Bernodli trias

An experiment, or trid, whaose outcome can be classified as either asuccess or failureis
performed.

X = 1whentheoutcomeisasuccess
0 when outcomeisafalure

If pistheprobability of asuccess then the pnif is,
p(0) =P(X=0) =1-p p(1) =P(X=1) =p

A randam variableis called a Bernouli randam variableif it has theabowe pmf for p
between O and 1.

Expected value of Bernodli r. v.:

E(X)=0%(1-p) + 1*p=p

Variance of Bernodli r. v.:

E(X?) =0*(1-p) + 1*p=p
Var(X) = E(X?) - (E(X))*=p - p* = p(1-p)

Ex. Flip afair coin. Let X = number of heads Then X isaBernodli randam variable with
p=1/2.

E(X)=1/2

Var(X) = 1/4



Binomid randam variables

Consider that n independent Bernoudli trids are performed. Each of these trids has
probébility p of success and probability (1-p) of falure.

Let X = number of successesin then trids.

p(0) = P(0 successesin n trids) = (1-p)" { FFFFFFF}
p(1) = P(1 successin n tridls) = (n 1)p(l-p)™* { FSFFFFF}
p(2) = P(2 successes in n trids) = (n 2)p*(1-p)™? { FSFSFFF}
EE

p(k) = P(k successes in n trials) = (n k)p*(1-p)™

A randam variableis called a Binomid(n,p) randam variableif it has the pnf,
p(k) = P(k successesin n trias) = (n k)p*(1-p)™* for k=0,1,2,E .n.

vdid pmf: sum_{k=0}"n p(k) =1
sum_{k=0}"n (n K)p“(1-p)™ = (p+(1-p))" = 1

Ex. A Bernodli(p) randam variableis binomia(1,p)
Ex. Roll adice 3 times. Find the pmf of the number of timeswerall a5.

X = number of times we roll a5 (number of successes)
X isbinomial(3,1/6)

p(0) = (3 0)(1/6) °(5/6)% = 125216
p(1) = (3 1)(1/6) }(5/6)? = 75/216
p(2) = (3 2)(1/6) %(5/6)! = 15216
p(3) = (3 3)(1/6) 3(5/6)° = 1/216

Ex. Screws produced by acertain company will be defective with probability .01
independently of each other. If the screws are sold in packages of 10, what is the
probébility that two or more screws are defective?

X = number of defective screws.
X isbinomia(10,0.01)

P(X! 2)=1-P(X<2)=1DP(X=0)DP(X=1)=1D(100)(.01)%0.99) °- (10 1)(.02)
1(0.99) °=.004



Expected value of abinomia(n,p) r.v.

Use linearity of expectation: E(X)=Np

Variance of abinomia(n,p) r.v.

Use rule for adding variances of i.i.d. r.v.G:

Var(X) = Np(1-p)

Properties of abinomid randan variable:

Ex. Sums of two indgpendent Binomial randomvariables.

X isbinomia(n,p)
Y isbinomia(m,p)
Z=X+Y. Use convolutionformula

p,(2 = #px(k)pv(z k) = #%zp(l p™ k§¢ z 1" p)m ek

k=0
$m’ $n+m

= p*@" p)™m Z#%% k{ & % pr(L" p)™m

Z isbinomal(n+m,p)

Can also be proved usng mgfG:
M_X(t)=(pexp(t)+1-p)"*n
M_Y(®)=(pexp(t)+1-p)"m )
Now use the uniqueness theorem for m.g.f.G.



Multinomial r.v.8

In thebinomial case, we counted the number of outcomesin abinary experiment (the
number of headsandtails). Themultinomial case generalizes thisfromthebinary to the
k-ary case.

Let n_i=number of observed eventsini-th dot; p_i = prob of fallingini-th dot.
P(n_1n_2E, n_KE(N!/n_1*n_2I*E*n_k N*p_1°n_1*p_2M_2*E*p_k~n_k.
Thefirst term istheusud multinoma combinaoric term (familiar from chgpter 1); the
secondis the probability of observingany sequencewith n_11G, n_22@, E, andn_k
kQ.

To compute themoments here, jug notetha n_iisitsalf Bin(N,p_i). SoE(n_i)=Np_i
andV(n_i)=Np_i(1-p_i).

For the covariances, note tha n_i+n_jisBin(N,p_i+p_j). So

V(n_i+n_j)= N(p_i+p_j)(1-p_i-p_j).

But we also know tha

V(n_i+n_j)=V(n_i)+ V(n_j)+2C(n_i,n_j). Putthesetogehe andwe get that
C(n_i,n_j)=-Np_ip_J.

Note that it makes sense that the covariance is negative: since N is limited, themore of
n_iwe see, thefewer n_jwed tend to see.



The Poisson Random Variable

A randomvariable X, takingonthevalues0, 1,2, E. ., issaid to be a Poisson random
variable with parameter ! if for some! >0,

p@) = P(X=i) = exp(-! )! ' /it fori=0,1,2,3 EE

valid pmf:

290) = 2e‘A%_e—A;%:e_xeA 1

The Poisson randomvariable has alargerangeof gpplications A major reason for thisis
tha a Poisson randomvariable can beused as an approximation for abinomial random
variable with paameter (n,p) when nislargeand pissmall. (Rare events)

Let X beabinomia randomvariable andlet ! =np. (! modeate)

Px =0 =gpa p P e M 8P

)" (n"i)itogp™ o5 n*
(F

_n(n' 1...(n’ i+1)(_‘§l (F“ _n(n' 9.0 |+1)( % n°
o

i! n' % n' %— (#

%
For nlargeand! modeate,

g ., "1)..(n" ' i
L P U U T YEA S
( Nn% n & n
Hence,

o
P(X =i)#e —

il

Ex. If X and Y areindependent Poisson randomvariables with parameters! ; and! »
respectively, then Z=X+Y isPoisson with parameters! ;+! 5.

Verify for yourself, using either m.g.f. (easiest) or convolution formula.



Rare event

Ex. A typesetter, onthe averagemakes oneerror in every 500wordstypeset. A typical
page contains 300words What isthe probability tha there will be no more than two
errorsin five pages?

Assume tha each word is a Bernoulli trial with probability of success 1/500and that the
trials are independent.

X = nunber of erorsin five pages (1500words)
X isbinomal(150Q1/500)

500) x
P(X' 2)= §1 L # 499# =0.4230
o X "0400" 0/500"

Use the Poisson approximation with ! =np=1500600=3. X is approximately Poisson(3).
32 #3

P(X" 2)! &2 +36P + = 0.4232

If X isaPoisson randomvariable with parameter ! , then E(X)="! andVar(X)=1.

’/ p 1 =y
E(X) = $|e =e ;$i1i"1)l '1e =1
1 $4 #. !$$i!1 #o e!$$j
— | 2 $ — qn — N
B = i=0 it $|1 (it $Ji:O(J+1) j!
# L% # alSqi
=8 ST S0 = 8(E(X) +) = 85+
= J =0

Thus Var(X)=!(! +)" 1?2 =1241"1%=1

(Compare with Binomid: Np(1-p), N large, p small -> Np.)

MGF.

E(e™) = %es' ## =e #(V (#e) =¢%e* ="'V note tha thisis thelimit of the

i=0

binomal case, (1+(exp(t) 1)p)’\n



Poisson Process

A Poisson processis amodd for couning occurrences, or events, over an interval. For
example, we are often interested in Situaionswhere events occur at certain pointsin time.
(Time is continuous)

Ex. Thenumber of cusomersOentering a pos office on a given day.
How many cusomers enter astorein t hours?
Assume that the customers arrive at random time points.

¥ Split thet hoursinto nintervals of very small length (say 1 s).

¥ If! customers arrive on average during an hour, then approximately !t
customers will arrive during t hours. The probability that a cusomer arrives
during each interval is! t/n.

¥ Only onecugomer can arrive during each timeinterval.

¥ Each peasonarrivesindgpendently.

Theintervals can berepresented as a sequence of nindgendent Bernouli trials with
probability of success! t/nin each. Use Poisson approximation (n large, p small).

A Poisson process having rate ! meanstha the number of events occurring in any fixed
interval of length t unitsis a Poisson randomvariable with mean ! t. Thevalue! isthe
rate per unit time at which events occur and mug be empirically determined. We write
that the number of occurrences during t time units as N(t). N(t) is Poison(! t).

Ex. Cugomers enter apod office at therate of 1 every 5 minutes.
What is the probability tha no oneenters during a 10 minute time period?
Let N(t) = the number of cusomers entering the pog office durning timet.
N(t) is Poisson(! t) where! =1 and t=2.
P(N(t) = 0) = exp(-! t) = exp(-2) = 0.135
Wha isthe probability tha at least two people enter during a 10 minute time period?

P(X>=2) =1- P(X<2) = 1-(P(N(2) = 0) + P(N(2) = 1)) = 1-(exp(-2) + 2exp(-2)) = 1-(
0.135+ 2*0.135)= 0.595



Geometric distribution

Congder that nindgpendent Bernoulli trias are peformed. Each of these trials has
probability p of success and probability (1-p) of failure.

Let X = number of unauccessful trials preceding the first success.

X isadiscrete randomvariable tha can takeonvauesof 0,1, 2, 3,.....

S, FS, FFS, FFFS, FFFFS, FFFFFS, FFFFFFS, ........

P(X=0)=p

P(X=1) = (1-p)p
P(X=2) = (1-p)'P

A randomvariableis called a Geometric(p) randam variable if it has the pnf,
p(k) = (1-p)*p for k=0,1,2,E ..

valid pmf:
sum_{k=0}"inf p(1-p)“ = p/(1-(1-p)) = plp=1

Ex. A fair coinisflipped urtil ahead appears. What is the probability tha the coin needs
to beflipped more than 5 times?

X = number of unsuccessful trials preceding thefirst H.
. | 1-(-p)°
P(X=25)=1-P(X<5)=1-p) 1-p)! =1- p——=—
JEO 1-(1-p)

g 1-@-p° s (1)1
=1- pT—(l— p) —(5) ~ 35

This is the same probability as getting 5 straight tails. (Note that the combinatoric term
here is 5 choose 35, i.e., 1.)



Expected value

Write q—l-p

_ P4 _pq_
E(X)= i#onqp qufod—q(q) pqd—q(n#oq) pqd—(1$) S~ -

1
p
. . d n d n
Converging power series. — (1 a.q")=1 —(a.q")
d n=0 n=0 d

Variance

Use V(X)=E(X"2)-E(X)"2, and use mgf to get E(X"2).

My (t) = #e“‘q“p # (@6)" p=1 pt

n=0

derlvatlve f|nd V(X)=g/(p"2).




Negative Binomial

Congder that nindgpendent Bernoulli trias are peformed. Each of these trials has
probability p of success and probability (1-p) of failure.

X = number of failures preceding ther-th success.

X takesvalues0,1,2,E

P(X=0)=p' SSSSSSS
P(X=1) = (r 1)p'(1-p) SSSSFSSS
P(X=2) = (r+1 2)p'(1-p)? SSSSFSFSS
P(X=3) = (r+2 3)p'(1-p)° SSSSFFSFSS
EE.

P(X=n) = (r+n-1 x)p'(1-p)"

Thisrandomvariableis called a Negdive binomal(r,p) randomvariable.

Valid pdf: Need to use negative binomals.

The negative binomial distribution is used when the number of successes is fixed and

we're interested in the number of failures before reaching the fixed number of successes.

If X is NegBin(r,p), then X=sum {i=1} ~r X_i, with X_i indgpendent Geo(p) r.v.3.
E(X)=ra/p; V(X)=rq/(p"2).

MGF of Geo(p);‘ " "
E(exp(tX_i))= # €"q"p= p# (q€)" = p# (a€)" = p/(1$ qe') for gexp(t)<1.

MGF of NegBin(r,p)=[p/(1-gexp(t))]"r.

Ex. Find theexpected number of times oneneedsto roll adice before getting 4 sixes.

X = number of rolls before getting 4 sixes.
X is negdive binomia with r=4 and p=1/6.
E(X) =r/p=4/(1/6) = 24.



Hypergeometric random variables

Assume we have abox that containsm red bals and (N-m) white bdls. Suppo® we
choo® n different bdls from the box, without replacement.

Let X = number of red bdls.
X takes valuefromOto n.

P(X=0) = (m 0)(N-m n)/(N n)
P(X=1) = (m 1)(N-m n-1)/(N n)

P(X=k) = (m K)(N-m n-k)/(N n)

A randomvariableis called a Hypergeometric(n,N,m) randomvariableif it has the pmf,
P(X=k) = (mK)(N-mn-k)/(N n)fork=0,1,E . n

Show that this is a valid pmf.

Suppo= tha we have a popuktion of size N tha conssts of two types of objects. For
example, we could have bdlsin an urn that are red or green, a popuktion of people who
are either male or female, etc. Assume there are m objects of type 1, and N-m objects of
type 2.

Let X = nunber of objects of type 1 in asample of n objects.

X is Hypergeometric with parameters (n,N,m).

Ex. Suppo® 25 screws are made, of which 6 are defective. Suppo® we randonly sample
10 screws and place them in a package What isthe probability tha the package contains
no defective screws?

X = number of defective screwsin the package

X ishypeageometric with n=10, N=25 and m=6.

P(X=0) = (6 0)(19 10)/(25 10) = 0.028



Expected value

Variance

Var(X) = %( (N ;IETI‘\)I(i\'l)— n))

As popuktion size N becomes large, hypegeometric probabilities convergeto binomal
probabilities (sampling withoutreplacement -> sampling with replacement). To see this,
jug set m=Np (where p=fraction of red bdls), and write out
(mK)(N-m n-k)/(N n) = (Np K)(N(1-p) n-k)/(N n)
. =(K[(Np) (Np-1)E (Np-k+1) (N(1-p)) (N(1-p)}-1)E (N(1-p)-
n+k+1)/(N)(N-1)E( N-n+1)]
" (nk) pk (1-p)*(n-k).



Uniform Random Variables

r—— &<x<%
f(X) =#9%-& :
Y 0 otherwise

Expected Vaueand Variance:

n 2 IZ " ! " / " !
E(X) = *xf () = *”X dx = — )Xg P _(HD( ) (1)
e #! #1286, 2"#1) 2" #!) 2
+ " 2 38: nm3 !3 " I ) !,, !2
E(X?) = %X f (X)dx = % —cx = — .)X_§ J R (R 4L
e , " H] t#1 (3/9 3("#!) 3(" #1)
(T 41
- 3
m2 o o412 [+ )2 PTRY:
Var(X)=( LD 7Y Gl ) N G £
4 12

Ex. Busss arrive at specified stop at 15-minuteintervals starting at 7 AM. (7:00, 7:15,
7:30,7:45, E ) If the passenge arrives at the stop at atime that is uniformly distributed
between 7 and 7:30, find the probability tha hewaits

(a) lessthan 5 minutes for thebus

(b) more than 10 minutes for thebus

X = number of minutes past 7 the passenge arrives.
X isauniform randomvariable over theinterva (0,30).

() Thepassengea waitslessthan 5 minutesif hearrives either between 7:10and 7:15
or between 7:25 and 7:30.

15 30
P(LO< X <15+ P(25< X <30) = | = dx+ | = dx= >+ =
130 130 30 30 3

(b) The passenga waits more than 10 minutes if he arrives either between 7:00 and
7:05 or between 7:15 and 7:20.

5 20
P(O<X<5)+P(15<X<20)-lidx+Iid —3 S_1
530 1530 30 30 3



Exponential Random Variables

X isan exponentid random varigble with parameters! (! >0) if the pdf of X is given by

)LeAX ifx=0
f(x) = .
ifx<0

The cdf isgiven by
F(a)=P(X" a) = 9" dx=[$e"*]’ =1$€" for a>=0,
0
The exponentid can be used to modd lifetimes or the time between unlikely events. They

are used to modd waiting times, at telephoneboohs at the pog office and for time untl
decay of an atomin radioactive decay.

Expected Vdue and Vaiance

Let X be an exponentid random varigble.

E(X)—%e#xdx [#xe“t ] +0/6*de o+(# #Xl :’_1,

0

$
E(X?) = %2 P =[x ] + %xé*”de:o+,—2,E(X):—
0

var(X) = E(X?)" (E(X))* :%-- 1 :Lz

IZ

thus the standard deviation (the GeaeOof
thedengty) is1/!.

These formulas are easy to remember if you keep in mind the following fact: if X ~ exp(1)
and Y=X/!,c>0,thenY ~ exp(! ). Thus! isredly just ascding factor for Y.

Ex. Suppose that the length of aphone cal in minutesis an exponentia random variable
with ! =1/1 0. If somebody arives immediately ahead of you at a public telephone booth,
find the probability you have to wait

(@ morethan 10 minutes,

(b) between 10 and 20 minutes.

Let X = length of cal made by person in the booth.

(@ P(X >10) =1" P(X #10) =1" F(10) =1" (1" e %) =¢e™" | 0.368
(b) PA0< X <200 =F(20" F1O)=(1" e® )" 1" ™) =e*" e?! 0.233



The Memorviess Property of the Exponential.

Definition: A nonnegative random varigble is memoryless if
P(X >s+t| X >s)=P(X >t) for dl st>0.

PX>stt| X>9) = (1-F(st+1))/( 1-F(9). Defining G(x)=1-F(x), the memoryless property
may be restated as
G(stt)=G(9)G(t) for dl st>0.

We know tha G(x) must be non-increasing as afunction of x, and 0<G(x)<1. It isknown
that the only such continuous function is

G(x) =1, x<0
= exp(-! x), x>0,

which correspondsto the exponentia digtribution of rate! .
Thus we have proved:

Fact 1. Exponentid random varigbles are memoryless.
Fact 2: The Exponentid digtribution isthe only continuous distribution that is memoryless.

Thereisasimilar definition of the memoryless property for discreter.v.@ in this case, the
geometric digribution is the only discrete distribution that is memoryless (the proof is
gmilar).

Ex. Suppose thelifetime of alight bulb is exponentid with ! =1/1 000. If the light survives
500 hours what is the probability it will last another 1000 hours.

Let X = thelifetime of the bulb
X is exponentid with ! =1/1 000.

$
P(X >1500| X >500) = P(X >1000)= Ofe’*dx = [#e’**”X]fOOO = 000" — 10001000 — g1l

1000

Derivation of the exponentid pdf: think of the Poisson process:
N=L/dx i.i.d. Bernoulli varidbles of parameter p=! dx. What is P(gep of length x between
events)? p(L-p) (x/dx) = I dx (1-! dx)*(x/dx). Now let dx-> 0.

Fdx (2-! dX)*(x/dx) # ! dx exp(-! x). So the pdf of the ggp length is! exp(-! x).



The Gamma Random Variable

X isaGammarandom variable with parameters ($,! ) ($,! > 0) if the pdf of X isgiven by

P00 e o
fFO)=# &)
Lo if x<0

where $(%9 = 1™ y**'dy . (The gamma function)

0

It can be shown, through integration by parts that " (#) = (# ! )" (# ! 1) . (V eifya harg
Also asmple cdculation showsthat: ! (2) =1.

Combining these two facts gives us for integer-vaued $ ($=n),
"M =(!D"(n'H=(n!DH(n!2)"(n!2)=L =(n! )(n! 2)L 2" 1) =(n! 1)!.

Additiondly it can be shown that " (1/2) = /T . (V aifya hars)

Expected Vdue and Vaiance
1% 1 % #(" +) "
E(X) =——§ xe**(/x) “dx=—- e (Ix) dx=——TF=—
#( );g #( )-’? #") !
1 #(+2) (D"

%
E(X?) = —— G X% (1) dx = G (1x) k=
#( )0 0

#(::)!2 #(")!2 !2

var(x) = E(X?) #(E(x)2 = g 2 2"

12 122

Many randomvariables can be seen as specia cases of thegammarandomvariable.

(@ If X isgammawith $=1, then X isan exponential randomvariable.
(b) If X isgammawith ! =1/2 and $=n/2 is % with n degrees of freedom. (We discuss this soon.



Ex. Let X bea Gammadistribution with paameter ($, !).

f(x) = %\i"e' ()™ for 0<=x<&.
Calculate M, (t):
X Xy} )1 —Y 1 " NOx ! )1
My (®) =E(€") = %E*U) "e (@)dy_fQTieﬂ))(@)dX
- DO (") 10 k= = %)
AT _ﬁ))e () 09" te= o =har

)8 ) () 8"
M, '(t) = (&let# ()"[)_&j ol

E(X)=M,'(0)= &——# :

1) 0% /_

=(((+Dg) # _((+Dg) #
) 9w OWY )2 9

E(X?)=M,"(0) = (+D&)of "t;D




Let X and Y beindependent gammarandomvariables with parameters (s,! ) and (t,! ).
Calculate thedistribution of Z=X+Y.

S+t

i
Mo =M oM, 0 =8 —F& 1 =&

Z=X+Y isgammawith parameters (stt,!). Can also use convolution:

f,(2) = l fx(z#y)f,(y)dy = I$(S) %" (9gz# y))™ $§t) %" (%) dy
#"
1 08t A% SHL | t#L
= %" e I(z# y)ydy
$(9)%(t) -
# s+"2 #

#
$Z " y)s"lyt"ldy - ZS+t..2 $Z n y)s"lyt"ldy - Zs+t"2 $1" Z)s"l(l)t"ldy
"y z "y " z z

= Zs+t"2Z 1u x)s"l(x)t"ldx s+t 1B( t) —_ s+t 1 I((‘Z)L(;))
Ot 0! % 55+ #(s)#(1)
H#(s)H() #(s +1)

f.(9)= V“”$ww”“l

_ 1
- #(s +1)

1
#(s)#(7)

%! % (%)S+t! 1
Z isgammawith paameters (stt,! )

In genera, we have thefollowing propostion:

Propostion: If X;, i=1,E .n are indgpendent ganma randomvariables with parameters

(ti,!) respectively, then | X, isganmawith parameters (" t,,/).
i=1 i=1

Proof: Use the example aboveand prove by indudion.

Ex. Sums of independent exponential randomvariables. Exponential with parameter ! is
equivalentto Gamma (1, ). It followsthat if X;, i=1,E. n areindgoendent exponential

randomvariables with parameter ! , then | X, isganmawith parameters (n,!).
i=1



The Beta Random Variable

X isaBetarandom variable with parameters (ab) if the pdf of X isgiven by

1 a%u b1
r—x""(1-x if 0<x<1
() =#B@ap) ¥
Lo otherwise

1
where B(a,b) = #x**(1" x)"'dx. (The Betafunction)

0

The Betafamily is aflexible way to modd random variables on the intervd [0,1]. It is often
used to model proportions (e.g., the prior distribution of the farness of acoin).

The following relaionship exists between the beta and gamma function:

B(ab) =2 O (Vaify. ! (a)! () =K =! (a+b)B(a,b))
| (a+h)
Expected Vdue and Variance:

— 1 y a'lmn b"1 — 1 y amqn b"1 _B(a+11b)
E(X)—mfﬁxx (1" x) dx—B(ab)Z#x(l X) dx—m
_$(@a+D$(b) $(a+b) _ a$(a)$(a+b) __a

$(a+b+1 $(@)$(b) (a+b)$(a+b)$(a+b) (a+b)
Var(X) = 2“”
(a+b)(a+b+])

We will see an application of thebeta distributionto order statistics of samples drawn
from theuniform distributon soon



Normal Random Variables

X isanomal randomvariable with parameters p and* 2 if thepdf of X is given by

1 #(x#p)?

f(x) = e 2° forxin(-&, &).
(X) J2r ] (-&, &)

This is the density function for the so-called Bell curve. The normal distribution shows up
frequently in Probability and Statistics, due in large part to the Central Limit Theorem

If X isanomally distributed randomvariable with p=0 and"' =1, then X has a standad
nomal distribution. The pdf of X isthen given by

"/JZ

f(X) :%e2 forxin (-&, &).

#(xitp)?

f(x) isavalid pdf, because f(x)>=0 and | e 2 dx=1
N 298
This last result is not immediately clear. See book for proof. The idea is to compute the

Jjoint pdf of two iid Gaussians, for which the normalization factor turns out to be easier to
compute.

Fact: If X isnormally distributed with parametersp and ' 2, then Y=aX+b is nomally
distributed with parameters ap+b and & 2

Proof:

F )= P(Y " y) = Plax +b” y) = P(x " L) (U2

y#b 1, y#b 1 wwrar L e
)=- F() Fr(——)==fy(—) = e = e
Sy y X o 4l V2" al

Y isnomally distributed with parameters ap+b and & 2

An important conseequence of thisfact istha if X isnomally distributed with parameters

pwand' 2 then Z = X’ H s standad nomal.




Expected Vaueand Variance:

Let Z beastandad nomal randomvariable.

#

_ _ L g Lo g o
E(Z)—";$Zf (z)dx = 2% “;$ze dx 2% [e ] 0

"#

V(Z)=1; thisis easiest to derive from the mgf, which wedl derive bdow.

Let Z beastandad normal randomvariable and let X be normally distributed with
parameters L and ' 2.

z:y andhence X =/ Z + .
E(X) = E(u+!/2) = p+!E@Z) =

Var(X) =Var(u+!2z)=! *var(z) =! ?

It istraditiond to denote the cdf of a standad normal randomvariable Z by ( (2).

z
#y212
1™ "2dy

1
V2%,

Thevauesof ( (z) for nonnegdivez aregivenin Table 5.1.

$(2) =

For negdive values of z use thefollowing relationship:
P("2)=P(X#"2)=P(Z>2)=1"P(Z#2)=1""! (2.
Alsoif X isnomally distributed with parametersp and* 2 then,

) -pEs X -n .

Fe(=PX$X) =P g



Ex. If X isanomally distributed with parametersp=3 and " %=9, find
(a) P(2<X<5)
(b) P(X>0)
(c) P(|X-3)>6)

P(2<X<5)—P(2 3 X33 S 3)—P(——<Z<—) d>(—) CI)(——)

= cp(g) —(1- @(5)) = 7454 (1-.6293 =.3779

P(X >0) = P(E E) =P(z>"7)=1"! ("D)=1"(2A""! @)=! (1) =.8413
P(X"3>6)=P(X>9)+P(X<"3)= P(X 3 933) P(X3 3 33 3):(1" 1 (2))+!
=(@1"! )+@"! (2)=21"! (2) = 0.0456

Ex. MGF of aNorma randomvariable.

Let Z bea standad nomal randomvariable:

M . (t) = E(etZ - %ietze_zzﬂdx

etze—ZZ/Z — e—(zz—th)/Z - e—(zz—th—t2+t2)/2 — exz/ze-(zz-zzmz)/z =et2/28—(z—t)2/2

2 * 1 2 2
Mz(t):E(etZ):et /2f e—(Z—t) /ZdX:et /2
J A2

To obtain themgf for an arbitrary nommal randomvariable, use thefact tha if X isa
nomal randomvariable with parameters (i, ' %) and Z is standard nomal, then X=p+Z" .

M, (1) = E(e™) = E(e"*"*”) = E(e"e*’) = e"E(e""?) = e¥M, (to)

— At Ato) /2 — AtPo? )2+,
_e“e(a) _e o H



Propostion: If X and Y are independent randomvariables with parameters (pg, * %) and
(U2, ' %) respectively, then X+Y isnormal with mean i+, and variance* 4+

Proof:

M e () = M (DM (1) = 671200 2 = g0 4 D2t
+

Hence X+Y isnomal with mean p;+y, andvariance* %+ %.

Ex. Let X and Y beindeendent standad normal randomvariables, and let Z=X+Y..
Cd culate the pdf of Z.

(2= 1 HO0f, (0= | e L grmriage= L guoesamyegy

#" \/_ \/_ 2% 4

2 2 2
4

X2 +(z! X)? = x>+ (2% 2xz+x?) =72° 1 2xz+2x* = 2(x* ! xz+%)+z7:2(x! §)2+7

f (Z)ZLG! 22 /(2+2) 1(x! Z’z)zdx:ie! 22 1(2*2) 1 _ 1 e! 221(2(V2)?)
’ 2%

2% V2 2842

Z isnomally distributed with parameters 0 and +/2 .



Ex. (Chi-square randomvariables)
Let Z bea standad normal randomvariable. Let Y= Z2

Recall tha if Z isacontinuous random variable with probability densty f, then the
digtribution of Y= Z? isobtained asfollows: f, () :#[fz(\/}) +£,(1y)].
y

(Ex. Top. 223)

-z212

Also, /.(2) =ﬁe

Ee"yIZ(ylz)l/Z"l
yl2 _ 2

n(y)=%[ £ Y) + £, CY)] :2—\1m§_,e" -2

Since" =1 (1/2),Y isgammawith parameters (1/2,1/2).

Proposition: Let Z;, i=1,E. n beindependent standard nomal randomvariables, then
| Z’isganmawith paameter (n/2,1/2) or ! *with n degree of freedom
i=1

Very important in statistical analysis.



Multivariate nomal

P(X) = (2pi) @2 |2 exp[-.5 (X-m)OC* (X-m)], with d=dim(X).
Contours are ellipses, centered at m.

X may berepresented as

X=Rz+m,

where RRGC and z~N(0,]) (i.e., zisiid standard normal); to see this, just apply our
changeof-measure formula.

From this representation, we may derive thefollowing key facts:

E(X_i)=m_i;

C(X_i,X_j)=C_lij.

AX=ARz+Am, s0 AX~N(Am,ACAQ Dieg, linear transformationspreserve Gaussi anity.
This also implies tha margindization preserves Gaussianity.

Eigenvaues and eigenvectors (Qorindpa componentsQ) of C are key.

1t@ also not hard to provetha conditioning preserves Gaussianity, in thefollowing sense:
Let (X Y) ~N[(ab),(A C;COB)]. Then
X|Y=y ~ N(a+B™(y-b),A-C B*CG.
Three important thingsto remember here:
1) E(X|y)islineariny.
2) C(X]y)issmaller than C(X), inthe sense that C(X)-C(X]y) is postive
semiddinite. Also, C(X|y) isindgendent of y.
3) Thelarger thenormalized correlation CB™2, thelarger the effect of conditioning.
If C=0, then X andY are independent and conditioning has no effect.



Mixture modds

Onefind important class of probability distributionsis the class of dendties known as
Onixture modds.O Theidea hereis tha often a single distributionin thefamilies weQe
discussed so far isinadequéae to describethedaa. For example, indead of onebdl-
shaped curve (asingle umpQ, our data may be better described by several bunps i.e.,

f_X(xX) =sum_ia_ ig_i(x),

wheea i>0,suma_i =1, and each individud g_i(x) isawell-defined pdf (eg a Gaussian
with mean m_i and variance v_i). Thisgives usmuch more flexibility in moddingthe
trueobserved data.

Thea i@ have anatura probabilistic interpretation here. Theideaistha X may be
modeled as coming from some joint distribution (X,L), where L is a discrete Gabd O
variable and p(L=i)=a_i andf_X(x|L=i) = g_i(x). Thustheideaistha, to generate the
daa X, we choo® alabd fromthediscrete distribution p(L=i)=a_i, then choo® X
accordingto g_i(x), and then forget theidentity of thelabd L (i.e., margindizeover L,
which correspondsto computing

f_X(x) =sum_i P(X,L=i) =sum_i P(L=i) f_X(x|L=i) = sum_i a_ i g_i(x).



