| PARALLEL COORDINATES: Visual MULTIDIMENSIONAL GEOMETRY AND
ITS APPLICATIONS

Alfred Inselberg
School of Mathematical Sciences
Tel Aviv University

Tel Aviv, Israel
Abstract

W ith parallel coordinates (abbk-cs) the perceptual barrier imposed by our 3-dimensionlitaton
is breached enabling the visualization of multidimensignablems. In this talk a panorama of highlights
from the foundations to the most recent results, interlaggd applications and interactive demonstra-
tions, will be intuitively developed. By learning to untdagatterns from k-cs displays (Fig. 1, 2) a
powerful knowledge discovery process has evolved. It issifated on real datasets together with guide-
lines for exploration and good query design.

Realizing that this approach is intrinsically limited (déig. 3 — left) leads to a deeper geometrical
insight, the recognition oM-dimensional objects recursively from th€i 1)-dimensional subsets
(Fig. 3 —right). Behind this striking cognitive successsli@ special family of planes unique kecs,
the superplaneswhose points are represented by straight (rather thargpabl) lines. It emerges that
hyperplane in N-dimensions is represented byN 1) indexed points. Points representing lines have
two indices, those representing planes three indices amh.sén turn, this yields powerful geometrical
algorithms (e.g. for intersections, containment, proxies) and applications including classi cation Fig.
4. The classi er's power is demonstrated by nding a rule @gaizing hostile vehicles from their noise
signature.

A smooth surface in 3-D is the envelope of its tangent plaaek ef which is represented by 2 points
Fig. 6. As a result, a surface is represented by two planaomsegand inN-dimensions by(N 1)
regions. This is equivalent to representing the surfacetdypormal vectors, rather than projections as
in standard surface descriptions. Developable surfacesegresented by curves Fig. 7 revealing the
surfaces' characteristicsConvex surfaces in any dimensiorare recognized by the hyperbola-like (i.e.
having two assymptotes) regions from juste orientation Fig. 5 — right, Fig. 8, Fig. 10 — right. Non-
orientable surfaces (i.e. like the Mobius strip) yieldrsting patterns Fig. 9 unlocking new geometrical
insights. Non-convexities like folds, bumps, concaviaesl more are no longer hidden Fig. 10 — left and
are detected from just one orientation. Evidently this espntation is preferable for some applications
even in 3-D.

The patterns persistin the presence of errors deformingyswevealing the type and magnitude of the
errors and that's good news for the applications. Procgsbiea data directly, rather than the display, opens
the way for the exploration of massive datasets. Only thalt®seed be displayed; the patterns immensely
concentrating the information (see again Fig. 3 - just thatpe needed) without any display clutter. These
are the “graphs” of multidimensional relations within thega. The challenge is to speed up the recursive
algorithm, employing among others, intelligent agentsajoidly identify relational properties. We stand
on the threshold of cracking the gridlock of multidimensabwisualization.

The parallel coordinates methodology is used in collisimm@ance and con ict resolution algorithms
for air traf ¢ control (3 USA patents), computer vision (US#atent), data mining (USA patent) for data
exploration and automatic classi cation, optimizationppess control and elsewhere.
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Figure 1: Exploratory Data Analysis, ground emissions mess by satellite over a region (left) are
displayed on the right. In the middle, water (in blue) andldie's edge (in green) are discovered by the
indicated queries.

Figure 2: Detecting Network Intrusion from Internet Traffdow Data. Note the many-to-one relations.
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Figure 3: (left) Polygonal lines on the rst 3 axes represertdomly chosen coplanar points. There is
no discernible pattern. (right) Seeing coplanarity! Twang® represent a line which determined from the
intersection (two points) of the corresponding two polygldines. All straight lines joining the pairs of
points intersect. A plane is recognized from the represemtaf its lines Therecursivevisualization
generalizes to higher dimensions.
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Figure 4: In the background is a dataset with 32 variables2acategories. On the left is the plot of the
rst two variables in the original order, on the right are thest two variables after classi cation. The
algorithms discovers the best 9 variables (features) meénlelescribe the classi cation rule, with 4%
error, and orders them according to their predictive power.
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Figure 5: Square, cube and hypercube in 5-D on the left repted by their vertices and on the right
by the tangent planes. Note the hyperbola-like (with 2 agggies) regions showing that the object is
convex.
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Figure 6: In 3-D a surfacs is represented by two linked planar regiosys; Soz0. They consist of
the pairs of points representing all its tangent planesdN-4dimensions a hypersurface is represented by
(N 1) regions as the hypercube above.



Figure 7: Developable surfaces are represented by cunae. tNe two dualitiesusp$ in ection point
andbitangent (tangent at two points) plafie crossing point Three such curves represent the correspond-

ing hypersurface in 4-D and so on.

Figure 8: Representation of a sphere centered at the ofgfi) énd after a translation along the axis
(right) causing the two hyperbolas to rotate in oppositeations illustrating theotation $ translation
duality. In N-D a sphere is represented @y 1) such hyperbolic regions — pattern repeats as for the

hypercube above.



Figure 9: Mobius strip and its representation. Two cuspsherleft represent thvistas an “in ection-
pointin 3-D” — see the duality in Fig 7. A tangent plane is esgmted by the indicated pair of points. The
N-dimensional analogue of the of Mobius strip is represgibie(N 1) such regions with cusps.

Figure 10: Representation of a surface with wusps— only one is visible in the perspective. Each cusp
in 3-D is mapped into a pair of “swirls”. The two pairs of sveith the representation show that the surface
has two cusps. On the right is a convex surface and its reqiassn by hyperbola-like regions.



