Expected Vdue

Theexpected vaue of arandam variable indcates its weighted average.
Ex. How many headswould you expect if you flipped acoin twice?

X = number of heads= {0,1,2}
p(0)=1/4, p(1)=1/2, p(2)=1/4
Weighted average = 0*1/4 + 1*1/2 + 2*1/4 =1

Draw PDF

Definition: Let X bearandam variable assuming the values xy, X5, X3, ... with
corresponding probabilities p(x1), p(Xo), p(Xa),..... Themean or expected vaue of X is
defined by E(X) = sum x p(Xy)-

[ nterpretations:
() Theexpected value measures the center of the probability distribution - center of mass.
(i) Long term frequency (law of large numbersE wed get to this soon)




Expectations can be used to describe the potentid gansand losses from games.

Ex. Rall adie. If theside that comes up isodd, you win the $ equivaent of that side If it
iseven, youlose $4.

Let X = your earnings

X=1 P(X=1) = P({1}) =1/6
X=3 P(X=1) = P({3}) =1/6
X=5 P(X=1) = P({5}) =1/6
X=-4 P(X=1) = P({2,4,6}) =3/6

E(X) = 1*1/6 + 3*1/6 + 5*1/6 + (-4)*1/2 = 1/6 + 3/6 +5/6 D2=-1/2

Ex. Lottery BYou pick 3 different numbers between 1 and 12. If you pick all the numbers
correctly you win $10Q What are your expected earningsif it costs $1 to play?

Let X = your earnings
X =1001=99
X=-1

P(X=99) = 1/(12 3) = 1/220
P(X=-1) = 1-1/220= 219220

E(X) = 100%1/220+ (-1)*219/220= -119220= -0.54



Expectation of afunction of arandan variable

Let X bearandam variable assuming thevauesx,, X,, X3, ... with corresponding
probabilities p(X1), p(X2), p(Xa),..... For any fundion g, themean or expected va ue of g(X)
isdefined by E(g(X)) = sumg(xy) p(Xx)-

Ex. Roll afar die. Let X = number of dots on the side that comes up.

Cdculate E(X?).

E(X?) = sum {i=1}{6} i* p(i) = 1% p(1) + 2° p(2) + 3% p(3) + 4° p(4) + 5 p(5) + 6° p(6)
= 1/6*(1+4+9+16+25+36) = 91/6

E(X) istheexpected value or 1¥ moment of X.
E(X") is caled the nth moment of X.

Caculate E(sqrt(X)) = sum _{i=1}{ 6} sqrt(i) p(i)

Cadculate E(€°) = sum_{i=1}{6} € p(i)
(Do at hone)

Ex. Anindcator variable for theevent A is defined as therandam variable tha takes on
thevalue 1 when event A happens and O otherwise.

Ila= 1if A occurs
0if ACoccurs

P(I, =1) = P(A) and P(I5 =0) = P(A°)
Theexpectation of thisindicator (noted 1) is E(1,)=1*P(A) + 0*P(A°) =P(A).

One-to-onecorrespondence between expectations and probabilities.

If aand b are congants, then E(aX+b) = aE(X) + b
Proof: E(aX+b) = sum [(ax+b) p(xi)] = asum{xp(x)} + b sum{ p(x)} = aE(X) +b



Variance

We often seek to summarize theessentia properties of arandam variablein as smple
terms as possible.

Themeanisonesuch property.
Let X = 0 with probability 1

LetY = -2 with prob. 1/3
-1 with prob. 1/6
1 with prob. 1/6
2 with prob. 1/3

Both X andY have the same expected vaue, but are quite different in other respects. One
such respect isin thar spread. We would like ameasure of spread.

Definition: If X isarandam variable with mean E(X), then thevariance of X, denoted by
Var(X), is defined by Var(X) = E((X-E(X))?).

A small variance indcates a small spread.

Var(X) = E(X?) - (E(X))

Var(X) = E(X-E(X))?)
= sum (x- E(X))? p(x)
= sum (x>-2x E(X)+ E(X)?) p(x)
= sumx® p(x) -2 E(X) sumxp(x) + E(X)? sum p(x)
= E(X?) -2 E(X)?+ E(X)? = E(X?) - E(X)?

Ex. Roll afair die. Let X = number of dots on the side that comes up.

Var(X) = E(X?) - (E(X))?

E(X?) =91/6

E(X) = 1/6(1+2+3+4+5+6) = 21/6 = 7/2

Var(X) = 91/6 D(7/2)*2 = 91/6 D494 = (182-147)/12 = 3512



If aand b are condants then Var(aX+b) = &Var(X)

E(@X+b) =aE(X) +b
Var(aX+b) = E[(aX+b B@aE(X)+b))?]= E(2(XDE(X))?) = &E((XDE(X))?)= a&Var(X)

Thesguaeroot of Var(X) is cdled the standad deviation of X.
SD(X) = sgrt(Var(X)): measures scale of X.

M eans, modes, and medians

Best estimate unde squaed loss: mean

i.e., thenumbea m tha minimizes E[(X-m)"2] ism=E(X). Proof. expand and
differentiate with respect to m.

Best estimate unde absolute loss: median.
i.e., m=median minimizes E[|X-m|]. Proofinbook Notetha medianisnonunguein
genegadl.

Best estimate unde 1-1(X=x) loss: mode le, choasing modemaximizes probability of
being exactly right Proof easy for discreter.v.@; alimiting argument is required for
continuousr.v.@, since P(X=x)=0 for any x.



Moment Gener ating Functions

Themoment generating fundion of therandomvariable X, denoted M, (t) , isdefined for
al real valuesof t by,

$ &e*p(x) if Xisdiscretewith pmf p(x)

I«

M, (t) = E(™)=#
} %Xf(x)dx if Xiscontinuouswith pdf f(x)
.I(n

Thereason M (t) is called amoment generating fundion is because al the moments of
X can beobtained by successively differentiating M, (t) and evaluaing theresult at t=0.

First Moment:

d d d

—M, (t) =—E(e™) = E(—e™) = E(Xe”

a x()dt() (dt) (Xe™)

M, (0) = E(X)
(For anyof thedistributionswe will use we can move thederivative ingdethe
expectation).
Second moment:

M, (t) = i|\/| '(t) = d E(XeX) = E(E(Xetx )) = E(X%e™)

X dt dt dt

M", (0)= E(X?)

kth moment:
M “x (t) = E(X*e™)

M ¥x (0) = E(X*)



Ex. Binomal randomvariable with parameters n and p.

Calculate M, (t) :
M, ()= E(e*) = Ee*(ﬂ) pi(L- P = E(E)(pe‘)ka— p)"* = (pé +1-p)’

k=0

MX'(t):n(pet +1! p)ﬂlpet
M,"()=n(n! 1)(0e’ +1! p)!Z(pe')2 +n(ve' +1! p)!lpe'

E(X)=M,'(0) = n(pe0 +1! p)ll pe’ = np

E(X?)=M,"(t) =n(n! 1)(pe0 +1! p)!z(peo)2 + n(peO +1! p)ﬂl pe’
=n(n! Jp*+np

Var(X) = E(X*)! E(X)?=n(n! )p?+np! (np)®> =np(L! p)

Later wedl see an even easier way to calculate these moments, by usng thefact tha a
binomal X isthesumof N i.i.d. smpler (Bernouli) r.v.Q.



Fact: Suppo® that for two randomvariables X and Y, moment generating fundionsexist
and are given byM, (t) andM, (1), respectively. If M, (t) =M, (¢) for al values of t, then
X andY have thesame probability distribution.

If the moment generating fundion of X exists andis finite in some region aboutt=0, then
thedistributionis uniqudy determined.

The proof (which we'll skip) is based on ideas from Fourier analysis. A
nice hand-wavey argument for why the theorem “should” be true is as follows
(read along with, eg., HMC pp. 60-61). Let's say someone hands vou

M(s) = ae® + be™ 4 e,

say, for positive constants a,b, e, Now, we know, by the definition of megf,
that

Mis)= f e™p(u)du.
How many distributions p(u) can vou think of that satisfy

f&'”p(u}iu = ac® + be™¥ + 6™,

for all #7 It's hard to think of any others besides the one that assigns mass
a to the point w =1, b at w = —3, and ¢ on u = 6.

MNote that not every distribution has an mgf, unfortunately: for many
distributions (e.g.. those with “heavy tails") the relevant integrals will be
infinite. (This inconvenient fact nspired people to try complex exponentials
— Fourier transforms — which turn out to work for all distributions”. But
the humble mgf will suit our needs adequately here. )

#5302 a more advanced bock on probabihity theory, e.g., Breiman 68, for more informa-
tion.




Properties of Expectation

Propostion:
If X andY have ajoint probability mass fundion pxy(X,y), then
E(@X,Y) =1 T g(xy)pw(xy)
Xy

If X andY have ajoint probability dengty fundion fxy(x,y), then

E(Q(X,Y)) = 1 1a(x,y) fy (X, Y)

#" #

It isimportant to note that if thefundion g(x,y) isonly dependent on either x or y the
formula abovereverts to the 1-dimensond case.

Ex. Suppo® X and Y have ajoint pdf fxy(x,y). Cdculate E(X).
E(X) = 1 I xf, (X y)dydx = !>2 I fir (X y)dy%jx: I xf, (x)dx

## # (# Yo #

Ex. An accident occurs at apoint X tha isuniformly distributed onaroad of length L. At
thetime of the accident an ambulanceis at location Y tha is aso uniformly distributed
ontheroad. Assumingtha X andY are indgpendent, find the expected distance between
the ambulance and the point of the accident.

Compute E(]X-Y).
Both X and Y are uniform ontheinterval (O,L).

Thejoint pdfis f,, (X, y) = % , O<x<L, O<y<L.

LL 1 1 LL
E(X"Y)=11x" VIdedX=F!!IX" y | dydx

00 00

L X L y2 y2
- dy = - + - = -2 | +|Z2Z__
{IX y| dy {(x y)dy {(y x)dy = | xy 2]0 5 yX}
, XL x> L.,
= =) XL (X)) =—+x2 = XL
(x z) ;¥ (2 x*) 2

Loy 2 Cul2 W3 2 % 3 (3 3
E(lX' Yl):%.%_}_xz' XLde:iz+&+Ll X_L :i%+l__' L_ft:L
1252 TR (%



Expectation of sums of random variables

Ex. Let X and Y becontinuousrandomvariableswith joint pdf fxv(X,y). Assume tha
E(X) and E(Y) arefinite. Calculate E(X+Y).

E(X+Y) =1 1(x+y)f, (x y)dxdy = | | xfy, (X y)dxdy + | 1 yf,, (X, y)dxdy

#" # #' # #" #

= Ixf ()dx+ [ yf, (y)dy = E(X) + E(Y)

# #

Same result holdsin discrete case.

Propostion: In general if E(X;) arefinitefor all i=1,E. n, then
E(Xl +K + Xn) = E(Xl) +K + E(Xn) .

Proof: Use theexample aboveand prove by indudion.

Let X1, E .. X, beindgendent and identically distributed randomvariables having
distribution fundion Fx and expected value u. Such a sequence of randomvariablesis

said to conditute a sample from thedistribution Fx. Thequantity X , defined by

- "X .
X =1 — iscalled the sample mean.
= N

Calculate E( X).

Weknowtha E(X;) = U.

() - E( 29 = LB X)=~1 E(X) - u

i=1 i=1 i=1

When the mean of a distribution is unknown, the sample meanis often used in statistics to
estimateit. (Unbiased estimate)



Ex. Let X beabinomia randomvariable with parameters n and p. X represents the
number of successesin n trials. We can write X asfollows:

X=X +X,+K + X,
where
# if triali is asuccess

') 0 if trialiisafailure

The X;@ are Bernouli randomvariables with parameter p.

E(X;)=1*p+0*1! p)=p
E(X) = B(X,)) +E(X,)+K +E(X;) =np

Ex. A groupof N people throw thar hats into the center of aroom The hats are mixed,
and each personrandonly selects one Find the expected nunmber of people that select
thar own ha.

Let X =thenunmber of people who select thar own ha.

Number thepeoplefrom1to N. Let

X _# if theperson choseshisownhat
10 otherwise

then X = X, + X, +...+ X,

Each personisequdly likely to select any of theN has, soP(X, =1) =%.
1 1 1

E(X)=1—+01-—)=—.

(X)) N ( N) N

Hence, E(X) = E(X,) + E(X,) +K +E(X,) = N%:1



Ex. Twenty people, conssting of 10 married couples, are to beseated at five different
tables, with four people at each table. If the seatingis doneat random what isthe
expected number of married couples that are seated at the same table?

Let X =thenumbe of married couples at the sametable.

Number then couples from 1 to 10and let,

Y = 1 if couplei is seated at thesame table
o otherwise

Then X = X, + X, +...+ X,
To calculate E(X) we need to know E(X,).

Congder thetable where husandi is sitting. There isroomfor three othe people at his
table. There are atotal of 19 possible people which could be seated at histable.

L AN

P(X, =1)= .
91# 19
g n
ex) =13 +016- 3
19 19 19

Hence, E(X) = E(X,) + E(X,) +K +E(X,) :10% :31”_8



Propostion: If X andY are indgpendent, then for any fundionsh andg,
E(g(X)h(Y)) = E(9(X))E(h(Y)) .

Proof:

E(g(X)h(Y)) = 1 19(h(y) fy (x, y)dxdy = I 1 g(x)h(y) fx (x) f, (y)dxdy

#" # #" #

= 19(x) f, ()dx 1 h(y) f, (y)dy = E(g(X))E(h(Y))

# #

In fact, thisis an equivalent way to characterize independence: if
E(g(X)h(Y)) = E(g(X))E(h(Y)) forany fundionsg(X) and h(Y) (butnotany fundion
f(X,Y)), then X and Y areindegendent. To seethis, jus use indicator fundions

Fact: The moment generating fundion of the sum of indgoendent randomvariables
equdsthe produd of theindividud moment generating fundions

Proof: M, ., (t) = E(e™*") = E(e"e") = E(e*)E(e") = M, ()M, (t)



Covaiance and correlation

Previoudy, we have discussed the absence or presence of arelationship between two
randomvariables, i.e. independence or dependence. But if thereisin fact arelationship,
therelationship may beeither weak or strong

Ex. (8 Let X =weightof asample of water
Y = volume of the same sample of water
Theeisan extremely strongrelationship between X and Y.

(b) Let X = apesonsweight
Y = same personsweight

Thereisarelationsip beween X andY, but notas strongasin (a).

We would like ameasure that can quantify this difference in the strength of arelationship
between two randomvariables.

Definition: The covariance beween X and Y, denated by Cov(X,Y), isdefined by
Cov(X,Y) = E[(X ! E(X))(Y ! E(Y))].

Similarly as with thevariance, we can rewrite this equdion,

Cov(X,Y) = E|[(X - E(X))(Y - E(Y))|= E|[(XY - E(X)Y - XE(Y) + E(X)E(Y))]

=E(XY)-EX)EQXY)-E(X)E(Y)+E(X)E(Y)=E(XY)-E(X)E(Y)

Notetha if X andY areindependent,

Cov(X,Y) = E(XY)! E(X)E(Y) = E(X)E(Y)! E(X)E(Y)=0.

Theconvaseishowever NOT true

Counter-Example: DefineX and Y so tha,

P(X=0) = P(X=1) = P(X=-1) = 1/3
and
v = #0 .If X$0
11 if X=0
X andY areclearly dependent.

XY =0 so we have tha E(XY)=E(X)=0, so Cov(X,Y) = E(XY)! E(X)E(Y)=0.



Propostion:

(i) Cov(X,Y) =Cov(Y, X)
(i1) Cov(X, X) =Var(X)
(iii) Cov(aX,Y) =aCoVu X,Y)

(V) Cov(l' X,.I Y)=1 1" Cov(X,.Y,)

i=1 j=1 i=1 j=1
Proof: (i) B(iii) Verify yourselves.

(iv). Let p; = E(X;) and ! ; = E(Y))

Then E(I X,)=1 g andE(l ¥)=1

i=1 i=1 i=1 i=1

ol X, 1 ¥)=ql X, 1 ) Y1) )rzed X" m)l 0 ") i
S $

i=1 j=1 i=1 j=1 i=1 $ "= j=1

n m % n m n m
=E<(§! PO ") Da=1 1 ECG " w) ") ))=1 1 COV(Xij)

Y=l j=1 $ =t j= i=1 j=1

n

Propostion: Var(" X;)=" Vvar(X)+2" " CowX;X,). Inpaticular,

i=1 i=1 i<j

V(X+Y)=V(X)+V(Y)+2C(X,Y).
Proof:

Var("n xi)=00v("n xi,"n xi)="n J Cov(xi,xj)="n Var(X)+" " CovX,X;)

i=1 i=1 i=1 i=1 j=1 i=1 i#]
=" var(X)+2" " CouX,,X))

i=1 i<j

If X1, EE X, are parwiseindependentfori! j, then Var(l X,)=1 Var(X,).

i=1 i=1



Ex. Let X4, E. . X, beindependent and identically distributed randomvariables having

. - .+ X
expected valuep and variance " 2. Let X =1 - bethe sample mean. Therandom
i=1

. X" X)L .
variable S* = | % is called the sample variance.
i=1

Calculate (a) Var( X ) and (b) E(S?).

(@ Weknowtha Var(X,)=! 2.
Var(X) :Var((n ﬁ) :;,/éﬁ\/ar((n X)) :I%}_$2 (n var(X.) :i.

LonCo&ny T &n# Yy 7 on
(b) Rewrite the sum portion of the sample variance:

XK= (Lt X)PE"(X 1 )t (X )

i=1 i=1 i=1

=T 720X (K =" (X )P (KR 20X (K )

i=1 i=1 i=1 i=1

=1 (X PR 22X )" (X )= (X )2 Hn(X p)? 12Xt (X! )

i=1 i=1 i=1

=" (X, 1 )7 n(X ! p)?

i=1

1
n-1

1

B(H= n-1

kaz—nVadfﬂ:

(n-Do?=0?

1
n-1

S EI(X, - )] - nE((X - u)Z)} -

(Thesample variance is an unbiased estimate of the variana)



Ex. A groupof N people throw thar hats into the center of aroom The hats are mixed,
and each pesonrandonly selects one

Let X =thenunmber of people who select thar own ha.
Number thepeoplefrom1to N. Let

Y = 1 if theperson choseshisown hat
1o otherwise

then X = X, + X, +K + X,

We showed last time tha E(X)=1.

Calculate Var(X).

Var(X)=Var("n xi)="n Var(X)+2" " Cov(X; X))

i=1 i=1 i<j

Recall tha since each personis equdly likely to select any of theN hasP(X, =1) :%.
Hence,
1 1. 1
E(X.)=1—+01! —)=—
(Xi) N ( N) N
and
1 1. 1
E(X.>)=1?=+01! —)=— .
(Xi) N ( N) N
1 2 I
Var(X,) = E(X*)! (E(X,))? =1 gp-® = N1 1

N &N# N°

Cov(X;,X,) = E(X,X,)! E(X,)E(X,)

XX _# if bothpersonsi and j chosestheirown hat
A 0 otherwise

1

P(X, =1X; =1) = P(X; =1| X; =DP(X; =1) = -

Z|-



E(xixj):li

1

NN!1

Cov(X, , X )=——— log® =~
o 1 &gN# N?*(N!D

sor -ty 1
NN!'1T NN!1

1 1




Definition: The correlation between X and Y, denated by #(X,Y), isddfined, aslongas
Var(X) andVar(Y) are postive, by

Cov(X,Y)

XY= JWVar(X)var(Y)

It can beshown tha " 1# $(X,Y) #1, with equdity only if Y=aX+b (assuming E(X"2)
and E(Y”2) are both finite). Thisis called the GCauchy-SchwarzOinequadity.

Proof: It suffices to prove (E(XY))"2<=E(X"2)E(Y"2). Thebasicideaistolookat the
expectations E[(aX+bY)"2] and E[(aX-bY)"2]. We usetheusud rulesfor adding and
subtracting variance:

0<= E[(aX+bY)"2] = @ 2E(X 2)+b"2E(Y "2)+2ebE(XY)
0<= E[(aX-bY)*2] = & 2E(X 2)+b 2E(Y2)-2ebE(XY)

Now let &2=E(Y"2) and b"2=E(X"2). Then theabovetwo inequdities read

0<=2a‘2b"2+28bE(XY)
0<=2a‘2b"2-2abE(XY);

dividing by 2ab gives

E(XY)>=-sqr[E(X"2) E(YA2)]
E(XY)<=sqri[ E(X"2) E(Y~2)],

andthisis equivalent to theinequdity " 1# $(X,Y) #1. For equdity to hold, either
E[(aX+bY)"2]=0 or E[(aX-bY)"2]=0, i.e.,, X and Y arelinearly related with a negaive or
postive slope respectively.

Thecorrelation coefficient is therefore a measure of the degree of linearity between X
and Y. If #(X,Y)=0 then thisindicates no linearity, and X and Y are said to be
unoorrelated.



Conditional Expectation

Recall tha if X andY are discrete randomvariables, the conditiond mass fundion of X,
given Y=y, isdefined for all y such tha P(Y=y)>0, by

Pyy (X, Y)
=P(X =x|Y =y)= X2V
Puy (X]Y) =P(X =X]Y =) 0. (Y)

Definition: If X and Y are discrete randomvariables, the conditiond expectation of X,
given Y=y, isdefined for all y such tha P(Y=y)>0, by

E(X|Y =y) = SxP(X =x|Y =y) = ., (xY).

Similarly, if X andY are coninuousrandomvariables, the conditiond pdf of X given
Y=y, isdefined for al y such tha f, (y) >0, by

zfxy(xay)
fX|Y(x|y) —fy(y) .

Definition: If X and Y are continuousrandomvariables, the conditiond expectation of X,
given Y=y, isdefined for al y such tha f, (y) >0, by

E(XY =y) = IxP(X =x[|Y =y) = Ixf,, (x]y)dx.
#" #"
Condiiond expectationsare themselves randomvariables. The conditiond expectation

of X given Y=y, isjud the expected value on a reduced sample space conssting only of
outcomes where Y =y.

E(X]Y=y) isafundionofy.

It isimportant to note that conditiond expectationssatisfy all the propeties of regular
expectations

1. E[g(X)|Y=y]= S 9(x) ey (x]y) if X and Y discrete.

2. E[g(X)|Y =y]= 19(x) fy (x| y)dx if X and Y coniinuous

#



& X |Y=)’f=.n E[Xi |Y=y]

3. E
§70:1 i=1

Propostion: E(X) = E(E(X |Y))

If Y isdiscrete E(X) = E(E(X|Y)) =1 E(X|Y)py(y)

If Y iscontinuousE(X) = E(E(X |Y)) = 1E(X [Y) f, (y)
Proof: (Discrete case)

' v & #
E(E(XTY) =" BEXIVIp () =" ¢ X0y (X]Y)1 Py (Y)
=t PNy o oy =" X0 0 =EX)

y x Py(y) « oy N




