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0.1 Introduction: the Monte Carlo idea

We have spent most of our time up to now talking about optimization problems — how
to maximize the likelihood with respect to some model parameters I;Ior to maximize the
a posteriori density of a given stimulus X1 But in many cases we are more interested in
computing integrals instead of maximizers. For example, in the change-point setting we were
interested in computing marginal probabilities, which required us to integrate out a density
over some unobserved variable. Another example: in the decoding context, we might like to

choose our estimate X to optimize some posterior expected cost,
1

C (X X)p(X]D)dx]

(here, choosing the optimal X is a convex optimization problem in X whenever C(XX) is
convex in X for all X3— but we must still perform an integral over XJ1 As the simplest case,
if C(.,.) is the squared error between X_dnd X,

C(KX) = ||[x= I3,

then we may set the gradient with respect to X to zero to obtain the classical result that
1 1

argmin  C(XX)p(KD)dx 2+ E(XD) =  Xp[X]D)dk]

where again we have to perform an integral over X1

Sadly, however, these integrals are typically not tractable analytically (except in the ap-
proximate Gaussian case we discussed previously), and we need to employ numerical tech-
niques. The straightforward Riemann approach of breaking Xhto a large number of rectan-
gular bins and approximating the integral as a finite sum becomes exponentially inefficient in
the dimension of X{this is yet another version of the curse of dimensionality).

To solve this problem we introduce the concept of Monte Carlo integration. We want to
compute 1

Ep(f) = F(Jp(AX.]

for some (X1 If ]
| (XIp (X)X = oo,

then we know, by the strong law of large numbers, that if Xjlare i.i.d. samples from p(X}] then

X R —
=g TG - Ep(f), N - o
i=1

Thus we have reduced our hard integration problem to an apparently simpler problem of

drawing i.i.d. samples from p(XJ] To decide how many samples N are sufficient, we may
simply compute

Var(fy) = %V ar[f (X]J

when N is large enough that this variance is sufficiently small, we may stop sampling. (Of
course, in general, computing V ar[f (X)]is usually also intractable, and so we have to estimate



this variance from data, and this can be a difficult problem in itself, e.g. if the random variable
T (X)Thas large tails.)

As a simple concrete example, imagine that we would like to decode the position X of a
rat along a one-dimensional track, given some observed set of neural spike counts D = {n;}.
Assume that, given (X,Y), the spike counts nj are conditionally independent Poisson random
variables with rate

Ai(X) = gi(x),

where gi(.) is neuron i’s tuning curve for position X. Further assume that we know the a
priori distribution p(X) of observing any position X (i.e., we have watched the rat’s behavior
long enough to estimate p(X). Then, if we write

L] L] (|
_ _ L POXPx) . *xp(DIx)p(x)dx
E(X|ID) = xp(X|D)dx = 5(D) dx = o(D) ,

with ] 1
p(D) = p(x,D)dx = p(x)p(D|x)dx,

we see that we may apply the Monte Carlo idea twice to compute E(X|D), once for the
numerator and once for the denominator: if Xj are i.i.d. samples from the prior density p(X),

then
= ) 1 L U |
xp(DIx)p(x)dx = lim —  xjp(D[x;j)

N oo N j=1
and

1

p(D) = lim_ = p(DIx)),
i=1
with "B
PP = A" exp(=A)/nill = [6i()™ exp(=gi ()/nil].

0.2 The “importance sampling” idea extends the range of the basic Monte
Carlo technique, but is only effective in low dimensions

Two major problems can arise in a direct application of the Monte Carlo idea. First, it might
be difficult to sample directly from p(X)) particularly when X3k high-dimensional. Second,
the likelihood term p(D|X)dmight be very sharply peaked; in the preceding position-decoding
example, this is often the case when many neurons are observed, since the product over
neurons i tends to become exponentially concentrated around its maximum. This means that
most of our samples are wasted, since they fall in regions where the p(D|X)Iterm is relatively
very small, leading to a large variance in our estimate of E (X]ID).

One solution to both of these problems is to use the “importance sampling” trick: instead
of drawing i.i.d. samples from p(X]] we draw Xjlfrom a “proposal” density q(X}Jinstead, and

then form
1]
@) 1 % ~ P(
2N o 9 e ] (RI08E ()



p(X;)

The terms & defined so that we obtain the correct expectation, despite the fact that
we are not sampling from p(X)1— are known as “importance weights”: we are biasing our
sampler so that we can potentially (assuming we choose a good q(X})J spend more of our time
sampling from the “important” part of the density.

What constitutes a good choice for q(XJThere? It is reasonable to try to make the variance

of our estimate f,slq) as small as possible. We may write out this variance explicitly:

1
Var(fy) = % D:Df(Kqﬁé%Kﬁ dkF Ep(f)?

(note that this reduces to the simpler V ar[f(X)]l formula above in the case that p = q); a
simple calculus of variations argument gives that the optimal ( is

A= o I (0]

]
with the normalizesj Z =  [F()p(KJdX % oo, by assumption. For example, if we want to
compute p(D) = pOXp(D|X)dXTor some fixed observation D, the optimal proposal density
is

q( = (1/Z)p(KIp (DXl = (1/Z)p(Xp(D[X]}= p(XID),

which makes intuitive sense.
It is worth noting that a bad choice of q(XJ] on the other hand, can be quite damaging.

For example, if q(XJis such that %dﬂﬂs infinite (i.e., if the importance weight %

is very large with high p(XHprobabiliy), then the variance of our estimate fy will be infinite,
a situation we would obviously like to avoid.

If we return to the example discussed at length above — decoding the spike trains from
a population of GLM-like neurons — then a simple proposal density q(X)Jsuggests itself:
our Gaussian approximation to p(X[ID). Once we obtain Xpdap and the Hessian Jx of the
log-posterior evaluated at Xpdap, then to sample from this distribution we need only form
Xj1= AL} XM ap , where fj1s a standard white Gaussian vector and A = Jy Y2, this proposal
q(X1tis therefore very easy to sample from, and is by construction a fairly good approximation
of the true p(XJD).

Unfortunately, the utility of importance sampling is often limited to X_df modest dimen-
sionality. To see why, imagine that we want to compute the expectation of X lwhere each
component Xjlof the vector Xk generated from some fixed one-dimensional distribytiesy in
fact, for simplicity, we may assume that these components are i.i.d., that is, p(k)3= ; p(kil.
Now imagine we have chosen a proposal density q(Xi)] which is close to, but not equal to,
p(X). Then if we examine the distribution of the log-importance weight,

1
log p(IJ-logq(XJ=  log p(XJ — log q (X,

1
we see that the variance of log[p(¥)4q(X)] grows linearly with dim(X)] Now when we expo-
nentiate, we see that the importance weight takes on very large values (when log[p(X)4q(X)]l is
large) and very small values, and this is problematic because it means that our estimate fy is
dominated by just a few samples (those samples — or even just the single sample — for which
p(¥X)4q(Xdis much larger than any of the other importance weights). Thus, as the dimension
of Xilncreases, the efficiency of the importance sampler becomes progressively smaller. This



will motivate the development of more powerful “Markov chain Monte Carlo” (MCMC) tools
described below.

We close our discussion of importance sampling with one more useful idea. The importance
sampling method provides us with a way to weight samples from the proposal density so that
we may compute unbiased averages. But it is often quite useful (for graphical reasons, or
for model diagnosis) to have actual samples from the distribution, not just expectations. It
is fairly straightforward (under certain restrictions) to adapt the importance sampling idea
to provide exact samples. We apply the rejection sampling idea: that is, we draw from
our proposal (, and then accept with probability cp/q. The constant ¢ is chosen such that
maxx Cp(X)/q(X) < 1, i.e., that the acceptance probability is always less than or equal to one.
It is clear that this algorithm provides exact samples, once we write down the density pHk)
from which the rejection sampler is drawing:

p'tk) = ;q(X)cp(X),

where the normalization

q(x)cwdx =cC

q(x)

is just the proportion of samples that are accepted; thus

Ptk = Lal)ch ] = P

(Note that the thinning algorithm we discussed in the point process chapter was a special
case of this idea.) However, in many cases the restriction that p(x)/q(x) be bounded is not
met, or the bound 1/¢ = maxx p(X)/q(X) is so large as to make the method useless. In this
case, we must turn to the more general MCMC methods discussed below.

0.3 “Rao-Blackwellization”: it is wise to compute as much as possible
analytically

We saw above that the importance sampling idea (or indeed, the Monte Carlo approach in
general) is most effective when we can control the dimensionality of the vector X3hich needs
to be sampled. One natural idea along these lines is to perform as much of the integral as
possible analytically. More precisely, it is sometimes possible to decompose p(Xinto two
pieces,

POKI= p(Ke)p(Ka)Ka).

In some cases, this decomposition may Il%lchosen such that the integral

hferen p(KalXo) T (Ko Kz)dX]

may be calculated anal;llt:i(lzallyl. Nol%I the integral Ep(T) mayl%le computed as

Ep(f) = diap(ky) diap(elk)f(kkz) = dkap(Xi)o(X);

1The most common example of this is that Xzlis conditionally Gaussian given XiJ and f(.) is some simple
function such as a polynomial or exponential. For example, it is easy to see that this pertains when we are
decoding Gaussian stimuli X_given observations from a GLM model and the number m of spike counts observed
is smaller than the dimensionality of X_1Thus, in this case, just as in the case that we are optimizing (not
integrating) over X 3— where we made use of the representer theorem to reduce the computational load — the
computation time is determined by the smaller of dim(X)Jand m.




in particular, we may apply importance sampling (now in a the lower-dimensional Xzlspace)
to the integral on the right. This approach is guaranteed, by the Rao-Blackwell theorem
(a version of the usual bias-variance decomposition (Schervish, 1995)), to perform at least
as well as importance sampling on X dlirectly; hence this approach is often referred to as
“Rao-Blackwellization.”

0.4 Markov chain Monte Carlo (MCMC) provides a general-purpose inte-
gration technique

As we discussed above, if we can sample from a distribution we can (in principle) compute any
quantity of interest: means, variances, correlations, and even quantities which are nonlinear
functions of the distribution, such as mutual information (as we will see below).

However, it can often be quite challenging to sample directly from a complex distribution
p(XJ] One (quite clever) idea that has become the default method (Robert and Casella, 2005)
is to invent an ergodic Markov chain? whose conditional distributions p(XJKJImay be sampled
tractably and whose equilibrium measure is exactly p(X)] Then we may simply iteratively
run the chain forward, by recursively sampling

P(KN-1 XN

We know that the distribution of X dfter N steps of the chain is

P (K= p(Xnd) = T po(XJ)

where T abbreviates the transition operator
1

TF=  FOpCHIC]

(think of the simplest case, that X_dan take on only a finite number of values d — then f is
a d-dimensional vector and T corresponds to a d X d matrix) and that

P (- p(JI N — oo,

Thus if we run the chain long enough, XnJ will be arbitrarily close to a sample from p(X}]
One drawback is that we don’t know how long we need to run the Markov chain: how
large does N have to be for py (X dto be “close enough” to p(XJ7 In the case that the sample
space of Xk finite, we know from basic matrix theory that the largest eigenvalue of T is 1,
with corresponding eigenvector p(X)]in an ergodic chain, all other eigenvalues are strictly less
than one. Since the size of these smaller eigenvalues determines the rate of convergence of
TNpo(XIto p(XJ) the goal is to choose T such that the second-largest eigenvalue is as small
as possible. More generally, we tend to argue more qualitatively that the chain should “mix”
— i.e., “forget” the initial distribution po(X)Jand evolve towards equilibrium — as quickly
as possible; a rigorous discussion of how to quantify this mixing speed is outside our scope.
We also want to choose the initial density po(XJto be as close to the target density p(X)Jas

2Ergodicity is a property of a Markov chain that guarantees that the Markov chain evolves towards a unique
equilibrium density; roughly speaking, a Markov chain is ergodic if the probability of getting from one state
to another is nonzero, and if the chain is acyclic in the sense that particles which start at any state X_do not
return back to Xat any fixed time with probability one.



possible (within the consraint that we may sample from po(Xddirectly); for example, in the
decoding context, a reasonable choice for po(¥Xlis the Laplace-approximation proposal density
we discussed above.

Finding a Markov chain that satisfies our desiderata — (1), ergodicity (and preferably the
rapid mixing property), and (2),

Tp(X) = p(x)

that is, p(Kdas an equilibrium measure — is the hard part, but a few general-purpose ap-
proaches have been developed and are quite widely used.

0.4.1 The Metropolis-Hastings sampling algorithm is a fundamental tool for
constructing Markov chains with the correct equilibrium density

First we give a simple condition for p(Xdto be the equilibrium measure: we say a chain
satisfies “detailed balance,” or “reversibility” under p(Xif

POP (K= p(Ip (KT LX)

This is a reasonably intuitive condition: it says that, in equilibrium (under p(X}]), the rate
of flow towards X from Xis exactly equal to the flow of mass towards XZfrom X_JHence the

total rate of change of p(.) is zero; more precisely,
1 1 1

Tp=p(KPEPQEKE  p(Sb(KEJdCE p(dT  p(KETKE p,

as desired.

Now we are in a position to define the Metropolis-Hastings sampling algorithm. This
is based on the rejection sampling idea we discussed above: given X, lwe sample from some
proposal density q(XJK(note that our proposal density is allowed to depend on X1 Thus the
total probability of rejecting a step away ﬁlr%ln X3k simply

ROEGE1 - a(Kfk (KPRax]

where a(XJKIdenotes the probability of accepting the proposal XClgiven X1 Now we must
choose o(XJK)Icarefully so that the corresponding chain

POKFKTI= o (KA (X H- R (K8 (K X

satisfies detailed balance under p(X}1 The following choice works:

L1 L1
o PO
= min . ) i (acn

as can be seen by computing
—1

1
PORIB(RTRN = p(X a(KKE (KTRH- R (K3 (X X
N — ]

[ 1
— P& min 1,‘% QO RT3 (€5 K]

~ win B (CTRIIP(CTH (KT, PR (T (5 K7
= min_ pUCTH(KH pUTA (TR + p(TR(ETB(63 £
= p(Kp(KE3



thus we have succeeded (without much apparent effort) in our goal of constructing a simple
algorithm that allows us to sample from a distribution which becomes arbitrarily close to
p(X1(as N increases). See (Billera and Diaconis, 2001) for a geometric interpretation of
the algorithm; it turns out that the choice of the acceptance ratio a(.|.) corresponds to a
kind of projection of our proposal Markov chain onto the set of chains which satisfy detailed
balance under p(X}l See (Neal, 2004) for further details, including a generalization to the
more powerful class of non-reversible chains.

It is worth pointing out two special features of this algorithm. First, note that in the special
case of symmetric proposals, q(XJK)}= q(KXJ, then the acceptance probability simplifies:

1 1

w1, P
a(XFK = min 1, oK

this was the original Metropolis algorithm (later generalized to the nonsymmetric case by
Hastings).

Note also, very importantly, that we only need to know p(X)Jup to a constant. That is, it
is enough to know that

1
P(KT= S F(K]

for some relatively easy-to-compute r(X)}— we do not need to calculate the normalization con-
stant Z (since the Z term cancels in the ratio p(K3¥p(X)), which in many cases is intractable.
This property has made the Metropolis-Hastings algorithm perhaps the fundamental algo-
rithm in Bayesian statistics.

0.4.2 Choosing the proposal density is a key step in optimizing the efficiency of
Metropolis-Hastings

As discussed above, the key to the success of any MCMC algorithm is to find a chain that
reaches equilibrium and mixes as quickly as possible. In the context of the M-H algorithm,
we want to choose the proposal density ¢(XJK)Jto maximize the mixing speed. A good rule
of thumb is that we would like the proposals ¢(.) to match the true density p(.) as well as
possible (in the limiting case that p(.) and q(.) are exactly equal, it is clear that the acceptance
probability o will be one, and the M-H algorithm gives i.i.d. samples from p(.), which is the
best we can hope for; of course, in general, we can’t sample directly from p(.), or else the
MCMC technique would not be necessary). We give a few useful example proposals below.
The “independence sampler” is the simplest possible proposal: q(XXJ = q(X} i.e., we
ignore the current state entirely and just propose from some fixed density q(XJ(for example,
this proposal density could be taken to be our Gaussian approximation to p(XJID)). This
is extremely easy to code, and the simplicity of the proposal makes detailed mathematical
analysis of the mixing properties of the resulting Markov chain much more tractable than
in the general case. However, as we discussed above, it can be very difficult to choose a
q(Xdwhich is both easy to sample from directly and which is close enough to the (possibly
high-dimensional) p(X)dthat the importance weights p(X)4q(X)J— and therefore the M-H term

PR (KET _ p(KT (k1
p(XK)A (XK p(X)a (X

— are well-behaved.



Perhaps the most common proposal is of the random walk type: q(KXJl = q(X= X for
some fixed density q(.). Once again, it is a good idea to align the axes of q(.) with the target
density, if possible; for example, if Gaussian proposals ¢(.) are chosen, it is a good idea to
choose the covariance matrix of q(.) to be proportional to the covariance of p(X)¥or, if this true
covariance is difficult to compute, as is often the case, then we can use the ‘Fisher information
approximation discussed above, i.e., the inverse Hessian of the peak log-posterior).

A variation on this random-walk idea is of a simulated annealing flavor: the “Metropolis-
adjusted Langevin” (MALA) algorithm has proposals of the form

2
(RS CXBr- < Clag p(ig}+ 02,

where Z has a radially symmetric distribution with finite variance. Thus this random walk is
biased in such a way that it climbs up the surface of p(X}] therefore spending more time in the
“important,” high-p(X)dregions of the Xdpace. (This choice of bias is justified by the fact that
as 0 — 0, the invariant distribution of this walk converges weakly to p(XJ1— to see this, just
think of —log p(X)Jas the potential function of a Gibbs measure, p(X)1= exp(—[—log p(X}]).)

Each of these random-walk based samplers have a “local” property: we must typically
choose the average size of the jumps q(.) to be small, to avoid jumping wildly into a region
of low p(X)dprobability (and therefore wasting the proposal, since it will be rejected with
high probability). At the same time, we want to make the jumps as large as possible, on
average, in order to improve the mixing time of the algorithm. See (Roberts and Rosenthal,
2001; Gelman et al., 2003) for some tips on how to find a good balance between these two
competing desiderata. Regardless of the choice of the jump size, it is worth noting that, just
as in the optimization setting, these “local” methods are much more effective in sampling
from unimodal (e.g., log-concave) target densities p(X)Jthan more general p(X)] which might
have local maxima that act as “traps” for the sampler, decreasing the overall mixing speed
of the chain.

The “hit-and-run” algorithm is a somewhat less “local” method. The sampler is defined in
two steps: first, choose a direction U from some positive density r(.) on the sphere |[U} = 1.
Then, given @, bample XZfrom the one-dimensional density defined by taking a “slice” along
the direction U, ktarting from X1

gk = %p(ﬂtllm — oo <t< oo,

Thus we may define our transition density as an average over (]

1

QU= (D (KK d

The gain here is that, instead of taking small local steps as in the random walk proposal case,
we may take very large jumps in the W direction. Moreover, the algorithm is parameter-free,
once we choose the direction sampling distribution r(.), unlike the random walk case, where
we have to choose the jump size somewhat carefully. The one disadvantage is that we need to
sample from the one-dimensional density %p(ﬂr tl)] this may be done by rejection sampling,
the cumulative inverse transformation, one-dimensional Metropolis, or by the “slice sampler”
we will describe below. If we compute the ratio

(X pli, {(@A(KEIIE] (@5 (KA
(KT~ p(0l) (@ (06T (p(00 (K, ]

9




(since p(X)4 (XK1= p (X (XXENDT Cpak)p (X for any X dnd Xtonnected by a line along

the direction I)) we see that the hit-and-run proposal is in fact a Metropolis proposal which is
accepted with probability one. (We will use a similar argument to establish the validity of the
Gibbs sampling technique below.) Regarding the choice of the direction density r(.), it is easy
to sample uniformly from ellipses (by sampling from the appropriate Gaussian distribution
and normalizing); thus, again, a reasonable approach is to sample Iiniformly from the ellipse
defined by Jx, the Hessian of the log-posterior evaluated at the MAP estimate Xpap .

0.4.3 Gibbs sampling is a special case of the Metropolis-Hastings algorithm

Gibbs sampling (Geman and Geman, 1984) is the most important special case of Metropolis-
Hastings. Imagine p(X)lis easy to factorize

1 1

PO = Tilxailxag),

with Aj subsets of the elements of X_dnd A°® denoting the set complement. For example, X1
might be a high-dimensional random variable with a Markov random field structure (Jordan,
1999).

The Gibbs update is defined as follows: choose i randomly or in order. Update Xa; (while
leaving Xa¢ alone) by sampling from

P(xai) CEIXa[XAg).

This is analogous to the hit-and-run algorithm described above: we update some components
of X'y sampling from the conditional distribution of these components Xa,;, given all other
components Xae (which are held fixed). The difference is that in the Gibbs algorithm, we
update along the “coordinates” Xal, whereas in the hit-and-run method we updated along
the arbitrary direction 0.1

To show that the Gibbs rule is indeed a special case of the Metropolis-Hastings idea,
think of each step in the Gibbs algorithm as a proposal, and note that we always accept this
proposal, implying that a(XJKdin the M-H rule must be one if the Gibbs update is, in fact,
a M-H update. Is this true? Recall

—1 —1

. PO ()
a(XFk = min 1, )

which in this case is

P(Xat)P(Xa] [Xat)p(AF)p(Xal [Xak)
P(Kal)p(Xa] [Xak)p(AS)p(KE] [Xak)

min 1, =1,

where p(Aj) denotes the probability that we have chosen to update the subset Aj.

It is important to note that this Gibbs update rule can fail to lead to an ergodic chain
(i.e., the algorithm can get “stuck” and not sample from p(Xproperly. Imagine that the
conditional distributions p(Xa]|Xa}) are deterministic: then the Gibbs algorithm will never
move, clearly breaking ergodicity of the chain. (It is easy to construct simple examples of
distributions for which p(X1]|X2) and p(X2|X1) are both deterministic — e.g., X2 is an invertible
function of X3 — but the joint distribution p(X1, X2) is not deterministic.) More generally, in

10



the case of nearly deterministic conditionals, it is known that the mixing rate of the Gibbs
method can be extremely slow. Thus, as usual, it is a good idea to choose the parameterization
of the model carefully before blindly applying Gibbs. Despite this difficulty, the Gibbs method
has a number of important applications in the neural setting; we give a few examples below.

As a first example of this Gibbs sampling idea, imagine sampling the from a population
of coupled GLM neurons given the full stimulus sequence X and observed data D = {njt}
consisting of spike counts from some of the neurons at some subset of times {t;} [0, T].
Recall our coupled GLM model:

1 ——
niy CPbiss(Ai(t)dt);  Ai(t) =F b+ kd k) +  hijnie;
i’

Now, if we have observed all spike counts from time 0 up to some time tp, then sampling
forward in time is straightforward, either using the time-rescaling techinque or by recursively
sampling forward in discrete time, since the spike counts form a simple autoregressive process.
However, it is less trivial to “fill in” missing spike counts given intermittent observations. We
may apply Gibbs if we just write down the necessary conditional probabilities:

P(Nit = C, {Nir v }ir.t)zai.nl X, 8)
pP({nir v} vyed,nlX, 0)
1 exp (—=Ni(0) Ay —0

]
7z exp (€] Rl
’ it

p(ni.t = cIX, 6, {ni" v} vyav)

where the product is taken over all cells iYand times tZfor which Ay (tY is affected by nj+.
Since it is straightforward to compute and sample from these discrete one-dimensional condi-
tional probabilties, we may now simply apply Gibbs (following some random or deterministic
schedule for visiting the nodes (i7t5) to sample from the multivariate spike train as a whole.

We may also apply Gibbs sampling to construct errorbars of parameter estimates. A
useful example arises in the context of “separable” receptive fields of the form

F(X.1) = fr (O Fiti

We previously described a simple alternating optimization method for fitting such a separable
model; it is natural to ask how to to efficiently quantify the variability of our estimates in
this case. As usual, we may simply compute the Hessian of the log-likelihood at the MAP
estimate to construct approximate errorbars. But if we want exact errorbars a Gibbs approach
is natural (Ahrens et al., 2006). In the case of a Gaussian model,

1

Yi=  ajbh X +olhl)

jl
with X the appropriate design matrix and [dssumed standard i.i.d. normal for simplicity, we
may do Gibbs sampling exactly: given b<be sample from the Gaussian posterior on &,1

| ]
p(&D,B=N (Z27Z +02Ca) HZ"Y),(Z27Z 4+ 62Ca)20%(272)(Z27 Z + 0%Cy) 7t
and vice versa

p(btd, &= N ? .

WTW +02C,) {WTY), (WTW + 6%Cp) " 1a?(WTW)(WTW +a2Cp) ™t

11



where the matrices Z and W are formed by multiplying X against b-dnd &, Irespectively —

Le., 1
Zij = b Xjji

|
and L 1
Wir= aXjj

J
— and C4 and Cy denote the prior covariance matrices of & dnd Qrespectively (we have
assumed that these priors are zero-mean Gaussian, for simplicity). In the case that the
observations D are from a GLM instead of the simpler linear model, to sample from the
posteriors p(&jD, 5') and p(@) a') we need to apply the Metropolis-Hastings algorithm in a
subloop to compute each step of the Gibbs method; this may be done using any of the M-H
proposals discussed above.

A much more elaborate example of the use of Gibbs sampling in the context of parameter
estimation appears in (Rigat et al., 2006). The authors introduce a hierarchical model for the
activity in a network of neurons; there is a prior on connectivity matrices, and GLM for the
spike counts given the connectivity matrices, and a model for the observed spike counts given
the true spike counts (this observation model takes into account the fact that some spikes
are dropped and some false spikes may be added, due to low signal-to-noise in the voltage
recordings). Each level of the model — connectivity matrices, true spike counts, and observed
spike counts — may be sampled via Gibbs (in some cases M-H is required to perform the
Gibbs step), given that the other parameters and data are fixed. See (Rigat et al., 2006) for
further details.

A final nice example of the Gibbs sampling idea is known as “slice sampling” (Neal, 2003).
Imagine we would like to sample from a density p(X) (let X be one-dimensional, for simplicity,
although the idea can be generalized easily). One way to accomplish this would be to sample
uniformly from the two-dimensional uniform density

(xy)j CBIK,Y) = 1(0 <y <p(x),

and then simply ignore the yj component (i.e., marginalize over the y variable). Sampling
directly from p(X,y) is difficult, but it is easy to apply Gibbs here: we alternately sample
from

PYIX) = 510 <y <p(x),

the uniform density on y [0, p(X)], and p(X|y) = %l(x [, ), where Cy is the set of points
X such that p(X) =y. (The term “slice sampling” comes from this latter step — to consruct
the level set Cy we need to take a “slice” through the density p(x), where the slice is drawn
at a vertical height y.) The first step is always trivial, but sampling from Cy can be harder,
depending on how complicated the set Cy is. However, in the special case that p(x) is a
unimodal (e.g., log-concave) density, Cy is always a nice convex set, and rejection sampling
from this set becomes fairly straightforward; see (Neal, 2003) for details.

0.5 Computing normalization factors is necessary to solve the change-point
and information estimation problems

In many cases we don’t just want to compute posterior means and variances; we also want to
compute marginal densities, for example in the change-point detection context, or in comput-
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ing Bayes factors in the hypothesis testing setting. In particular, we might want to compute
1

p(D) = p(Jp(DKdx.]

Another example concerns arises in the estimation of mutual information: we need to compute

[ ]
h(X]D) = p(X|D) log p(X[D)dX 3 —logp(D) +  p(X[D) log[p(D[X]p(X)dx;]

the term on the right may be computed via standard MCMC on p(X[ID), since p(D|X)Jand
p(Xdmay in many cases be computed explicitly, but we need some way to handle the log p(D)
term. It is natural to ask if we can use MCMC methods to compute this quantity.
One simple approach here is to use the fact that
1

I = p(daxT

o (X, D)

CP(XD)
1

= p(D) p(ﬂm)p(D@dE

dx

ie, p(D) = I:Elp(m)[llp(D|Kﬂ]Dl, which may be computed directly via Metropolis. Sadly,
this method is known to be highly unstable: the variance of 1/p(D|Xdmay be very large
(even infinite), and the estimate can be completely swamped by a single sample of a very
small p(D[X]]

A more stable approach is described in (Chib and Jelizkov, 2001). The key insight is that
we may write p(D) in terms of an average of the acceptance probability of the Metropolis

sampler:
_ Epgm) [0 (K8 (X
p(@) - Eq(ﬂma(ﬂ]@ !

where XTHs any point in the X dpace (a common choice is to use XH= XpMap ), and a(XFK)]
denotes the Metropolis-Hastings probability of accepting a jump from X to X5l as defined
above. The numerator may be estimated by making use of the M-H samples from p(X[ID),
while the denominator may be estimated by taking samples from q(X[E5! given the fixed
starting point X' Note that in general it is not necessary to use the same number of samples
to estimate the numerator and denominator; this gives us some flexibility in ensuring the
stability of the quotient.

The equality follows upon noting that, by reversibility of the Metropolis-Hastings Markov

chain,
q(KETa(KETP (D) = q(KHI (KCHIB(XID),

and then integrating both sides with respect to X1 Once we have p(XJD), we may obtain
p(D) easily since, by Bayes,
p(DIGh(x!

PR = p)
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0.6 Further reading

MCMC is an enormous field. Other algorithms of interest include “momentum” methods
(“hybrid Mone Carlo”), which make use of ideas from physics to improve the mixing speed
in special cases, and “perfect” sampling methods, which allow exact samples to be drawn
(i.e., not just asymptotically exact) (Robert and Casella, 2005). Another important sub-
field concerns sampling between models of varying dimensionality, e.g. the “reversible jump”
algorithm.
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