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Markov Chain Monte Carlo

Generate a sequence of random variables {X,,.x,....} where at each time ;-
the next state ¥, , is sampled from P(X, | X,

X, =X, =X, ...

F(|y 1s called the transition kernel of the chain. Subject to regularity
condition, the chain “forgets” its starting position. That 1s, 7 |X,) will

converge to a stationary distribution that does not depend on ¢ or x,. Denote
the stationary distribution by ().
After some “bum-in”, points {X,.:=m+1m+2,....4} Wil be dependent
samples approximately from ().

We can use output from the Markov Chain to estimate Z[%(x)] where X ~ )

1 ]

(convergence is ensured by the “ergodic theorem™)



Metropolis-Hastings Algorithm

At each time ¢, X, 1s chosen as follows:
(1) Sample a candidate point ¥ from a proposal distribution ¢{ | X,)
(2) Accept Y with probability:

(X7 = min {1 P a(X, |7) J

P )Y | L)

(3) If accepted, X,,, =Y, else X, =%,.



Why does this work?
The transition kernel for the M-H sampler is:

P(X | X)) = (U | X)X, X o)+ (X = X0 [0 | X)) et X, VaY |

Note:
minl 1 ¢(Xr+1)Q(X 1 X,.)
OC(X X+1) (P(X )q(XzH IX) ¢(X;+1)Q(X | X +1)
(X, . X,) min ¢(X )q(X,,., 1 X,) o(X,)g(X,,, 1 X,)
¢(Xt+l )q(X IXZ‘+1)

= OC(X Xt+1)¢(X )q( t+1 |X) a(XtH X )¢(Xz+1)Q(X | +1)
= o(X)pX,,, 1 X)=0(X,,)p(X, 1X,,) "detailed balance"

= [$(X)p(X,,, 1X,)dX, = $(X,.,)

So, if X, ~ ¢y, then X, ~ ().

Note: g must result in an irreducible and aperiodic process



Canonical forms for ,( |,
Metropolis Algorithm

If (7| Xy =g(x |7y vx.¥ then M-H becomes:

&(X | ¥) = min (1, @J
LA

Example:
g(sl X) = mvn(X,X) where 7 is constant. Note that + needs careful choice...



Independence Sampler

If g(v| )= (1) ...

1, o
7

(works best if 4() 1s a good approximation to () )

&(X | ¥) = min




Single Component M-H

We can divide X into components {X , X ,.. X ,and update these
components one by one.

Gibbs Sampling (special case of single component M-H)

g, (¥, | X, X )=¢,| X_) — conditional distribution of the i-th component
given all the others.



numlter <- 10

e<-10

X <- rep(0,numlter)
candidate <- rep(0,numlter)
mu <- 3

sigma <- 5

accept <-0

for (i in 2:numilter) {
candidate[i] <- runif(1,x[i-1]-e,x[i-1]+e);
if (runif(1) < (dnorm(candidate[i],mu,sigma)/dnorm(x[i-1],mu,sigma)) ) {
X[i] <- candidate][i]
accept <- accept+1
}
else {
X[i] <- x[i-1]
}
}

par(mfrow=c(2,1))

plot(candidate,col=3,type="b",ylim=c(min(x)-1,max(x)+1))

par(new=TRUE)

plot(x,type="b",ylim=c(min(x)-1,max(x)+1))
hist(x,nclass=20,freq=FALSE,xlim=c(min(x)-1,max(x)+1),ylim=c(0,1.1*dnorm(mu,mu,sigma)))
par(new=TRUE)

temp<- seq(min(x)-1,max(x)+1,length=1000)
plot(temp,dnorm(temp,mu,sigma),xlim=c(min(x)-1,max(x)+1),ylim=c(0,1.1*dnorm(mu,mu,sigma)),type="1")

cat("Acceptance Rate: ",accept/numlter,"\n");



biossay <- data.frame(doses=c(-.863,-.296,-.053,.727),
rats=c(5,5,5,5),deaths=c(0.5,1,3,4.5),freq=c(0.5,1,3,4.5)/5)

log.post<-function(alpha,beta,data=biossay){
ldens <- 0
for (i in 1:length(data$doses)){
theta <- 1/(1+exp(-alpha-beta*data$doses]i]))
Idens <- Idens + data$deaths[i]*log(theta)+(data$rats[i]-data$deaths]i])*log(1-theta)
}

Idens

}

numlter <- 1000
alpha <- rep(0,numlter);
beta <- rep(0,numlter);

alpha[1] <- -5
beta[1] <- -5
e<-1

for (i in 2:numlter) {
alphal(i] <- runif(1,alphali-1]-e,alpha[i-1]+e);
betali] <- runif(1,beta[i-1]-e,beta[i-1]+e);
if (runif(1) > exp(log.post(alphali],betali])-log.post(alpha[i-1],beta[i-1]))) {
alphal[i] <- alphali-1];
betali] <- beta[i-1];
}
}

plot(alpha,beta,type="I")















