Notes for Chapter 3 of DeGroot and Schervish

Random Variables

In many situations we are not concerned directly with the outcome of an experiment, but
instead with some function of the outcome. For example when rolling two dice we are
generdly not interested in the separate values of the dice, but instead we are concerned
with the sum of the two dice.

Definition: A randam variableis afunction from the sample spaceinto thered numbers.

A randam variable that can take onat mos a courntable number of possible valuesis said
to bediscrete.

Ex. Flip two coins
S={TT, HT, TH, HH}

Let X = number of heads
Outcomes Vaue of X

TT 0
HT 1
TH 1
HH 2

X isarandam variable that takes valueson 0,1,2.

We assign probabilities to randam variables.

P(X=0)=1/4
P(X=1) =1/2
P(X=2)=1/4
Draw pmf

All possible outcomes should be covered by the randomvariable, hence the sum should
addto ore.

Note tha you coud define any number of randam variables on an experiment.



Ex. In agame, which congsts of flipping two coins you start with 1$. On each flip, if
you get aH you doubk your current fortune while youlose everything if youget aT.

X = your total fortuneafter two flips

Outcomes Vaue of X

TT 0
HT 0
TH 0
HH 4

X isarandam variable that takes vaues on 0 and 4.

P(X=0) = 3/4
P(X=4) = 1/4

For a discrete randam variable we define the probability mass fundion p(x) of X, as p(x)
= P(X=x).

Note that randam variables are often capitalised, while their values are lower-case.

If adiscrete randam variable X assumes thevalues x1, x2, x3, E  then
() p(xi) >=0fori=1,2,3.....

(i) p(x) = Ofor dl other vaues of x.

(@iii) sum_{i=1}{/inf} p(xi) =1



Ex. Independent trials that congst of flipping acoin that has probability p of turing up
heads is performed until a head appears.

Let X= number of times thecoinisflipped.
X isadiscrete randam variable that can takeonvauesof 1, 2, 3, 4,.....
H, TH, TTH, TTTH, TTTTH, TTTTTH, TTTTTTH, ........

P(X=1) =p
P(X=2) = (1-p)p
P(X=3) = (1-p)'2p

Ex. The probability mass fundion of arandam variable X isgiven by p(i) = cL"i/il,
i=0,1,2,3.....where L issome positive vaue andcis acondant. Find

(&) Thevaueofc

(b) P(X=0)

(c) P(X>2)

@

Sncesum _{i=0}inf} p(i) =1, we have

c sum_{i=0}i nfiL Ni/it = 1.

Snce exp(x) = sum_{i=0}"{i nf} x"i/i!

we havetha cexp(L) =1

so ¢ = exp(-L) and hence p(i) = exp(-L)LAi/i!

(b)
P(X=0) = p(0) = exp(-L) L"0/0! = exp(-L)

(©
P(X>2) =1 - P(X<=2) = 1-P(X=0)-P(X=1)-P(X=2) =1 - p(0) - p(1) - p(2) =
1-exp(-L) - Lexp(-L) - L2 exp(-L)/2



Thecumulative distribution function (c.d.f) F of therandam variable X, is defined for all
real numbers b, by F(b) = P(X<b).

Relationship between pmf and cdf for discrete random variables:
F(b) = sum_{x! b} p(x)

Ex. Flip two coins

X = # Heads
p(0) =1/4, p(1) = 1/2, p(2) = 1/4.
Let F bethecdf of X.

b F(b)
(-inf, 0) 0
[0,1) 1/4
[1,2) 3/4
[2,inf) 1

STEP FUNCTION

Properties of thec.d f:

(i) F(-inf)=0 and F(inf) = 1.

(i1) F(x) isanondecreasing function of x.
(iif) F(x) isright-continuous



Ex. Independent trias that congst of flipping acoin tha has probability p of turning up
heads is performed until a head appears. Let X= number of times thecoinisflipped.
What isthec.d.f of X?

X isadiscrete randam variable that can takeonvauesof 1, 2, 3, 4,.....
HTH, TTH, TTTH, TTTTH, TTTTTH, TTTTTTH, ........

P(X=1) =p
P(X=2) = (1-p) p
P(X=3) = (1-p)*p

Forb=123,..... we have
F(b) = P(X! b)
=sum _{i=1}"b P(X=i)
= sum_{i=1}"b p(1-p)"*
= sum_{j=0}"(b-1) p(1-p}
= p(1-(1-p)")/(1-(1-p))
= 1'(1'p)b1
0]
F(y)=0 fory<1
(1-(1-p)®) for b! y<(b+1)

It isimportant to note that all probability questions abou arandam variable X can be
answered in terms of the pmf or cdf: these are equivdent, and both contain al the
information we need.

For example we may like to calculate P(a<X! b):
{X! b} ={X! agU{a<X! b}

P X! b}) =P{X! a})+P({a<X! b})

P({a<X! b}) = P{ X! b})-P{X! &) = F(b) BDF(a)

If we know the cdf we can caculate the pdf by,
p(X) = P(X=x) = P(X! x) - P(X<x) = F(x) " F(x')



Ex. Thedistribution function of therandam variable X isgiven by

F)=0  x<0

1/2 0l x<1
2/3 1! x<2
1112 2! x<3
1 3l x
Drawthec.d f
Compute
(@ P(X<3)
(b) P(X=1)

(©) P(X>1/2)
(d) P<X! 4)

Solution:

(a) P(X<3) = F(3) = 11/12
(b) P(X=1) = P(X! 1)-P(X<1) = F(1)- F(1) = 2/3- 1/2 = 1/6
(©) P(X>1/2) = 1-P(X! 1/2) = 1-F(/2) = 1-1/2 = 1/2

(d) P(2<X! 4) = F(4)-F(2) = 1-11/12= 1/12



Continuous Random Variables

A randomvariable is afundion from the sample space into thereal numbers. A random
variable tha can take on at mog a countable number of possible valuesis said to be
discrete.

Ex. Flip acoin four times.

X = number of heads

p(k) = P(X=K) = (4 k) (1/2Y"k (1/2)(4-K)

p()=1/16

p(l) =4/16

p(2) =6/16

p(3) =4/16

p@4)=1/16

Draw pnf

I4 .1 4 6 4 1
pi)=—+—+—+—+—=

=0 16 16 16 16 16

Total Area= 1

4 6 4 14 7
P@! X! 3):p(1)+p(2)+p(3)=E+E+E=1—6=§

7/8 of thetotal areaistheareafrom1to 3.

Often there are random variables of interest whose possible values are not countable.

Ex. Let X =thelifetime of abattery.
X takesvalues: 0! x<" (all nonnegative real nunbers)



A random variable X is called continuous if there exists a nonnegative function f, defined for
all real x # (-"," ), such that for any set B of real numbers

P(X" B) =1 f(x)dx.

B

The function f is called the probability density function of X. Sometimes written f.
Carparewith theprdoghility mess fundion. All prdoghility gatemants abaut X @an beansnaad intensd
thepdf f.

P@" X" b)= I; f (x)dx.

a

POX# ("1 1)) = !$f(x)dx=1

The density can be larger than one (in fact, it can be unbounded) — it just has to integrate to
one. C.f. the pmf, which has to be less than one.



Ex. Suppose X is a continuous random variable whose pdf is given by

_ HC(4x$2x*) O0<x<2
10 otherwise

f(X)

(a) What is the value of C?
(b) Find P(X>1).

(a) Since fisapdf [f(x)dx=1.
p

#
"C(4x! 2x*)dx =1

I #

3 X=2
cgo 297 o1
Y0 3
C((8! 16/3)! 0) =1
cB=1
3
c=3
8
(b)
( 2 f 3 X=2
P(X >1)=)f(x)dx=)§(4x! 2x2)dx=§ogx2! 28 _3(8116/91 @1 2/9)
J /8 8& 34, 8

=1/2



An interesting fact: P(X =a) =1 f(x)dx=0.

The probability that a continuous random variable will assume any fixed value is zero. Thae
arean unauntadenumber o vdluesthet X @n teke this nube issolargethet theprdodhlity of X
takingany particdar vdue@ana exasd zea

This leads to the relationship P(X <X) = P(X ! X).

The cumulative distribution function of X is defined by

F(X)=P(X$x)= ; f(y)dy.

#

As before we can express probabilities in terms of the cdf:
b b a

P(@" X" b) =4 (X)dx= #f (x)dx! #f (x)dx=F(b)! F(a).
a '$ '$

The relationship between the pdf and the cdf is expressed by

F(x) = 1 f(y)dy

#

d
Differentiate both sides with respect to x: v F(x) = f(X).
X



Uniform Random Variables

A random variable is said to be uniformly distributed over the interval (0,1) if its pdf is given
by

" 1
This is a valid density function, since f(X)! 0 and | f(x)dx=ldx=1.
# 0

The cdf is given by

F(x) = ; f(y)dy = Idy =X for xin (0,1).

# 0

$ 0 x&0
I
F(X) =#x 0<x<1
b1 XL
Draw pdf and cdf.

X isjud aslikdytotakeany vauebawan 0 and 1.

b

For any 0<a<b<1, P(a" X" b) =#f (x)dx=b! a.
Theprdodhlity thet X isin any partiadar sbintend d (0,1) eualsthelengh d theintend.
Ex. X is Uniformly distributed over (0,1). Calculate P(X<0.3).

03

P(X <03 = |dx=03

0

In general, a random variable is said to be uniformly distributed over the interval ($,% if its
pdf is given by

r—— &<x<%
f(X)=#%& .
0 otherwise

The cdf is given by



!
dy = X# |

in (5.0
/ Ty for x in ($,%.

FO9= § (Dey = $y

#%

0 X=sa
F(x) = X_—aa<x<[)’.

1 x=p



Jointly Distributed Random Variables

So far we have dealt with one random variable at a time. Often it is interesting to work with
several random variables at once.

Definition: An n-dimensional random vector is a function from a sample space S into R”.

For a two-dimensional (or bivariate) random vector, each point in the sample space is
associated with a point on the plane.

Ex. Roll two dice. Let
X = sum of the dice
Y= the absolute value of the difference of the two dice.

S={@,)) | L,j=1,....6} S consists of 36 points.
X takes values from 2 to 12. Y takes values between 0 and 5.

For the sample point: (1,1), X=2 and Y=0
(1,2), X=3 and Y=1 etc....

The random vector above is an example of a discrete random vector.

Definition: If (X, Y) is a random vector then the joint cumulative distribution function Fy,

of (X,Y) is defined by
Fow(@b)=P(X! aY! b) #! "ab" ! .

The function Fyy has the following properties:

Fy (%)= lim P(X=aY<b)=I
Fo ("#,0) = lim P(X 1 2 Y1 b) =0
Fo(a"#) = limP(X ! aY! b)=0
Fr(a")=limP(X! aY! b)=P(X ! a) =F,(a)

Fr (" D) =limP(X ! 2! b)=P(Y ! b)=F,(b)

Fy and Iy are called the marginal distributions of X and Y respectively.

All joint probability statements about X and Y can be answered in terms of their joint
distribution function.

For al<a2 and b1<b2,
Pla, < X" a,,b <Y " b,)=F(a,b,)! F(a,,b)! F(a,b,)+F(a,0).



Definition: If X and Y are both discrete random variables, we define the joint probability
mass function of X and Y by Py, (X, ¥) = P(X =X,Y =y).

The probability mass function of X can be obtained from pyy(x,y) by
Px(X) =P(X =x) = p(X,y).
y:p(x,y)>0
Similarly, we can obtain the pmf of Y by
p(Y)=P¥Y=y)= 1 pxy).

x:p(x,y)>0

Ex. Suppose two balls are chosen from a box containing 3 white, 2 red and 5 blue balls. Let
X= the number of white balls chosen

Y= the number of blue balls chosen

Find the joint pmf of X and Y.

Both X and Y takes values between 0 and 2.

pxr(0,0) =C(2,2)/C(10,2)=1/45
pxe(0,1) = C(2,1)C(5,1)/C(10,2)=10/45
pr(0,2) =C(5,2)/C(8,2)=10/45
pe(1,0) = C2,1)C(3,1)/C(10,2) = 6/45
py(1,D) =C(5,1)C(3,1)/C(10,2)=15/45

pxv(1,2) =0
pxv(2,1) =0
pxv(2,2) = 0
_1+10+10+6=15+3 _45 _
! p(X1 y) - =—= 1
X, Y:p(x,Y)>0 45 45
Find the pmf of X.
1+10+10 21
P (@ =P(X=0= | p(xy) -0 21
’ y:p(0,y)>0 45 45
6+15+0 21
Px=P(X=D= | plxy)=>" == 2
y:p(0,y)>0
3+0+0 3
px(z):P(X:2)= | p(x,y) = -

y: p(.O,y)>0 45 45



Definition: A random vector (X,Y) is called a continuous random vector if, for any set C&R®
the following holds:

P((X,Y)" C)= | f(x, y)dxdy

(x.y) C

The function fy,(x,y) is called the joint probability density function of (X,Y)

2

d
The following relationship holds: fy, (X,y) =

F.. (X,
oxdy x (X Y)

The probability density function of X can be obtained from fy,(x,y) by

fy (X) = I fyy (X y)dy.
o
Similarly, we can obtain the pdf of Y by

fy(y) = | Ty (X y)dx.

#

Ex. The joint density function of X and Y is given by

#2e"e™®  0<x<$0<y<$
F(xy) =" .
1 0 otherwise

Compute:
(a) PX>1,Y<1)

(b) PX<Y)
(©) P(X<a)

1 # # #
P(X >1Y <1) = e e Yaxdy= e ?["6*] dy= $2e e dy
01 1 1

=66, =6'1" 67

#y
P(X <Y) = ""Ze' Xe' Zdedy— ||||2e' XeI Zydxdy _"2e| 2y[ :kdy
(%y):x<y 00 0
# # u
:n2e! 2y(1! e!Y)dy:uZe! 2ydy! ||2e!3ydy:1! 2/3:1/3
0 0 o

a# # #
P(X <a) =""2e *e'¥dydx ="¢' XE e zyﬁ dx="edx=1! e*

00 0 0



Ex. The joint density function of X and Y is given by

fxy) =Y 0<x<$0<y<s
0 otherwise
Find the density function of the random variable X/Y.

) a
)y(a) = P(—( a) = P(X (aY) = *xe' “"Vdxdy = **e' ) dxdly

x( ay 00

) H(a+l)y
=xe' (1! e¥)dy = ,5ey+e T

0

_d 1
Hence, f)%(a) —EF%(a) = @+’ 0<a

Note that if (X, X,, ... X,) is an n-dimensional discrete random vector, we can define
probability distributions in exactly the same manner as in the 2-D case.



| ndependent Random Variables

Definition: Two random variables X and Y ate said to be independent if for any two sets of
real numbers A and B, P(X'! 4,Y! B)=P(X! A)P{Y! B).

If X and Y are discrete, then they ate independent if and only if p,, (x,y) = p, (X)p, (¥),
where pyand py are the marginal pmf’s of X and Y respectively.

Similarly, if X and Y are continuous, they are independent if and only if

frr (% Y) = £, () f ().

Ex. A man and woman decide to meet at a certain location. If each person independently
arrives at a time uniformly distributed between 2 and 3 PM, find the probability that the man
arrives at least 10 minutes before the woman.

= # minutes past 2 the man arrives
Y = # minutes past 2 the woman arrives

X and Y are independent random variables each uniformly distributed over (0,60).

60y! 10 *
P(X+10<Y)= f(xy)dxdy= _ f, (x)f,(y)dxdy= 4—1( dxdy
x+10<y X+10<y 10 0 » 0)
1 %260 1 'y2 $” 1250
=+ y! 10)dy = I 10y ——1800I 600! (50! 10 ———03
60§ 10( ) 360020% y#m 360 ( ( 9 3600

If you are given the joint pdf of the random variables X and Y, you can determine whether
or not they are independent by calculating the marginal pdfs of X and Y and determining

whether or not the relationship f, (X,y) = f, (X) f, (y) holds.



Proposition: The continuous random variables X and Y are independent if and only if their
joint probability density function can be expressed as

frr (X Y) =h(x)g(y) "ho<x<t, "l <y<]
The same result holds for discrete random variables.

Proof:
X and Y independent ' fy, (X, ¥) =h(x)g(y)

Define h(x) = f, (X) and g(y) = f; (»)
frr (% Y) = £ (X) f, (y) =h(X)g(X)

foy (X y) =h(x)g(x)" XandY independent

Now, to prove the converse, assume that f(x,y)=h(x)g(y).

Define C = | h(x)dx and D = | g(y)dy.

# #

CD = Ih(x)dx 1 g(y)dy = | Ih(x)g(y)dxdy = | | Fyv (X, y)dxdy =1

# # #" # #'#

Furthermore,

fx(¥) = 1 fi (x, y)dy = Th(x)g(y)dy =h(x)D

# #

fo(X) = 1 f (X, y)dx= I h(x)g(y)dy = g(y)C

Hence fy (X) fy (x) =h(x)Dg(y)C =h(x)g(y) = fxy (X, Y) .

X and Y are independent.



1 a<x<b

Some notation: indicator function: [(a < x <b) = _
0 otherwise

#oe"@e"™  0<x<$,0<y<
Ex. The joint pdf of X and Yis f,, (X, y) =" $ _y $ .
[ 0 otherwise

Are X and Y independent?
fow(x,y)=6e7e¥I(0<x<!)[(0<y<!)=6eI(0<x<!)e¥I(0<y<!)=h(x)g(y)

X and Y are independent.

24X O0<x<1l0<vy<1l0<x+vy<i
Ex. The joint pdf of X and Y is f,, (X, y) = # y L y<1i . y '
! 0 otherwise

Are X and Y independent?
foy (X y)=24xyl(O<x<DI(0<y<DI(O<x+y<])

X and Y are not independent.



Sums of Independent Random Variables

It is often important to calculate thedistributon of X+Y when X and Y are independent.

Theorem: If X andY are indgpendent continuousrandomvariables with pdfsfx(x) and

fy(y) then the pdf of Z=X+Y is f,(2) = | f, (z# y) f, (y)dy.

#

Proof:

F, (2)=P(Z" 2)=P(X+Y" 2)= ##X+Y(x!y)dXdy = ##x (x)fy(y)dXdy
% z$y % |

= #H#f, (xX)dxf,(v)dy = #F, (2$ ) f, (y)dy
$% $% $%

D= @ DLWdY= $ERE Y EWY= $E DK

Convolution: denotef_z=f x*f_y

Ex: X andY areindgoendent uniformr.v.8on[0,1]. Wha isthedistribution of Z=X+Y?
0 o 1

f,(2)= [ f(z-y)f,(y)dy= [(0<z-y<DUO<y<Ddy= [10<z-y<Ddy=1-|z-1]
—o —oo 0

Note that we started with two discontnuousfundionsf_x andf_y and ended upwith a
continuousfundionf_z Ingenera, convolutionisasmoothing opaation Bif h=f*g,
then hisat least as differentiable asf or g.

Sum of indgpendent integer-valued randomvariables
Theorem: If X and Y are indgpendent integer-valued randomvariables with pmfs px(x)
and py(y) then the pmf of Z=X+Y is p,(2) =1 p,(K)p,(z" k).

k

Another way of calculating the pdf of Z is by usng Moment Generating Fundions We
will discuss this more later.



Conditional Probability

Often when two randomvariables, (X,Y), are obsrved, thar values arerelated.
Ex. Let X= A person@heightand Y= A person@weight

If we aretold tha X=73inches thelikelihoodtha Y>200 poundss greater then if we are
told that X=41inches.

Discrete case:

Definition: Let X and Y bediscrete randomvariables, with joint pmf p,, (X, y) and
margind pmf@ p, (x) and p, (y). For anyy such tha P(Y=y)>0, the conditiond mass
fundion of X given Y=y, written p, (x|Y), isdefined by

P(X =xY =Yy) — Pxv (X Y) _

Py (X[Y) =P(X =x]|Y =y) = P(Y = y) P, (y)

Similarly, the conditiond mass fundionof Y given X=x, written p,, (y|X), isdefined

P(X =xY =Y) - Pxy (%, Y) _
P(X =x) Px (X)

by py (YIX) =P(Y =y | X =x) =

Notetha for eachy, py (x|y)isavalid pmf over x:
¥ py(XIy)to

P (X y) _ 1 _ 1 _
¥ = - xy\ M Y) = — § My =1
2P I = T o) 2 P N =L G )

If X andY areindgpendent then thefollowingrelationsip holds
Py (% Y) _ Px (X) By (Y)
Py (Y) Py (Y)

Pyy (X]y) = = Py (X).

Definition: Theconditiond distributionfundionof X given Y=y, writtenF,, (x| y), is
defined by Fy,, (x]y) = P(X'! x|Y =y) forany x such tha P(X=x)>0.



Ex. Suppo® thejoint pmf of X andY, isgiven by
p(0,0)=.4,p(0,1) =.2,p(1,0)=.1,p(1,1) =.3

Calculate the conditiond pmf of X, given tha Y=1.
—_ pXY(Xal) —
x|1) =—=——= forx=0and 1.
pxw( | ) p (1)

Y

py (D= !1 Py (X1 = p(0,) + p(1,1) =0.2+0.3=0.5

x=0



ContinuousCase:

Definition: Let X andY becontnuousrandomvariables with joint dendty £, (x, y) and
margind pdf® f, (x) and f,(y).Foranyy suchtha f,(y) >0, thecondtiond pdf of
Fyv (%, Y)

X given Y=y, written f,, (x|y),isdeinedby f, (x|y)= ()
Y

Similarly, theconditiond pdfof Y given X=x, written f,,, (y|X), isdefined by

fxr (%)

fux (YIX) = f (%)

fuy (X1y) isavalid pdf. (Verify at home).
If X andY areindgpendent then thefollowingrelationsip holds

— Sy (%, ) — fr (x) [y (¥) -
S (x 1) 7.0 7.0 Sy (x).




Thedistribution of afunction of arandom variable

Often we know the probability distribution of a random variable and are interested in
determining the distribution of some function of it.

In the discrete case, this is pretty straightforward. Let's say g sends X to one of m possible
discrete values. (Note that g(X) must be discrete whenever X is.) To get p_g(y), the pmf of
g at y, we just look at the pmf at any values of X that g mapped to y. More mathematically,
p_g(y) = \sum _{x \in g"{-1}(y)} p_X(x). Here the “‘inverse image" g™ {-1}(A) is the set of
all points x satisfying g(x) \in A.

Things are slightly more subtle in the continuous case.

Ex: If X is a continuous random variable with probability density f, then the distribution of
Y=cX, c>0, is obtained as follows: For y>=0,

F (y) =P " y)=P(eX" y) =P(X" y/c)=F(y/c)
Differentiation yields: f, (y) =dFy(y/c)/dy = lfx (y/c).
c

Where did this extra factor of 1/c come from? We have stretched out the x-axis by a factor
of ¢, which means that we have to divide everything by ¢ to make sure that f_Y integrates to
one. (This is similar to the usual change-of-variables trick for integrals from calculus.)

Ex. If X is a continuous random variable with probability density fy, then the distribution of
Y=X" is obtained as follows: For y>=0,

F (Y)=P(Y" y)=P(X>" y) =Py " X" \Jy) = F, (\Jy) # F, (#y)
Differentiation yields: f, (y) = \/_f NAE \/_f ("\/—)-2\/_[f LY+ T ()]

Theorem: Let X be a continuous random variable having probability density function f.
Suppose that g(X) is a strictly monotone (increasing or decreasing), differentiable function of
x. Then the random variable Y=g(X) has a probability density function given by

i "1 i "1 . -
f,(y) =06 @ ONIG M1 ify=g(x) for some x

yi#t g(x) for all x
where g'(y) is defined to equal that value of x such that g(x)=y. Proof:

If gisinareasing, F, (y) = P(Y " y) =P(g(X)" y) = P(X" g™(Y)) = R (g"(Y));

fy (y) = dF, (y)/dy = dFR, (g '(y))/dy = f, (9"1(3/))%9"1@)-

If gisdecreasing, Fy(y) = P(Y " y) =P(g(X)" ¥) =P(g"(y) " X) =1#F, (g™ (¥));

fy(y) =dF,(y)/dy=d[1" F (g (y)]/dy="f, (9"1()/))%9"1(3/) = fx(g'(y)) I%g"l(y) |



Ex. Let X be a continuous nonnegative random variable with density function f, and let
Y=X". Find f,, the probability density function of Y.

In this case g(x) = x", so g'(y) = y'

d -1 _l %_1
d—y!Q (Y)}—ny
— -1 dfa _1 %_1 n
Hence, £, (V)= £ (@ ()| 10 OF 2y 1)

More generdly, if gis normonaonic, we have to form asum over dl of the points x such
tha g(x)=y, tha is,

fY ()= f;/:iff):y fX(X) |%g"1(g(x)) | ify = g(x) for some;

(0 yifs g(x) for all x

C.f. theexample Y=X"2 above



Joint probability distribution of functions of random variables

Let X, and Xz becontinuousrandomvariables with joint densty f, , (X,y) . Suppo®

that Y 1= 01(X1, X2) and Y= g2(X1, X2) for some fundionsg; and g, which satisfy the
following condtions

(1) Theequdionsyi= gi(x1, X2) and y2= gz(X1, X2) can be uniqudy solved for x; and
X2 in terms of y; and y, with solutionsgiven by xi= hi(yi, y2) and xo= ha(y1, y2).

(2) Thefundionsg; and g, have continuouspatial derivatives at all points (X1, X2)

and are such that:
% "0
'J(Xlaxz): "X]_ X2 = gl gz# gZ gl| O

"0 G XXX
IIXl "XZ
holdsat al points (X1, X2)

Unde these conditionstherandomvariables Y, and Y, have thefollowingjoint pdf:
s (V0 ¥2) = Fro, (B (Va0 ¥2)u P (Y, Y9 0, )]

Ex. Let X; and X3 be continuousdistributed randomvariables with joint
dengty f,, (X, y). Let Y= X1+X5 and Y= X1-Xo. Find thejoint pdf of Y, and Y.

Let y1=01(X1, X2)=X1+X2 and y2=ga(X1, X2) = X1-X2.
1 1
J(X,,X,) :‘1 ! J12!2

X1 = hy(ys, y2) =(y1t+ y2)/2 and X2 = ha(ys, Y2) =(y1- Y2)/2

(y1+y2,y1!2y2)

! 1
f\(l\(2 (Y11 Y2) = f><1x2 (hl()/p yz)’ hZ(yl’ yz))|~](x1’ X2)| "= E fx1x2 2

Assume tha X; and X, are indgpendent, uniform(0,1) randomvariables.

_1 YitY, $1&Y,,_1 ity Y1 &Yy
fvlvz(ylyyz)_ifxlxz( 12 2’ 12 2)_Efxl( 12 2)fxz( 12 2)

P 0vy, ey, 920%y &y, W2
(0] otherwise



