Marginal Markov Chain Monte Carlo Methods

David A. van Dyk *
Department of Statistics, University of California, Irvine, CA 92697

dvd@ics.uci.edu

Hosung Kang
Washington Mutual

hosung.kang@gmail.com

June 18, 2008

Abstract

Marginal Data Augmentation and Parameter-Expanded Data Augmentation are related
methods for improving the the convergence properties of the two-step Gibbs sampler know as
the Data Augmentation sampler. These methods expand the parameter space with a so-callled
working parameter that is unidentifiable given the observed data but is identifiable given the
so-called augmented data. Although these methods can result in enormous computational
gains, their use has been somewhat limited do the constrained framework they are constructed
under and the necessary identification of a working parameter. This article proposes a new
prescriptive framework that greatly expands the class of problems that can benefit from
the key idea underlying these methods. In particular, we show how working parameters
can automatically be introduced into any Gibbs sampler. Since these samplers are typically
used in a Bayesian framework, the working parameter requires a prior distribution and the
convergence properties of the Markov chain depend on the choice of this choice distribution.
Under certain conditions the optimal choice is improper and results in a joint Markov chain
on the expanded parameter space that is not positive recurrent. This leads to unexplored
technical difficulties when one attempts to exploit the computational advantage in multi-step
MCMC samplers, the very chains that might benefit most from this technology. In this article
we develop strategies and theory that allow optimal marginal methods to be used in multi-
step samplers. We illustrate the potential to dramatically improve the convergence properties

of MCMC samplers by applying the marginal Gibbs sampler to a logistic mixed model.

1 Expanding State Spaces in MCMC

Constructing a Markov chain on an expanded state space in the context of Monte Carlo sampling

can greatly simplify the required component draws or lead to chains with better mixing properties.
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In a Bayesian context, we aim to construct a Markov chain with stationary distribution,

p( | Y) = / p(th,a | Y)dar ox / p(Y | %, 0)p(t, a)day, (1)

where v is a vector of unobserved quantities of interest, perhaps including model parameters,
latent variables, or missing data; Y represents observed or fixed quantities including the observed
data; and « represents unobserved quantities introduced into the model for computational reasons.
(Throughout this article, whenever appropriate, all equalities and inequalities, such as in (1), are
understood to hold almost surely with respect to the appropriate dominating measure.)

The oldest and best known example of an expanded state space Markov chain Monte Carlo
(McMce) sampler is the data augmentation (DA) sampler (Tanner and Wong, 1987). The pa sampler
introduces latent variables or missing data into the model, which are expressed as « in (1). In its
simplest form, the DA sampler oscillates between sampling ¥ ~ p(¢ | Y, ) and o ~ p(a | Y, ).
The advantage of this strategy is clear when both conditional draws are simple but sampling
p(v | Y) directly is complex or impossible under practical constraints. It is well known, however,
that DA samplers can exhibit poor mixing. Thus, the traditional motivation for data augmentation
is computational simplicity rather than speed.

Although equivalent to the DA sampler in its mathematical form, the use of auxiliary variables,
is generally motivated by computational speed rather than simplicity (Edwards and Sokal, 1988;
Besag and Green, 1993; Higdon, 1998). In particular, consider a situation where again p(¢) | Y, «)
and p(a | Y, ) are easy to sample, but p(¢ | Y) is not. In some cases, a Gibbs sampler can be
used to sample p(1p | V) by splitting ¢ into a number of subcomponents. Like the pa sampler,
the Gibbs sampler can exhibit poor mixing if the components of 1 are highly correlated. If the
computational cost of conditioning on « is offset by the gain that stems from blocking v into one
conditional step, the DA sampler is attractive for its computational speed.

This is the situation that motivated the method of auxiliary variables, otherwise known as the
slice sampler (Neal, 1997). The method can be formulated as a special case of the DA sampler in

which the target distribution can be written,

n

p | Y)=x( | V) J]L|Y), (2)

i=1

where any of the factors on the left hand side might not depend on Y. The model is expanded via

p(a | Y, ), a uniform distribution on the rectangle [{0,1;(¢ | Y)}, - ,{0,l,(¢ | Y)}], in which



case p(a | Y,1) is easy to sample and p(¢ | Y, ) may be easy to sample directly or via some
Markov chain technique. Although this method is formally a special case of the DA sampler, it is
more prescriptive than DA and has itself lead to many useful samplers. In fact, Damien et al. (1999)
used its easy implementation is a large class of Bayesian application as their primary motivation
for the method.

In this paper we develop another strategy based on a special case of (1), namely, the method
of working parameters. First introduced by Meng and van Dyk (1997) and Liu et al. (1998) in
the context of the EM algorithm working parameters were used to improve the convergence of DA
samplers by Meng and van Dyk (1999) and Liu and Wu (1999). In a given model, a working
parameter is not part of the standard model formulation and is not sampled in a typical DA
sampler. Thus, if we let a represent the working parameter, the target posterior distribution is
p(¥ | Y,a). Conditional augmentation methods aim to find the optimal value of « in terms of the
rate of convergence of the resulting sampler. Marginal data augmentation (MDA) and more general
marginal methods, on the other hand, construct Markov chains on the expanded parameter space
of (¢, ) and effectively marginalize out «. This results in draws from the marginal distribution
p(¥|Y) = [p(¥,a|Y)da. Tobe sure that this marginal distribution equals the target conditional
distribution it is required that « be unidentifiable in (1), i.e., p(Y | ¥,a) = p(Y | ¢). Thus,
the first step in implementing these methods is the sometimes subtle task of finding a suitable
working parameter. Once we have the expanded model, however, two-step samplers based on
a transformation of (¢, a) can exhibit significant computational advantage, see Section 2.1. For
example, new samplers for probit regression, multinomial probit models, 7" models, random-effects
models, and factor analysis have been developed and illustrate the potential of marginal methods
to dramatically improve the convergence properties of MCMC samplers (Meng and van Dyk, 1999;
Liu and Wu, 1999; van Dyk and Meng, 2001; Imai and van Dyk, 2005a,b; Gelman et al., 2008;
Ghosh and Dunson, 2008). See Liu (2003) and Yu and Meng (2008) for related strategies based
on transformations of ¢ alone.

Marginal MCMC methods constuct a Markov chain with stationary distribution p(¢,« | V) =
p(¥|Y)p(a | ), where « is a working parameter. Because it is unidentified and introduced purely
for computational reasons, we can chose the prior distribution on a to improve computation.

Sometimes the optimal sampler in terms of the convergence of 1) occurs when p(« | v) is improper.



Because « is unidentifiable, p(¢, a | Y') is improper if p(« | 1) is. Thus, although certain subchains
may have the desired stationary distribution in this case, the resulting joint chain may not be
positive recurrent since it has no (proper) stationary distribution. In particular, the subchain for
¥, may not have the correct stationary distribution (Meng and van Dyk, 1999). Although, these
difficulties have been discussed for two-step samplers (Meng and van Dyk, 1999; Liu and Wu,
1999), they have not yet been explored in multi-step samplers, where their potential for improving
mixing is most needed. The primary aim of this article is to develop and illustrate theory and
methods that allow these powerful techniques to be easily applied in complex MCMC samplers.
The remainder of the article is organized into three sections. In Section 2 we introduce the
marginal Gibbs sampler and the relevant background, theory, and methods for its use. We also
discuss how our methods can be used in more general MCMC samplers. Section 3 applies the
marginal Gibbs sampler to a logistic mixed model, and illustrates the significant computational
advantage of the marginal sampler. We conclude with a brief discussion in Section 4; an appendix

gives some technical details required to verify the optimal sampler for the logistic mixed model.

2 Marginal MCMC Methods

2.1 Marginal Data Augmentation

Meng and van Dyk (1999) introduces MDA to improve the computational performance of the
standard two-step DA sampler; see Liu and Wu (1999) for a slightly different formulation of many
of the same ideas. Here we introduce a simpler formulation that aims to be much more prescriptive
and can easily be generalized to multi-step Gibbs samplers and more general MCMC samplers.
Starting with a target posterior distribution, p(¢ | Y), with ¢ = (¢1,%2), we introduce a working

parameter o and define the joint posterior distribution

P, [ V) =p(¢ [ Y)p(e) (3)

This joint model is always easy to specify and ensures that the working parameter is unidentifi-
able given the observed data. The working parameter is independent of ¢ in both the prior and
posterior distributions. Thus, not until we introduce a joint transformation of ) and a can we

construct a two-step Gibbs sampler (i.e,. a DA sampler) that is substantively affected by the in-



troduction of the working parameter. To do this, we define a transformation of 17 that is indexed
by the working parameter o, 1 = Dq (11), where D, is an invertible and differentiable mapping
and there exists Z, such that Dz, is an identity mapping. We consider constructing samplers
for either the joint posterior distribution p(’l;l,wg, a | Y) or the marginal posterior distribution
p(h1,1py | Y) = fp(1/~)1,1/)2,a | Y)da. These two strategies might formally be called joint aug-
mentation and marginal augmentation, respectively (van Dyk and Meng, 2000, 2008). Because we
introduce a more general strategy that encompasses both, however, we blur the distinction and

refer to these techniques generally as MDA.

Example: Before we describe the computational advantages of MDA, we introduce a simple but
illustrative example that we come back to several times in Section 2 to clarify ideas. We emphasize
that this example is not meant to introduce new samplers that are useful in practice but rather to
illustrate subtle features of our methods in a concrete example. We suppose ¢ follows a bivariate
Gaussian distribution with mean g = (u1, #2) and variance X, that we parameterize in terms of the
marginal variances and correlation, i.e., 07, 0%, and g, respectively. We introduce a scalar working
parameter, o, with working prior distribution, a ~ N(0,w?¢%), independent of 7). We could use
any working prior distribuiton; we use this distribuiton to facilitate simple sampling. The working
parameter enters the Gibbs sampler via the transformation, ¢ = (151 , 1/;2) = (Y1 +a,12) = Do (V);
clearly Z, = 0. We can easily compute the Gaussian joint distribution, p(1/~1,o¢), and all of the
relevant conditional and marginal distributions.

We consider four sampling schemes:
ScHEME 0: Sample ¢y ~ p(Y1 | P2, 0 = Zo) and g ~ p(tha | 1,0 = To,).
MpA SCHEME 1: Sample (11, @) ~ p(th1, a | 12) and (2, a) ~ p(ta, a | ¥).
Mpba ScHEME 2: Sample )1 ~ p(¢y | 2, a) and (12, ) ~ p(iha, o | y).
MpbA ScHEME 3: Sample ¢y ~ p(t1 | P2, ), o ~ p(t2 | P1, @), and a ~ p(a | 11, 19).

When a =7, =0, 1/;1 = 1) so that SCHEME 0 is simply the standard pA sampler. The numbering of
the SCHEMES 1, 2, and 3 corresponds to that given in the general framework of van Dyk and Meng

(2001). It is easy to compute the lag-one autocorrelation for ¥o for each of the four samplers; for



ScueMES 0 and 3 it is ¢? and for ScuEMES 1 and 2 it is ¢?/(1 + w?). The convergence of the four
sampling schemes, each run with ¢ = 0.95 and w? = 25 is illustrated in Figure 1, which shows the
computational gain of SCHEMES 1 and 2. The advantage of these two sampling schemes stems from
the fact that to differing degrees they marginalize out « in the complete conditional distributions;
in fact, SCHEME 1, which marginalizes o out of both steps appears to outperform SCHEME 2. The
term marginalize is used because SCHEME 1 effectively constructs a Markov Chain on (1/;1, 1) with
stationary distribution p(¢y,1s | Y) = fp(z/;l,wg,a | Y)da. This is accomplished by sampling
rather than conditioning on « in each step. When you use this strategy in some but not all of the
steps, we use the term partial marginalization.

From the formula for the lag-one autocorrelation, we expect more diffuse working prior dis-
tributions to result in samplers that mix better. If this prior distribution is improper, however,
the first draw of SCHEME 1 is improper and neither SCHEME 1 nor SCHEME 2 has a stationary
distribution. SCHEME 3 never samples « jointly with any component of 1. This strategy fails to
improve convergence in this case. We discuss this in detail in Section 2.4.

This simple example illustrates the advantage of the working parameter formulation given in
(3). These MDA samplers could not be constructed using the original working parameter paradigm.
The parameter, «, is not an unidentifiable parameter that is identifiable given the augmented data.

Indeed there is no data augmentation in this simple example. [ |

ScHEMES 0-3 introduced in the example can be viewed as generic notation for general sampling
schemes for MDA. Generally speaking, the marginal chain for ¥y under both ScHEME 0 and 1
is Markovian and Meng and van Dyk (1999) showed the geometric rate of convergence of this
marginal chain under SCHEME 1 dominates that of ScHEME 0. Moreover, while SCHEMES 1 and
2 have the same lag-one autocorrelation for linear combinations of s, the geometric rate of
convergence of SCHEME 1 can be no worse than that of SCHEME 2 for the joint Markov chain;
See Marchev and Hobert (2004) for a detailed analysis of the geometric convergence of marginal
augmentation in one two-step example. The key to all of these results is the basic observation
that less conditioning in any step of a Gibbs sampler tends to improve the overall convergence
of the resulting Markov chain, see van Dyk and Park (2008) for discussion of this principle in
problems that do not involve working parameters. SCHEME 2 eliminates the conditioning on «

in the second step of SCHEME 0 and thus improves convergence. SCHEME 1 further improves
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Figure 1: Mixing of MDpA ScHEMES 0, 1, 2, and 3 in the Gaussian Example. The figure illustrate a
time series plot and an autocorrelation plot for 1 and - for each of the four sampling schemes.
MpbpaA ScHEMES 1 and 2 both outperform MDA ScHEMES 0 and 3, which are indistinguishable.
Although MDA ScHEMES 1 and 2 have the same lag-one autocorrelation for ¢9, MDA SCHEME 1 is

clearly superior.



convergence by eliminating the conditioning on « in the first step. Our strategy is to exploit this
basic observation in multi-step samplers involving working parameters.

The prior distribution on « can be regarded as a tuning parameter for algorithms involving
marginal augmentation. In the example, we consider a family of prior distributions indexed by
w. The calculation of the lag-one autocorrelation illustrates how the choice of w can affect the
convergence of the resulting Markov chain. For MpA ScHEMES 2 and 3, the optimal chains occur
when w = oo and the lag-one autocorrelation becomes zero. In this, as in many examples,
the optimal limit occurs when the prior distribution on « becomes improper. This significantly
complicates the situation because the joint target distribution, p(¢,a | Y) = p(v | Y)p(«) is also
improper and the joint Markov chain, My ) = {(®,a®),t=1,2,...} is not positive recurrent;
we generally use the notation M, for the chain {2 ¢t = 1,2,...}. Meng and van Dyk (1999)
showed, however, that in some cases the marginal chain for 1, M., may still be positive recurrent
with the corresponding marginal distribution as its stationary distribution. We generalize these

results to multi-step chains in Section 2.5.

2.2 Model expansion

Suppose we wish to obtain a Monte Carlo sample from p(y) | Y') and partition ¢ into (¢1,...,%¥p)
to construct a Gibbs sampler, where each 1, may be multivariate. To focus attention on the
working parameters, in the remainder of the paper we use ¥ to represent all unobserved quantities
except the vector working parameter, a. Thus, missing data and auxiliary variables are treated
as components of ). We can construct a ‘standard’ Gibbs sampler beginning with an initial (),
by iterating the steps:

Standard Gibbs Sampler:

STEP 1: 91 ~ p(¢1 | Y,¥_1),

SteP P: ¢p ~ p(Yp | Y,9_p),

where ¥_p, is (¥1,...,Yp—1,Vpt1,...,¢¥p), we condition on the most recently sampled value of

each element of ¢_,, in each STEP p, and at the end of each iteration we compose D of the



most recently sampled value of each of its components. Throughout, we assume the standard
regularity conditions for the Gibbs sampler (see Roberts, 1996; Tierney, 1994, 1996) under which
the limiting distribution of ¥® is p(¢ | Y).

We introduce a working parameter by expanding the target posterior distribution, p(¢) | Y) to

P, a | Y) =p(@ [ YV)p(a | ¢), (4)

where p(« | ¢) is a prior distribution on «. The conditional independence assumed in (4) assures
that « is a working parmeter, i.e., p(Y | ¥,a) = p(Y | ¢). To construct a sampler we introduce a
transformation of 1, for each p that depends on a: 1, = Dy ,(th,), Where each D, , is again an
invertible and differentiable mapping and there exists 7, such that Dz, , is an identity mapping.
Algorithms are constructed by sampling from a set of conditional distributions of p(i;, alY),
where p(1,« | Y) is obtained from (4) with a change of variable.

This formulation is more general than that used by Meng and van Dyk (1999) in that they
assume p(¢, ) = p(¢¥)p(a). The dependence of the prior distribution for « on 4 has some

implications on statistical inference. In particular, the marginal posterior distribution of 1,

p( | ¥) o< p(Y | ) / p(t, a)day, (5)

and the conditional posterior distribution of ¥ given «,

p(¥ | Y, ) x<p(Y [ )p(¢ | ), (6)

may differ because of their respective prior distributions. Although either one of these quantities
may be the target distribution, our goal is to construct samplers of p(¢ | Y') with much better
convergence properties than the corresponding samplers of p(¢) | Y, a). Of course if ¢ and « are
a priori independent, p(¢ | Y) = p(¢ | Y, a), and, thus we often assume such independence. In
some cases, however, we can formulate the desired prior distribution on v as the corresponding
marginal distribution of p(1, @); see McCulloch and Rossi (1994); Nobile (1998); Imai and van
Dyk (2005a).



2.3 Partially marginalized Gibbs samplers

Generalizing MDA, we can construct a marginal Gibbs (MG) sampler using conditional distributions

of the marginal distribution
p(@IY) = [ pd.a] V)da. ™)

Because this marginal distribution is often difficult to work with in real problems, we may sample
p(z/;(p) | z/;(cp), Y') indirectly by sampling p(iﬁ(p), a ﬁ(cp), Y"). This strategy may involve first sampling
pla] ﬁ_p, Y) and then sampling p(iﬁp, | ﬁ_p, a,Y). The second step is computationally equivalent
to sampling p(¢p | ¥—p,,Y"), which is the same as STEP p of the standard Gibbs sampler when
o and v are a priori independent, and transforming 1, to get ﬁp. This strategy generally avoids
the integration in (7).

Rather than marginalizing @ out or sampling it in each step, an intermediate strategy is to
sample a part of o while conditioning on the rest of « in each step. Because this strategy aims to
partially accomplish the integration in (7), we call the resulting samplers partially marginalizied
Gibbs (pmc) samplers. To accomplish this, we must introduce partitions of « for each step of
the Gibbs sampler. Setting o = (a1,...,ay), let J = {F,Jo,...,Tp} be a sequence of index
sets, where J, C {1,2,...,J} for p = 1,2,...,P. Let a(py be the collection of components
of a corresponding to the index set J,, i.e., ap) = {a; : j € Jp}. Finally let, J; be the
complement of 7, in {1,2,...,J} and ) be the collection of components of a not in o,
afp) = {a; : j € J5}. To construct a pMG sampler, we replace STEP p of the standard Gibbs
sampler with: (1/~)p,a(p)) ~ p(1/~)p,a(p) | Y,1/~),p,o¢fp)), where we condition on the most recently
sampled value of each element of 1/;,p and afp). At the end of each iteration we compose 1/;(“‘1)
and a(*T1 of the most recently sampled value of each of their components.

In this setup we do not put any restrictions on the partitions of «, some components may be
sampled in multiple steps or not at all. In any particular step, we may sample all of or none of «
SO afp) or ap) may be empty. We also do not require that all of the components of « are sampled
in at least one of the P steps because it may be advantageous to sample some components of «
in separate steps, as in MDA SCHEME 3 in the example. To accomplish this, we may add a set
of P’ optional steps to each iteration to sample components of o not sampled in other steps. In

particular, we define another set of partitions of o, {a(y,p = P +1,...,P + P'}, in the pmG

10



sampler.

Partially Marginalizied Gibbs Sampler:

STEP 1: (151@(1)) NP(Q/;lva(l) | Yﬂig—l’afl))’

SteEP P: (’Q/NJP,CY(P)) NP(Q/;Paa(P) | Y”E—P’at(jp))’

Step P + 1 (optional): a(pi1) ~ p(epiy) | KUNJ(H”,O&EPH)),

StEP P + P’ (optional): a(pypy ~ plapsp | Y,1/~;(t+1),a‘(jp+P/)),

( 7(t+1)

STEP P + P’ + 1: Set /™) =D (1) for each p.

at+1) p

If a,) = 0 at each step and the optional steps are omitted, the result is a Gibbs sampler on
the transformed parameter ¢, which implicitly conditions on «. In particular, if we condition on
o =1, in STEP p for p = 1,..., P, this PMG sampler becomes what we call the corresponding
standard Gibbs sampler. On the other hand, if c(, = a for each step, a is removed from the
Markov chain, and the resulting sampler is a true MG sampler that completely marginalizes out
the working parameter in the sense that all draws are from conditional distributions of (7). In
this case, we may replace each STEP p with ﬁp ~ fp(z/;p, a | Y,iﬁ_p)da, since « is not used in
subsequent steps. Also in this case the optional steps do not effect the transition kernel of, Mu}v
and are not used. Generally, STEP P + P’ + 1 is required to recover 1), however, so we must draw
a at least once in the iteration.

As discussed in Section 2.1, we expect that sampling more components of « in any step of an
pPMG sampler to improve the overall convergence of the sampler. Technical results to this effect are
illusive owing to the non-Markovian character of the marginal chain of ) and of its subcomponents
in multi-step samplers. The theoretical development in van Dyk and Park (2008) applies directly
to the joint chain of (¢, @) and indicates that sampling more components of « in any step of a
pMG sampler should improve the convergence of this chain. Insofar as we are interested only in the
marginal chain of v, this may be of limited interest. Thus, we do not purse a full exploration of

application of these theoretical results of in this setting. Nonetheless, this observation gives a hint

11



of the theoretical advantage of marginalization in multi-step chains involving working parameters.
When combined with empirical results, we believe that there is strong evidence of the advantage,

see Section 3.

Example: To illustrate the advantage of PMG sampler over MDA even in a simple two step
sampler, we introduce a second working parameter and a second transformation in the simple
Gaussian example. In particular, suppose [ is a second scalar working parameter with prior
distribution, 8 ~ N(0,wa?3), a priori independent of both 1 and a. We introduce 3 along with «
into the model via a transformation of v, namely ?/J/ = (zA/J/l, /1;2) = (Y14, Y2+ 3). The framework
of the PmG sampler allows numerous sampling schemes with each of « and  being sampled or
conditioned upon when sampling 11 and 19 and/or being sampled in the optional steps. We start
with MDA SCHEME 1 because it is the fastest to converge and consider two possibilities for adding

[ to this sampler. The two samplers below are named analogously,

Pmc ScHEME 1: Sample (91, a, 8) ~ p(¢1,a, 8 | ¥2) and (o, a, B) ~ p(tha,, B | ¢1),
PMG SCHEME 2: Sample (91, a, 8) ~ p( ¢, @, 8 | t2) and (4o, a) ~ p( o, | 1, ).

Our basic intuition that sampling as many components of the working parameter as possible
in each step is beneficial suggests that PmMc ScHEME 1 will dominate both PMG SCHEME 2 and
MDA SCHEME 1. The latter comparison is based on the fact that MpA SCHEME 1 implicitly con-
ditions on § = 0 in both of its steps. Comparing MDA SCHEME 1 in Figure 1 and PMG SCHEME 1
in Figure 2 illustrates the advantage of the PMG sampler. The lag-one autocorrelation of o is

essentially eliminated by adding the working parameter § to the sampler. [ |

2.4 The Advantage of the Optional Steps

Generally, we use the optional steps of a PMG sampler to update components of the working
parameter that are not updated in the theorem, it can be much less efficient than updating the

working parameter along with 1.

Theorem 1 If a PMG sampler is constructed with

1. ¥ and o a priori independent,

12
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Figure 2: Adding a Second Working Parameter to the Gaussian Samplers. Comparing
PMG SCHEME 1 with MDA ScHEME 1 in Figure 1, we see that adding the additional working
parameter improves convergence; although MDA SCHEME 1 performs very well, PMG SCHEME 1
produces essentially independent draws of 5.

2. Dap(tbp) =y forp=2,..., P, and
3. apy =0 forp=1,...,P

then the Markov transition kernel for v¥_q1, K{t_1 | (¥—1)'}, is identical to that of the correspond-

ing standard Gibbs sampler, regardless of o,y forp=P+1,..., P

Proof: We aim to show that the transition kernel of M, _,,

/ [/’C{ﬂ;lﬂ/fl,a | 1/3371//170/}6106] iy (8)

is equal to that of the corresponding standard Gibbs sampler, where by supposition 2 ¢¥_; =
¢_1. By construction the inner integral in (8) is simply K {1/;171#—1 ‘ L, a’}. To simplify

notation we suppress the dependency on Y and assume that P = 3. Thus, (8) can be written
/IC (1/;17¢2; 1/}3 | 1/3115 1/}35 7/%, O/) d?/;l

= /5(1/;1 | 1/’5,%,0/) p(1/)2 | 1/;1,1//3,0/) p(‘/’s | 1/;1,1/)270/) dir, 9)

where we use a tilde accent on p to emphasize that it represents the density is of 1/31 rather that

1. Rewriting p using the change of variable formula, (9) is equal to
/p{D;flg(iEl) | %7%} ‘ J(Wr]a) | p(wz | 1;17%70/) p(% | 151,1&2,0/) i, (10)

where J(11 | a) is the Jacobian of the inverse transformation ’D;,11 (11) or 1 if ¢y is discrete.

Finally, by changing the variable of integration via ¢} = D;,{l (11) and by the independence of

13
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Figure 3: The Benefit of the Optional Steps. In contrast to MDA SCHEME 3, PMG SCHEME 3 offers
marked improvement over SCHEME 0.

and « given Y (10) can be written

[Pt 19 3) pln | 91,08) (s | wf0a) du, (1)
which is the Markovian transition kernel of the corresponding standard Gibbs sampler. [ |

If we define wgt) = ’D;(lt,l)ﬂl(iﬂit)), Theorem 1 can be taken one step further in that M, can
be shown to be Markovian with transition kernel equal to that of the standard Gibbs sampler.
Because suppositions 1 and 2 of Theorem 1 hold for MDA samplers, “SCHEME 3” of van Dyk and
Meng (2001) is obsolete, at least in terms of the marginal chain M,,_,. This is why MDA SCHEME 3

offers no advantage over SCHEME 0 in Figure 1. As we illustrate next, however, the optional steps

can be useful for MG samplers that unlike MDA do not adhere to the suppositions of Theorem 1.

Example: Consider a sampler which introduces both of the working parameters o and 3 into

the bivariate Gaussian sampler using a sampling scheme that includes an optional step:

PMG SCHEME 3: Sample 1 ~ p( 11 | P2, v, 8), a ~ p( o | ¥r, e, ), and (a, B) ~ p(e, B | ¢, 1a).

Figure 3 illustrates the computational performance of PMG SCHEME 3 and shows that it performs
much better than MDA SCHEME 3; see Figure 1. Thus, the optional steps can be useful in PmG

samplers, that are not MDA samplers. [ |

2.5 Optimal Computational Efficiency

As discussed in the Gaussian example in Section 2.1, when it is useful to marginalize out working
parameters, more diffuse working prior distributions tend to result in samplers that mix better.

In the limit when the working prior distribution becomes improper, however, technical difficulties
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may arise; the transition kernel may become improper or the Markov chain may become non-
positive recurrent. Both of these difficulties may occur when the joint posterior distribution of
(¢, @) is improper. For example, if ¢ and « are a priori independent, the (marginal) posterior

distribution of the working parameter is

pla| V) = / p(th,a | Y)dip ox pla) / p(¥ | )p(®)de o pla), (12)

which is improper if p(«) is improper. Clearly, care must be taken when using improper working
prior distributions. The following example illustrates how a poor choice of an improper working

prior distribution may upset the stationary distribution of the chain.

Example. Returning to the simple Gaussian example, we introduce a new working parameter,
¢ ~ (Gamma(ag))~* independent of ¢ and a transformation (1, 1) = (v/th1,102), where ag is

the shape parameter of the gamma distribution. We consider two sampling schemes:
Mpa ScHEME 1: Sample ($1,¢) ~ p($1, ¢ | ¥2) and (2, ¢) ~ (2, ¢ | P1),

Mpa SCHEME 2: Sample ¥ ~ p(i1 | 12, ¢) and (Y2, @) ~ p(1h2, d | ¥1).

Note that these are the same sampling schemes introduced in Sectin 2.1 but applied using a
different expanded model. All of the steps in both schemes are easy to accomplish. For example,
to sample p(1/;1, ¢ | ) = p(1/;1 | &,1¥2)p(a) we first sample « from its working prior distribution
and then sample 91 from p();|th2) and compute 1&1 = /¢p;. This factorization shows that the
first step in MDA SCHEME 1 is improper if the working prior distribution is improper. Thus, we
may only implement this scheme with a proper working prior distribution. MDA SCHEME 2, on the
other hand, can be implemented so long as p(12, ¢ | 1/31) is proper. Routine calculations indicate
that this holds so long as ag > —1/2.

To illustrate how these samplers work, we implement MDA ScHEME 1 with ap = 5 and
MDA SCHEME 2 with ag = 0 and a9 = —0.2 and compare them with ScHEME 0. Both imple-
mentations of MDA SCHEME 2 use improper working prior distributions. (SCHEME 0 is unaffected
by the working parameter model and is the same as described in Section 2.1.) The results appear
in Figure 4, where the values in curly brackets indicate the value of a¢ that was used in each
run. The plots in the first and third columns show the autocorrelation functions of ¥, and s,

respectively. Comparing MDA ScHEME 1{5} with ScHEME 0 illustrates that the introduction of
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Figure 4: The Risks and Benefits of Using Improper Working Prior Distributions. The figure
compares four sampling schemes in the simple Gaussian example. The four rows correspond to a
standard sampler with no working parameters, an MDA sampler implemented with a proper working
prior distribution and two MDA samplers implemented with improper working prior distributions.
The values in curly brackets give the shape parameter for the gamma working prior distribution.
The columns provide autocorrelation functions for both parameters and normal quantile plots
that compare the Monte Carlo samples with the target standard normal distribution. The plots
illustrates both the improvement in the autocorrelation functions resulting from the introduction
of working parameters and improper working prior distributions and the sensitivity of the station-
ary distribution of the chain to the choice of improper working prior distribution. The sampler
illustrated in the bottom row underestimates the variance of 11 by about 40%.
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the working parameter reduces the autocorrelations of the chains. Further comparing with the
two implementations of MDA SCHEME 2 shows that using an improper working prior distribution
does even better. The second and fourth columns compare the Monte Carlo samples with the
target (standard normal) distribution using normal quantile-quantile plots. The improved auto-
correlations of MpA SCHEME 15} and MpA ScHEME 2{0} result in a slightly better match than with
ScHEME 0. The MDA ScHEME 2{—0.2} sampler, on the other hand, underestimates the variability
of the target distributions of ¥; and 15 by about 40% and 35%, respectively. This section of the ar-
ticle aims to develop theory for the PMG sampler that allows us to reap the computational benefits
of improper working prior distributions, but with the assurance that the stationary distribution

of the resulting chain is the target distribution. [ |

To address the technical difficulties associated with improper working prior distributions, we
begin with a generalization of Lemma 1 of Liu and Wu (1999); the generalization accounts for the
possibility that the stationary distribution depends on the choice of the working prior distribution.

This is the case when ¢ and « are not a priori independent, see also Imai and van Dyk (2005a).

Lemma 1 Suppose we have a sequence of proper Markovian transition kernels, K, (€ | £'), each

with proper stationary distribution, 7, (§). If
(1) Koo(€ | &) =limpm—oo K (& | &) is a proper Markovian transition function and
(i1) 7o (&) = limyy,— o0 T (§) represents a proper distribution

then oo (§) is the stationary distribution of Koo (€ | &').

Proof: By Fatou’s lemma, we have,

/ Too€)Kno (€ | €)dE = / lm o (€)Kom (€ | €)dE"

m— 00

< lim Wm(gl)lcm(g | fl)dgl

m—00

= lim mp(§) = 7moo()

m—00

for every &. Because [ [ oo (£ )Koo(€ | €)dE'dE = [ oo (€)dE = 1, the weak inequality must be an

equality and thus [ Moo (§)Koo (€ | €)dE = oo (€). n
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We use the symbol ‘€’ in Lemma 1 because we apply the lemma in several ways in the construc-
tion of optimal PMG samplers. Our goal is to establish conditions for PMG samplers that guarantee
their stationary distribution is the target posterior distribution when improper working prior dis-
tributions are used. We focus on verifying condition (i) of Lemma 1 leaving the verification of
condition (ii) as the standard exercise of establishing that the posterior distribution is integratible
under the prior distribution p(y)) = [ p(¢, a)da. Although Lemma 1 cannot be applied directly
to the Markov chain My oy because the limit of the stationary distribution is improper (at least
when ¢ and « are a priori improper), it can be applied in some cases to either M, or subchains
of My.

All of the results in this section are suppose a sequence of proper working prior distributions

pm () are used to construct a corresponding sequence of PMG samplers each with

1. ¢ and « a priori independent,

2. Do p(tby) =1y for p=2,..., P,
3. a(l) = Q,

and resulting transition kernel ICm(d;,a | o ) with proper stationary distribution, 7, (¥, «).
The next several results apply Lemma 1 to verify that the limiting Markovian marginal transition
kernels of My,_, and M, have the desired stationary distribution. We label these two results,
i.e., the limiting behavior or My,_, and My, as Ry and Ry, respectively. Figure 5 is a schematic
outline of these theoretical results. Corollary 1 establishes the sufficiency of conditions C{ and
C§ for results Ry and Rj, respectively; see below. Corollary 2 shows how a minor modification
of the samplers along with the weaker condition, C{ can be used to establish the stronger result,
Ry. Finally, Theorem 2 and Corollary 3 establish conditions C? and C% which imply C¢ and C%,
respectively but are easier to verify in practice. The final results also describe how to construct
the optimal sampler. We begin with Corollary 1, which applies Lemma 1 directly to the Markov

chains My,_, and M.

Corollary 1 If ./\/l(d; @) (m) is sampled with a PMG sampler constructed with ¢ and « a priori
independent, D, ,(Yp) = p for p = 2,..., P, a@y = a, and proper working prior distribution,

pm(@), and if p( | Y) is a proper distribution, then the subchains, My _,(m) and My(m) are

18



Thm 2. Cor 1.(i)
T T \\\Cor2. T
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Figure 5: The Theoretical Results of Section 2.5. The conditions of parts (i) and (ii) of Corollary 1
are represented by Cf and C§, respectively; the results of Corollary 1 are represented by R; and
Ry. Theorem 2 and Corollary 3 provide conditions that may be easier to verify in practice; these
are labeled C? and C3%, respectively. Corollary 2 shows that for a modified PMG sampler Ry follows
from C§. The vertical arrows indicate that the conditions and results in the second row are all
stronger than those in the first row.

both Markovian with transition kernels KCp{—1 | ¥/} and Kn{yp | ¥} = Knn(¥ | ¥') and

stationary distributions p(—1 | Y) and p(¢p | Y'), respectively, for each m. Thus,

(1) if Koo{to—1 | ¥ 1} = limp—oo K {t0—1 | ¥ 1} is a proper Markovian transition kernel, then
p(¥—1 | Y) is the stationary distribution of My _,(c0), the Markov chain sampled under
Koo{t-1 | (1)}, and,

(i) if Koo{® | ¥ 1} = limp—oo Kin{®¥ | ¥ 1} is a proper Markovian transition kernel, then

p(¢ | Y) is the stationary distribution of My (00), the Markov chain sampled under Koo {4 | Y"1 }.

Part (i) of Corollary 1 is useful when v _; is of primary interest, e.g., when 1 is an auxiliary
variable. Integrating out ¢; and using Fatou’s lemma, the supposition of (i) follows from the
supposition of (ii). If it is easier to verify the limiting condition for part (i) but p(¢) | Y) is the

target distribution, we can alter the sampler slightly, as described in the following Corollary.

Corollary 2 Consider a sequence of PMG samplers exactly as described in Corollary 1, but with
the transformation STEP P + P’ + 1 in each iteration of each sampler replaced with: Draw
1 ~p1 | Y,o—1). In this case, My(m) is Markovian for each m, and, if Koo{tv—1 | Y1} =
limy,— oo K {101 | "1} is a proper Markovian kernel, then p(yp | Y) is the stationary distribution

of My(c0), the Markov chain sampled under the limiting kernel.

Proof: The transition kernel for My(m) is p(¢1 | Y, ¥—1)Kn{¥p—1 | ¥i_}, where the second

term is the transition kernel for My _,(m) as described in Corollary 1. It follows that M. (m)
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is Markovian for each m and that lim,, oo p(¢1 | Y, ¥—1)Kmn{tv—1 | ¥’ ;} is a proper transition

kernel if limy, oo Ko {¥—1 | ¥/, 1} is. ]

The special case of part (i) of Corollary 1 which results when P = 2 and P’ = 0, was considered
by Meng and van Dyk (1999), Liu and Wu (1999), and van Dyk and Meng (2001). If ¢ and « are
not a priori independent, the results of Corollaries 1 and 2 still follow as long as condition (ii) of
Lemma 1 holds.

The following theorem, which extends Lemma 1 of van Dyk and Meng (2001), develops equiv-
alent conditions that may be still easier to verify for part (i) of Corollary 1 and for Corollary 2.

The theorem also describes how to construct the optimal sampler.

Theorem 2 Consider a sequence of PMG samplers as described in Corollary 1, but also with

04(2) = Q. If

(i) there exists a improper working prior distribution pe () such that pm(Yp, apy |'Y, 1/3,]0, ozfp)) —
Poo(Up, ) | Y, z/;_p,afp)) as m — oo for p=2,...,P, with p,, denoting the conditional
distributions under the proper working prior distribution, py,(a), and ps denoting the same

proper distributions under po(a); and

(i) [Koo{th—1,a | Dar1(¥1), ¥ }da is invariant to o, where Keo{t—1,a | ¥1,9" 1} denotes
the transition kernel for STEP 2 through STEP P of the PMG sampler implemented with the

improper working prior distribution, peo(a),

then limy, oo Ko {tv_1 | ¥'_1} is the proper transition kernel, which corresponds to implementing
the same PMG sampler with improper working prior distribution pe (), except that STEP 1 is

replaced with: STEP 1: Sample iy ~ p{ir | Yo' 1, a =11}.

Proof: To simplify notation we suppress conditioning on Y and assume that P = 3. Then the
marginal transition kernel of (¢)_1, @*) with a* the draw of a from STEP 1, i.e., K, {t0_1,a* | '}

can be written

/ﬁm (1/317(1* ‘ wl27wé) Pm (1/12704?§)aa?3) | 1;171%) Pm (1/13704(3) ‘ 1;171#2704E3)> dz/;ldaz(g)dau
(13)
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where the accent on p emphasizes that this is the conditional density of 1@1 rather than ).
Integrating out af3), replacing pyn (1, a* | ¢, v4) with p (a*) pm{ D2 1 (1) | 45, 5} [T (1 | )]

and changing the variable of integration via ¢} = D;*171(1/~11) in (13) yields

pm(a*)/pm ("/JT | wéuwé) Pm {"/12704((:3) | 'Da*,l("/]f)awé} DPm {"/13704(3) ‘ Da*,1(¢f),¢2aaf3)} ddjfda
(14)

By Fatou’s lemma and condition (i), the limit as m — oo of the integral in (14) is

/ p {01 191} Koofos, o | Dae 1 (40), 9 1 }dibida. (15)

By condition (ii), we may replace a* under the integral by the identity value, Z;. Thus, in the
limit o* and ¢_; are independent, the kernel, Koo{t_1 | ¢/’_;} is the proper distribution given in
(15) with o* replaced with Z7, and this kernel is identical to that resulting from implementing the

PMG sampler with pso(«), but with STEP 1 replaced with: 1 ~ p{1/~)1 | Y, ¢, a=11}. [ |

We can derive similar equivalent conditions for part (ii) of Corollary 1. Rather than integrating
out 7 in (13), we introduce the change of variable ¢, = D;)ll(z/zl) and adjust the the proof of
Theorem 2 appropriately, proving the following corollary. (A formal proof is given in Appendix B

for the benefit of the referees.)

Corollary 3 Consider a sequence of PMG samplers as in Corollary 1, but also with ooy = . If

in addition to supposition (i) of Theorem 2

(iii) [pm Dol 1 {Dan (@)} | 1] | T {Da(drla*} T H{Da(4) | o} |
X Koo{t-1,a | Da,1(¥1), ¥’ tda is invariant to o*,

then lim,,—00 Ko (¢ | ') is the proper transition kernel, which corresponds to implementing the
same PMG sampler with improper working prior distribution po (), except that STEP 1 is replaced

with: STEP 1: Sample 1 ~ p{ir | Y, ), o0 = Iy }.

Applying the change of variable ¢} = 'D;*l)l{Dayl(wl)} to the density given by the integrand of
condition (iii) implies supposition (ii) of Theorem 2. Thus, the suppositions of the corollary, are,
stronger than those of the theorem and we can ignore supposition (ii) when applying the corollary.
Supposition (iii) is an algebraic representation of the transition kernel, Koo (9]¢, @*), under the

pMG sampler, where a* is the draw of o in STEP 1. Thus, we generally verify the supposition by
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verifying that Koo (¥]¢’, @*) does not depend on o*. This strategy is illustrated in Section 3 where

we verify the limiting kernel for the logistic mixed model.

Example: In the Gaussian example described in Section 2.1 with a single location working
parameter on 1, the transition kernel under MDA SCHEME 1 with proper working prior distri-

bution can be represented as follows; for simplicity we set u; = pus = 0 and o7 = 09 = 1.

Given ¢}:
STeP 1: Sample 9y ~ N(oh, 1 — 0% + w?).

STEP 2: Sample ¢y | ¢y ~ N (ﬁ‘z’lv 14_111_292) o

2

- 2 - ~ 2 4 2
«Q | 1#171#2 ~ N{lj:wzwl - 1+5u2),92 ("/12 - #1#1) ) (1 - wz(li:}zfgz)) 1iw2 }

STEP 3: Set ¥ = ¥ — .

In the limit as w? — oo, the draw in STEP 1 becomes improper, but (¢1,12) do not depend on
1, and, thus the limiting transition kernel (v | ') is proper. To see this we note that in the
limit, STEP 2 becomes: Sample ¥y ~ N(0,1) and « | 1,1 ~ N(¥by — o1h2,1 — 0?). The limiting
kernel Koo (102 | ¥4) is clearly proper. Thus, if we replace STEP 3 with 1)1 ~ p(w1|12), Corollary 2
guarantees the stationary distribution of M, under the limiting kernel to be the target, which
is evident. On the other hand, transforming the limiting p(« | z/NJl, 19) via the transformation in
STEP 3, we find 11 | V1,9 ~ N(ot2,1 — 0?). Thus the limiting kernel for M, is proper and by

part (ii) of Corollary 1, has the desired stationary distribution, as is again evident. [ |

2.6 Marginal MCMC

Although the theoretical results in Section 2.5 are useful for establishing the stationary distribu-
tion of PMG samplers with improper working prior distributions, verifying the convergence of the
marginal kernels can be difficult in practice, especially in samplers with many steps. Thus, we aim
to construct samplers that segregates the computational complexity of the sampler into a number

of simpler parts. In particular, consider:
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Nested MmcMC Gibbs Sampler

StEP 1: %\ ~ K3y | ¢)501),

SteP P: wgﬂ) ~K@p | ¥p;¢_p),

where (4, | ¥,;1—p) is a transition kernel for an irreducible aperiodic Markov chain with unique
stationary distribution p(¢, | Y,%_p). As usual, we condition on the most recently sampled value
of each component of i at each step.

Clearly the resulting chain, My, is an irreducible aperiodic Markov chain with unique sta-
tionary distribution p(¢» | Y)). The kernels in the individual step may be formulated as direct
draws from the conditional distribution, p(¢,|Y,_1), or by using a pMc sampler with the cor-
rect stationary distribution for My, . If an improper working prior distribution is used, this can
be verified using part (ii) of Corollary 1 or using Corollary 2. Other MCMC methods such as
Metropolis-Hastings may be used for some steps. The advantage of this strategy is that we rel-
egate the algorithmic complexity introduced with working parameters to a small subset of the
draws, and thus simplify the asymptotic calculations required when using improper working prior

distributions. This strategy is illustrated in Section 3.

3 Example: Logistic Mixed Model

3.1 Model Specification

In this section we nest several PMG samplers within a Gibbs sampler constructed using auxiliary
variables to fit a logistic mixed model. The samplers illustrate both the use and computational
efficiency of marginal MCMC methods and how auxiliary and working parameters can be combined
to create simple algorithms that are fast to converge.

Consider the logistic model
Yij ~ Bernoulli(p;;) with logit(pi;) = 27;(8 + bs), (16)

where y;; is the binary response of unit j within group ¢, p;; is the probability that y;; equals one

rather than zero, x;; is a ¢ x 1 vector of observed covariates, 5 is a ¢ x 1 vector of fixed effects,
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and b; is a ¢ x 1 vector of random effects, with i =1,...,m and j = 1,...,n,, i.e., there m groups
with sizes n1,...,n,,. We assume the random effects are independently distributed, b; ~ N(0,T),

with T' a diagonal matrix with diagonal elements (72, ... ,Tq) and independent prior distributions

T~ I/QT,?)O/XI%D; we use a flat prior on the fixed effects.
We focus on posterior distribution or the unknown parameters (b, 3,T) with b = (b1,...,bn),

Yij 1—yij

_ exp{wj;(bi + 3)}
exp{a;(b; + )} + 1

p(,B,T|Y) o Hji[em“ub+m}

L oot v oy +1

_ 1, —w 1 _
X H|T| /2 exp (—§b;T 1bi> x |1~ o/2+1) exp{—Qtr(uoToT 1)},
i=1

where Y = (y;;,4 = 1,...,m,j = 1,...,n;). Since the posterior distribution is not a standard
density function, it is common practice to use MCMC methods. We begin with an outline of a slice
sampler based on the data augmentation scheme introduced by Damien, Wakefield, and Walker

(1999) and then show how to improve computational performance using marginal methods.

3.2 The Standard Slice Sampler

Following Damien et al. (1999), we suppose

yiy =1 [viy < g Hal;(B+bi)}], (17)

1

where, I is an indicator function, g~ is the inverse logistic link function, and v;; ~ Unif(0, 1).

Model (17) is simply a reformulation of (16), which introduces the auxiliary variable V' = (v;;,i =
1,...,m,j=1,...,n;). Thus, (16) represents p(Y | 8,b) = [p(Y,V | 8,b)dV and (17) represents

the integrand in the second expression. Using (17) we can construct a slice sampler:

Slice Sampler for the Logistic Mixed Model

STEP 1: For each ¢ and j, independently draw

Unif [0, g~ {aj; (6 +0:)}] if yij =1
vij | Y,0,8,T ~ (18)

Unif [g={a};(8+bi)}, 1] if yi; = 0.

SteP 2: Fork = 1,...,q, sample (b, Bk, 7¢) via two conditional draws, where b ;. = (b1, - - -, bk );

here by, and (i represent component k of b; and (3, respectively. Although it is suppressed
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in our notation, we condition on Y, V, and all of the components except the kth of 8 and

each b;:

CycLE k

SuBsTEP 1: For each i, independently draw by | By, 72 ~ N (0, 77) subject to the constraint

vig < g Ha (B4 b))} if gy =1 ,
for j=1,...,n; (19)

vig > g~ Hal; (B4 bi)} if yi; =0,
SuBsTEP 2: Draw (3,77) | b by independently drawing () given b uniformly subject

to (19) and 77 | by ~ (V()Tlio + 3 bik) /Xty

This sampler consists of 2¢ + 1 complete conditional draws; see Damien et al. (1999) for details.

3.3 DMarginal Slice Sampling in the Logistic Mixed Model

The data augmentation scheme used in this slice sampler has great potential primarily because
it results in the only known general Gibbs sampler for the generalized linear mixed model that
involves only standard distributions. Unfortunately, as illustrated in Section 3.4, the algorithm
can be slow to converge. To improve computational efficiency, we suggest recentering the random
effect using a working parameter, i.e., setting b; = a + b;, where a = (a1,...,aq) isa ¢gx1

working parameter. This transformation results in a reformulation of model (17),
vy =1 vy < g~ Hal, (5 + Bi)}} , with b; ~ N(a, T), (20)

where B = (# — «a. Using a flat working prior distribution, we can easily incorporate «y into cycle

k of STEP 2:

SussTEP 1: For each i, independently draw b}, | Bk, 72 ~ N (0, 72) subject to (19) with b; replaced

with b,

SUBSTEP 2: Draw (B, 77, x) | 0% by sampling 770 ~ {E:’;l(bfk —b%)* + VkTIiO} /anJrVO_l,
ag | 72 ~ N(b%,72/m), and By uniformly subject to (19) with b; replaced with b}, here
b%, = > i, by/m. Finally we transform to the original scale by setting B = Br + ay and

b = b — .
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The stationary distribution of this sampler is verified in Appendix A; its computational advantage

is illustrated in Section 3.4.

3.4 Empirical Results

We illustrate the convergence properties of the the standard slice sampler and the PMG sampler
for a logistic mixed model using a simulation with one covariate. We generated three data sets
according to (16), each with m = 11, ), n; = 54, and n; varying between 4 and 5. The covariates,
x;;, were independently generated via x;; ~ N(0, 1) and the variance of the random effect was set to
72 = 0.5. The three data sets differed in the magnitude of the fixed effect, which was set to 8 = 0,
1.5, and 10. The magnitude of the effect of the covariate determines the ability of the covariate
to predict the outcome and can be an important factor in determining the relative efficiency of
the pA and MDA samplers for probit regression; see van Dyk and Meng (2001). We generated
Markov chains of length 10,000 using both the standard slice sampler and the pmG sampler with
a location working parameter and improper working prior distribution as described above. We
fit model (16) to each of the three data sets using both samplers; each chain was initialized at
BO =0.5,(72)© = 1. The first 500 draws of each chain is illustrated in Figure 6. The marginal
algorithm significantly improves the the autocorrelation of the Markov chains. Quantile-quantile
plot comparing the Markov chains generated with the two samplers verify that they have the same
stationary distributions; these plots are omitted.

To illustrate the effect of multiple working parameters we simulated a data set using two
random effects. The data was again generated according to (16) with m = 11, >", n; = 54, and
n; varying between 4 and 5. The covariates, x;;, were independently generated via z;; ~ N2 (0, 1)
with I the identity matrix. The variances of the random effect were set at 72 = 75 = 0.5 and the
fixed effects were set at 81 = B2 = 0. We again generated Markov chains of length10,000 using the
standard slice sampler and three PMG samplers, the first PMG sampler with a working parameter
for the first covariate, the second with a working parameter for the second covariate, and the
third with both working parameters. Both working parameters were location parameters with flat
working prior distributions, as described above. Each chain was initialized at ﬁ§0) = 650) =0.5
and (12)@ = (72)(© = 1; the first 500 draws of 3; and B, from each chain are illustrated in

Figure 7, which clearly illustrates the computational advantage of using both working parameters.
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Figure 6: Convergence of Posterior Samphal%g Algorithms for Fitting a Logistic Regresslﬂ%n Model
with One Covariate. The first two rows compare the standard slice sampler with the PMG sampler
for the data set generated with 8 = 0, the second two rows compare the samplers for the data
generated with § = 1.5, and the the final two rows compare the samplers for the the data generated
with 8 = 10. In all cases the PmG sampler performs better than the standard slice sampler. The
improvement is especially strong for the fixed @ﬁect when the autocorrelation for the standard
sampler is at its worst.
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Figure 7: Convergence of Posterior Sampling Algorithms for Fitting a Logistic Regression Model
with Two Covariates. The rows of the of the figure correspond to the standard slice sampler, a
PMG sampler implemented with a location working parameter for the first random effect, a PmG
sampler implemented with a location working parameter for the second random effect, and a
pMG sampler implemented with both working parameters. Notice that each working parameter
improves convergence, and including both working parameters produces the best sampler.
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4 Concluding remarks

The transformation that we use to introduced the working parameter into the model are com-
ponentwise transformations. That is we insist on setting 1/~)p = Dq p(¢p) for each p rather than
considering the more general class of transformations 15 = D4 (v)). The reason for this can be
illustrated using the simple Gaussian example once again. Consider transforming (¢1,12) to
{1 — p1 — a(vp2 — p2), %2} in the bivariate Gaussian example. If we take aopy = poi/o2, the
two components of the transformation are independent, resulting in independent draws from the
corresponding two-step Gibbs sampler. Relative to conditioning on o = aqpt, averaging over a
slows the sampler down. In the general case, the transformation 1/; = D, (1)) can be viewed as
a family of transformations of ¥ indexed by «. In principle, we can then pick the optimal value
of a to decorrelate the components of ¢. Although this may be a useful strategy in practice, it
involves a different strategy and different computational methods. Thus, we have chosen not to
consider the general class of transformations here.

In the more general framework, one needs to find a good working prior distribution, both in
terms of computational ease and efficiency. Van Dyk and Meng (2001) introduce several crite-
ria for choosing the working prior distribution in MDA samplers. These criteria recommend the
distribution that results in the fastest Em algorithm using the same data augmentation scheme
and conditional distributions. In principle a similar strategy can be employed in the multi-step
regime by comparing the rates of convergence of the EcM or cM mode-finding algorithms (Meng
and Rubin, 1993) as a function of the working prior distribution. These rates of convergence
are mathematically more complex that that of EM, however, mitigating the attractiveness of such
criteria. In practice is is generally easy enough to try a few different working prior distributions
and observe the autocorrelation of a few quantities of interest to determine a good choice of the

distribution. This is the strategy that we used, for example in Figure 4.

Appendix
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A The Optimal Sampler for the Logistic Mixed Model

Here we verify that the marginal slice sampler given in Section 3.3 for the logistic mixed model has
the target posterior distribution as its stationary distribution. Because the sampler is constructed
by nesting PMG samplers within a larger Gibbs sampler, we need only verify the limiting kernel for
each of the PmG samplers. We consider a sequence of transition kernels, Ky, {b x, Bk, 7¢ | Vi Bres ()"},
constructed using a two-step PMG sampler with complete conditional distributions corresponding
to the standard slice sampler, o (1) = a(2) = ag, and working prior distribution, a ~ N(0,w?I),
with I the identity matrix. We verify that the stationary distribution of the transition kernel,
limy, oo K {boks Bk, 7o | 0, Brs (77)'}, i p(bok, Bk, 7 ); here and throughout the appendix we sup-
press conditioning on Y, V, and the components other than the kth of § and each b;. We use
Corollary 3 and must verify condition (i) of Theorem 2 and condition (iii) of Corollary 3. We
begin by explicitly deriving the stochastic mapping of CycLE k of STEP 2:

SuBsTEP1: Sample l~7_’k, ar | Br, 78 by independently sampling af ~ N(0,w?) and

b ~ TN{0, 72, L(bix, U(bix)} for each i, where

L(bzk) = max {loglt(v”) — Sij77k — ﬁk}

Ji(yij—1/2)zi;>0 Tijk
and
logit(vi;) — S
U(bzk) _ min { ogl (’U]) j,—k _ﬁkl}7
J:(yi;—1/2)x;<0 Tijk

with TN{p, 0%, L, U} denoting a N(u,0?) distribution truncated to the interval (L,U), S;j _p =
Z#k xi;1(B1 + byy) and x5, represent component ! of z;; . Finally, set I;k = bfk + o;; here we use
a star in the superscript to indicate an intermediate quantity. In the limit the distribution of o
becomes improper; we shall show, however, that the limiting transition kernel does not depend on
o

SuBsSTEP 2: Sample (f, ak, 72) | b.y; for finite w this has density,

Pl rson | 5a) o T (o < g7 oty (54000 )" (o > g7ty (54001 )

ij

— (v, m - 1 Ny b b b a2
« (7—13) (vie4m)/2—1 exp [_2_7% {Z(bi’“ — b.k)2 +m(by — Oék)2 + l/;mf,o} - ﬁ} )
i=1

where Bk - % Z?;l Bik- Clea’rIY7 pw(Bka TkQa Qaf | Z)k) - pOO(Bvalgv QL | B,k) as w — 00, where Do
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represents the conditional distribution under the limiting improper prior distribution, p(w) o 1.

This satisfies condition (i) of Theorem 2. We can simulate pa. (G, 72, o | bx) by sampling

7~ (Z( b —b.*k>2+mf,o> [Xrtvors 1~ N(b3 72 /m), and 65 ~ Unif(L(B4), U(50)),
i=1

and setting oy, = 07 + o, and By = 05 — af, where

logit(v;;) — Sii —
L(ﬁk): - max {Ogl (’U]) Ji—k :k},
{4,55(yij —1/2)x;;>0} Tijk
and
. logit(vij) — Sij —k }
U = min = — b -
(B) (6,75 (yi5 —1/2)45<0} { Tijk b

We complete the the iteration by transforming back to the original parameterization: [y = Bk +
ap =07 + 65 and by, = bir — = by, — 67, for each i. Because (ng,ﬁk,T,f) does not depend on

o, condition (iii) of Corollary 3 is satisfied and we have the desired result.

B Proof of Corollary 3

Proof: To simplify notation we again suppress conditioning on Y and assume that P = 3. Then
the marginal transition kernel of (¢, a*) with a* the draw of o from STEP 1, i.e., Kp {¢),a* | ¥’ 1}

can be written

/f)m {Da,l(d}l)ao‘* ‘ U)/Qal/}é} ‘ Jﬁl{Da,l(wl) | a} ‘ Pm {1/)27()‘?;)505?3) ‘ Da,l(d}l)ad}é}

X { U3, 0(3) | Do (1), 2,08y | dafida,
(21)
where the accent on p emphasizes that this is the conditional density of 1/31 rather than ;. Inte-

grating out a3 and replacing P (W1, 0 | Wb, 44 with p, () pm{D;})l(iﬂl) | b, 04} [T (1 | a*)),

in (21) yields
pm(a*)/pm (D 1{Da (1)} | 5, 95] | T {Dan(¥r) | @'} J™H{Dan(v1) | a} |

% {12, 0{5) | Daa (01), 04} P {3, 03) | Daa (WD), 02,0y} dav. (22)

By Fatou’s lemma and condition (i) of Theorem 2, the limit as m — oo of the integral in (22) is
[ 2 [P (P00} [ 95,64] | T{Pai() | @'} T {Daa(b) |}
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XK:OO{wfu « | ,Daﬂ(wf)a Wf)l}da (23)

By condition (iii), we may replace o* under the integral by the identity value, Z;. Thus, in the
limit o* and 1); are independent, the kernel, Ko {t¢ | ¥_1pr} is the proper distribution given in
(23) with o* replaced with Z;, and this kernel is identical to that resulting from implementing the

PMG sampler with pso(«), but with STEP 1 replaced with: U1 ~ p{1/~)1 | Yo' 1, a =1} [ |

To verify that condition (iii) implies condition (ii) of Theorem 2, we apply the change of
variable, ¢} = D;}J{Da,1(¢1)} in the density given in (23); the Jacobian of the transformation

is | J7HDarn(01) | @} T{Dara(¥) | a} |-
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