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Recall the strong theorem of large numbers: let x,x,.....x, be a sequence of

independent random variables having a common distribution and let
A(x,1= g. Then with probability 1,
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It follows that one way to estimate Z[x]= I-"fj} (x)dxis to simulate x,x,
from 7, (x) and form the arithmetic mean of the x’s as the estimate.

In general can estimate

where % = (2! X .... 24 are drawn independently from #(x, x,.....x;).



Suppose a random variable X has a beta distribution with parameters a, b:
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where 15 called a Beta function.
025
PlX <0.25) = -0 dx .
We want to evaluate ( ) !B{a,b} (=) . This is an

incomplete beta function which has been tabulated.

o 1 xE10,025]
Alternatively define =10 wtherwise

1
Thep & 2029 = EL(9) = !J(x;g; (x)dx

So estimate p(x <025 by simulating =x,x,,....x,ffom 7 (x)and letting
P[fiﬂ.?ﬁ}ﬁlwzuf[xi]_

This general procedure is called Monte Carlo Integration.



How do you draw random variables from 7, (x)?

¢ Underlying many of the methods we will discuss for simulation will be
the requirement to generate random number e.g. a random number
between 0 and 1.

¢ Random number generation and assessing random number generators
is a major industry in itself. We will just assume that we have some
method for doing it.

X

b

e.g. X, =(aX,+c)mod mthen ~ 1s approximately 77(0,1).



Randu - a (bad) pseudo-random number generator.

r.,4=65539 * r, modulo 231

Randu - 10k points

I
LTI

cerddcolorado. edu




Methods for Simulating Continuous Random Variables

The Inverse Transformation Method (method 1)

Proposition:
Consider a random variable ~ with CDF F,(x). Define a new random
variable v _ 7,(x). Then v~ wunif (0,1).

Proof:

F(y) = P(¥ <)
= P(Fy(0) =)
=FX = FAII (1) sin ce By is monotons

= Py (F7 () =y so¥ ~uwnif (01)



Corollary:

Let 7 —unif(0,1). Define a random variable X = 7'ty where F 1s a CDF.
Then F is the CDF of X.

Proof:

F(x)=PX 2x)=P(F ) £x) = Plu < F(x)) = F(x)

Thus, if we know how to invert 7,, we can simulate X by generating a
random u ~ U0, 1) and letting ¥ = 7).



Example:

Simulating a Weibull. For a Weibull random variable X have:
By =1-g 7"

Then #'{)is that value of X such that:

1_2-:/;;31 =1
¥
= i’/’/ﬁf =1-u

= E;] = —log(1-)

= x= A-log(1-u)) >
X generated in this fashion will have Weibull («, & distribution.

Note:

This method only works when #, is invertible which will not often be the
case.



The rejection method (method 2)

Suppose there is a density g(x) which is “close” to the density s that we
wish to simulate from but it is much easier to simulate from ¢ than 7 (e.g.
7/ might be gamma and ¢ Weibull). Then provided c such that

Sx)
g(x) = for all x, we can use g to get simulations from 7.
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Note:

g(x) must have support at least as big as 7(x).



Here 1s how 1t works:

Step 1 Simulate ¥ having density g and simulate a random number U.

Step2 ;. S _
If g set »_v. Otherwise return to step 1.




Claim: that the value X has density function 7.

Proof:
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The denominator does not involve x.

But #=e cgif)
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Note:

J) 1
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Since (u cel¥ ]J ¢, the number of iterations until an acceptance will be

geometric with mean ¢. Thus it is important to choose g(¥) so that ¢ is small.
Note:

However, a difficulty with the rejection method is that in many applications,
c is hard to compute. Often end up choosing ¢ very conservatively large
thereby resulting in very high computational costs.



myrbeta<-function(n,a,b) {
c <- dbeta((a-1)/((a-1)+(b-1)),a,b) # density value at the mode
u <- runif(n); # random numbers
g <- runif(n); # candidate draws
acceptYN <- (u <= (dbeta(g,a,b)/c)); # f/cg
return(g[acceptYN]);

}

par(mfrow=c(2,1))
plot(density(rbeta(10000,3,2)))
plot(density(myrbeta(10000,3,2)))



Sampling Importance Resampling (method 3) (Rubin,
1987)

Again, assume there is a density g(x) which is close to the density fthat we

want to simulate from. Then to generate a sample of size n from f, proceed as
follows:

1.
2.

sample a value x from the set (x.x,.....x;) Where the probability of

() = JFix)
sampling each x is proportional to g(x)

. sample a second value x using the same procedure, but excluding the

already sampled value from the set

. repeatedly sample without replacement » — 2 more times.



Adaptive Rejection Sampling
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Non-Adaptive Upper-Lower Rejection Sampling

Want to sample from f(x), x € D
Suppose g(x) = ¢ f{x) for some (possibly unknown) constant ¢

Define an envelope function g (x) such that g (x) 2 g(x) Vxe D

Define a squeezing function g(x) such that g(x) < g(x) V x€ D

Sample a value x* from g,(x), and sample a value w independently from the
uniform(0, 1) distribution. If you have defined a g,(x)-function, perform the
following squeezing test: if

w < &i(x*)/gu(x*)
then accept x*. Otherwise evaluate g(x*) and perform the following rejection test:
if

w < g(x*)/g.(x*)
then accept x*; otherwise reject x*. Repeat until » points have been accepted.



Note: this amounts to accepting with probability g/g

But: g:Cf:f 1

V4
where ¢ = —

g, & cg, c

guzgﬁguchziﬁc'
Eu

So this 1s plain old rejection sampling but minimizes the number
of evaluations of g



Adaptive Rejection Sampling

Let A(x) = log g(x) and assume that /(x) is concave
(i.e., h'(x) decreases monotonically with increasing x in D)

First evaluate /(x) and /'(x) at x; S x, =...= x, € D

Detine the envelope #, as the piecewise linear upper hull formed
from the tangents to A(x) at T, = {x,5Xp,...,X,}.

Define the squeezing function /, as the lower hull in the picture:
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Fig. 1. A concave log-density A(x), bounded on the left, showing upper and lower hulls based on three
abscissae (x;, X,, X3): , h(x); ———, upper hull; «««+-.. , lower hull
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2.2.1. Initialization step
Initialize the abscissae in T}. If D is unbounded on the left then choose x; such that

h'(x,) > 0. If Dis unbounded on the right then choose x; such that 4#'(x;) < 0. Having
defined k starting abscissae, calculate the functions u,(x), s,(x) and /,(x)

Si(x) = exp uk(x)/SD exp u(x')dx"

2.2.2. Sampling step
Sample a value x* from s;(x) and sample a value w independently from the
uniform(0, 1) distribution. Perform the following squeezing test: if

w < exp{/i(x*) — u(x¥}

then accept x*. Otherwise evaluate h(x*) and A'(x*) and perform the following
rejection test: if

w < exp{h(x*) — u,(x*)}
then accept x*; otherwise reject x*.



2.2.3. Updating step

If h(x*) and h'(x*) were evaluated at the sampling step, include x* in T} to form
T +1; relabel the elements of Ty, , in ascending order; construct the functions u, ., ,(x),
Sk+1(%) and [, (x) from equations (2), (3) and (4) respectively on the basis of

Ty+1; Increment k. Return to the sampling step if » points have not yet been
accepted.



TABLE 1

Evaluations of h(x) required to sample one point from the standard normal density, using adaptive
rejection sampling, for various starting abscissaet

Starting abscissae Mean numbert of Maximum numbert of

X X evaluations of h(x) evaluations of h(x)
-0.5 0.5 3.1 7
-1.0 1.0 2.8 6
-2.0 2.0 3.3 6
-5.0 ' 5.0 4.4 8
-10.0 10.0 5.1 8
-9.0 1.0 4.3 8
-8.0 2.0 4.4 7
-7.0 3.0 4.5 8
8

-6.0 4.0 4.4

11000 simulations.
{Including evaluations at the starting abscissae x; and x,.



TABLE 2

Log-concavity for common probability density functions f(x)t

ftx) Parameters log f(x) concave log f(x) not
with respect to concave with
respect to
Normal Mean p, variance o2 x, u, 1/0, log o o
Log-normal Location g, scale o2 log x, p, 1/0, log o X, 0
Exponential Rate A x, log x, A
Gamma Index r, rate A logx, x(ifr=1), A, r x (if r<1)
Beta Shape a, b logit(x), x (if @, b>1), a, b
Double exponential Location «, scale 3 x, o, 178, log B B
Weibull Shape b, scale a logx, x(ifb>1),a, b
Logistic Location «, scale 8 x, o 1/8 B
Pareto Shape 0, bound x, logx, 1/x(if 6>1), X
X, log xg, 0
Gumbel or Location «, scale 3 x, a, 1/8 g
extreme value
t Degrees of freedom & X
F Degrees of freedom m, n log x X
x2 Degrees of freedom k log x, x (if k=2), k x (if k<2)
Bernoulli Proportion p p, logit(p)
Binomial Proportion p, index r p, logit(p)
Poisson Rate A A
Geometric Proportion p p, logit(p)
Negative binomial Proportion p, index r p, logit(p)
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3 The idea of slice sampling

Suppose we wish to sample from a distribution for a variable, z, taking values in some subset
of R™, with density function proportional to some function f(z). We can do this by sampling
uniformly from the n+1 dimensional region that lies under the plot of f(z). This idea can
be formalized by introducing an auxiliary real variable, ¢, and defining a joint distribution
over z and y that is uniform over the region U = {(z,y) : 0 <y < f(z) } below the curve

or surface defined by f(z). That is, the joint density for (z,y) is

- 1/Z f0<y< f(z)
plzy) = { 0 otherwise

where Z = [ f(z)dz. The marginal density for z is then

f(z)
pa) = [ WDy = 1)) 2

as desired. To sample for z, we can sample jointly for (z,y), and then ignore .

(1)

(2)



X

Simple slice sampling via Gibbs...

We sample alternately from the conditional distribution for y given the
current z — which is uniform over the interval (0, f(z)) — and from the conditional distri-
bution for z given the current y — which is uniform over the region S = {z : y < f(z) },



Methods for simulating Normal Random

Variables

1. Sum of 12 uniforms (approximate algorithm)

12
X =016 w; ~untf (0,1)

im] E]

E[X]:iﬁ[ui]—ﬁzlz-%—ﬁzﬂ

iml]

MTX1= 3 Tu]=12 3 =1
iml

and X is approximately normal by Central Limit Theorem. This is a fairly
crude approximation but may be adequate for some applications.



2. Rejection Sampling

Fr@)= e A
First note that if “ 7~ o7 (i.e. Z ~N(0, 1))

Then letting x = 7|
2 E—r“/{

JxW=—pe T e

( Fp(R=PX2x)=Pl-x2z2+x) = F(x) - Fp(-x)= fy () = (1) + /(0 )

Try candidate distribution g, (x)=¢" (1.e. exp(1))

;1;'2 1 :':'2 1 1
SR _ 2 T2 T i 22, o |28 3155
Then g(xy .fom 2T T T

1 7
-=i#-1)

1
1 — =1y Ca e .
(.7 2ysince if © #1= =207 >0 which is impossible )



So, the procedure is:
1. generate a realization from g, (x)=¢" (Inverse transform)

2. generate u ~ uxif(0,1)

3. if ,, 52_;“'”: then accept x. Else go to 1.
4. generate u ~unif (0,1). If 2 <05 x ¢ —x.

Note:
This is quite efficient requiring an average of 1.32 iterations per acceptance.



3. Box-Muller
LetX, ¥ ~N{0, 1), X,Y independent
Consider a transformation to polar coordinates:
RA=X"+r*
8=t ()

To get the joint distribution of 72 and g need Jacobian of the transformation

od  dd 2x 2y
_ox ||l > L _
ox x ¥ x



1 -iFaty

Since Jry(xy)= E;FTEI
1 -d¢ 1 1 <45 1
d, &)= = T
J#0@.0) FEHE 2 zg o for 0 «<d <o and <8 <2

So prand g are independent. Furthermore R~ EKP':%IH & ~unif (0,271

So proceed by generating p2and g and then setting X = Rcosd, ¥ = Rsin 8

R
T

X

resulting in two independent standard normal random variables.







































