = IIN@: g, E)

with ¢ = (u, L), where g = (u, py), E(o;) = p; and E(B;) = p,, so that the
individual straight line growth curves are, in effect, regarded as distributed around

a ‘mean’ population growth curve, 4, + u,x with population variation described
by the 2 X 2 covariance matrix X.

[7] = G(’fl%VO, 3V070)

Finally, suppose that the prior specification is completed by assuming y, and 7,
to be known and taking the third stage of the hierarchy to have the form

[6] = [RIIE'] = N(p|n, O) W{E'[(wR) ', p},



Posterior:

[61;' e ?697?7_}”}2_1 |y] X HHN(gZ?|az;/g%>T)XHN(8%|Ju9E)G(T)N(auhbc)w(z_l|R_lﬂ0)
L 2

Full Conditionals:

[0fly’ K, E_la 7, 0]9 j#:i] = N{oilDi(TX;Tyi"'E_lﬂ)’ Di}a f=1, £ = =

[kly, 8, L', 71 = N{p|VUIZ'0+C ly), V},

' -1
£y, 8, g, 71 = W[E‘1 I {Z(ﬂs—#)(ﬂi—n)T-FpR}
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,I+p],

7]y, 8, u, Xl = G["'H(”o‘*‘”), %[Z(Yf—xiaf)T(Yi—Xioi)'l'VOTOH-

6 —_— 1_12305, Di_l —_— TX;'FX; =} E_l, v_l — IB__I + C;l_
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Fig. 3. Difference between growth of boys and girls versus age




Figure 2: Random observation time hidden Maorkov model,

% e {0, K—1)
[yt|zt = "“] NN(an-zQ)??’ = 0,~ - ,I{ —1
8¢ |ze—1 = 1] ~ geometric(p;),i=10,... K — 1

Assume that z stays in state / for an exponential(A,) amount of time



Prior distributions for p, A, 3, and & complete the model specification:

[02] ~ Inv—x*(1p,08),i=0,.. . ,K —1
lps] ~ Betalew,B,),i=0,...,K -1
]~ Tlon,Bx),i=0,... K -1

(8] ~ Betalcg,Gs),i=1,...,K—2

2.5,8,2,7,8,0] = [pINBlle) { [Tl o { TTla02c1,8, 2,816 51,01

. -

For K=2:
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First one is easy requiring K calculations and a normalization step...

Next two are conjugate...

Last one not so simple...



We use a Metropolis step to sample values of A = (X, 8). Specifically, let ¢(A, A')
denote the proposal density for the transition from A to A’. This proposal density
may depend on any or all of z,y,§, o and p. Then accept A" with probability:

[A,] 1_H?,=2 [zﬁ |Zt—1> (Sta A!] Q(A!7 A)

a(A, A|z, §) = min{l, X :
( 9) ¢ [A]TT [2¢] 261, 6, A ‘I(A;»A’)}

An independence Metropolis sampler 1s straightforward to implement and 1s
the approach we adopt. For ¢ =0,..., K — 1, sample a candidate A\, uniformly in the

interval [A; — ¢, A; + ¢a] where ¢, is chosen experimentally.



