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Abstract
In some scientific fields, it is common to have certain variables of interest that are of particular
importance and for which there are many studies indicating a relationship with a different explanatory
variable. In such cases, particularly those where no relationships are known among explanatory variables,
it is worth asking under what conditions it is possible for all such claimed effects to exist simultaneously.
This paper addresses this question with formal theorems that show, unless the explanatory variables also
have sizable effects on each other, it is impossible to have many such large effects.
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Introduction

This paper offers a few mathematical theorems with implications for quantitative social science. Identifying
and measuring the effects of explanatory variables are central problems in statistics and drive much of the
world’s scientific research. Despite the substantial effort spent on these tasks, there has been comparatively
little work on addressing a related question: how many explanatory variables can have large effects on an
outcome? An answer to this question may be helpful in assessing new claims.
Consider, by way of example, the problem of explaining voters’ behaviors and choices. A multitude of
researchers have identified and tested the effects of internal factors such as fear, hope, pride, anger, anxiety,
depression, and menstrual cycles [25, 19, 23, 7], as well external factors such as droughts, shark attacks, and
the performance of local college football games [1, 17, 8, 9]. Many of these particular findings have been
questioned on methodological grounds [9, 8, 5, 10], but beyond the details of these particular studies, it is
natural to ask if all of these effects are actually real in the sense of representing patterns that will consistently
appear in the future.
The implication of the claims regarding ovulation and voting, shark attacks and voting, college football
and voting, etc., is not merely that some voters are superficial and fickle. No, these papers claim that
seemingly trivial or irrelevant factors have large and consistent effects, and this runs into the problem of
interactions. For example, the effect on your vote of the local college football team losing could depend
crucially on whether there’s been a shark attack lately, or on what’s up with your hormones on election day.
Or the effect could be positive in an election with a female candidate and negative in an election with a
male candidate. Or the effect could interact with your parents’ socioeconomic status, or whether your child
is a boy or a girl, or the latest campaign ad, or any of the many other factors that have been studied in the
evolutionary psychology and political psychology literatures. Again, we are not saying that psychological
factors have no effect on social, political, or economic decision making; we are only arguing that such effects,
if large, will necessarily interact in complex ways. Similar reasoning has been used to argue against naive
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assumptions of causal identification in economics, where there is a large literature considering rainfall as an
instrumental variable, without accounting for the implication that these many hypothesized causal pathways
would, if taken seriously, represent violations of the assumption of exclusion restriction [21].
In this work, we prove an inevitable consequence of having many explanatory variables with large effects:
the explanatory variables must have large effects on each other. We call this type of result a “piranha
theorem” [11], the analogy being that if one has a large number of piranhas (representing large effects) in a
single fish tank, then one will soon be left with at most one piranha. If there is some outcome on which a large
number of studies demonstrate an effect of a novel explanatory variable, then we can conclude that either
some of the claimed effects are smaller than claimed, or some of the explanatory variables are essentially
measuring the same phenomenon.
There are a multitude of ways to capture the dependency of random variables, and thus we should expect
there to be a correspondingly large collection of piranha theorems. We formalize and prove piranha theorems
for correlation, regression, and mutual information in Sections 2 and 3. These theorems illustrate the general
phenomena at work in any setting with multiple causal or explanatory variables. In Section 4, we examine
typical correlations in a finite sample under a simple probabilistic model.
Our results are partly motivated by the replication crisis, which refers to the difficulties that many have
had in trying to independently verify established findings in social and biological sciences [18]. Many of
the explanations for the crisis have focused on various methodological issues, such as researcher degrees of
freedom [26], underpowered studies [4], and data dredging [16]. In some cases, solutions to these issues have
also been proposed, notably good practice guidelines for authors and reviewers [26] and preregistration of
studies [22]. Beyond the criticisms of practice and suggested fixes, these works have also provided much
needed statistical intuition.
While the current work does not directly address the replication crisis, it gives reason to be suspicious of
certain types of results. Groups of studies that claim to have found a variety of important explanatory variables for a single outcome should be scrutinized, particularly when the dependencies among the explanatory
variables has not been investigated.
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Piranha theorems for correlation and linear regression

In this section, we present piranha theorems for two different ways of measuring linear effects. The first of
these, correlation, is straightforward to interpret. We will show that it is impossible for a large number of
explanatory variables to be correlated with some outcome variable unless they are highly correlated with
each other. Our second piranha theorem examines linear regression coefficients. In particular, we will show
that if a set of explanatory random variables is plugged into a regression equation, the `2 -norm kβk of the
least squares coefficient vector β can be bounded above in terms of (the eigenvalues of) the second-moment
matrix. Thus, there can only be so many individual coefficients with a large magnitude.

2.1

Correlation

The first type of pattern we consider is correlation,
corr(X, Y ) = p

cov(X, Y )
var(X) var(Y )

.

In particular, we will show that if all the covariates are highly correlated with some outcome variable,
then there must be a reasonable amount of correlation among the covariates themselves. This is formalized
in the following theorem, which is known as Van der Corput’s inequality [28]. We offer a proof here for
completeness.
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Theorem 1 (Van der Corput’s inequality). If X1 , . . . , Xp , Y are real-valued random variables with finite
non-zero variance, then
s
p
X
X
p+
| corr(Xi , Xj )|.
| corr(Xi , Y )| ≤
i=1

i6=j

In particular, if | corr(Xi , Y )| ≥ τ for each i = 1, . . . , p, then

P

i6=j

| corr(Xi , Xj )| ≥ p(τ 2 p − 1).

Proof. Without loss of generality, we may assume that X1 , . . . , Xp , Y have mean zero and unit variance.
Define Z1 , . . . , Zp by
(
Xi if E(Y Xi ) > 0,
Zi =
−Xi else.
Thus E(Y Zi ) = |E(Y Xi )| and E(Zi2 ) = E(Xi2 ) for each i = 1, . . . , p. By Cauchy-Schwarz,
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Rearranging gives us the theorem statement.
A direct consequence of Theorem 1 is that if X1 , . . . , Xp are independent random variables and have
correlation at least τ with Y , then p ≤ 1/τ 2 .
In some situations, the outcome variable may change from study to study. Some studies may look at
the effect of a priming technique on mood, while others may look at at a different priming technique on life
outlook. Although mood and life outlook are not exactly the same, we might reasonably expect them to
be highly correlated. However, if we have mean-zero and unit-variance random variables X, Y, Z satisfying
E(XY ) ≥ τ and E(Y Z) ≥ 1 − , then
E(XZ) = E(X(Z − Y + Y )) ≥ τ + E(X(Z − Y )),
and by Cauchy-Schwarz, we have
E(X(Z − Y ))2 ≤ E(X 2 )E((Z − Y )2 ) ≤ 2 − 2(1 − ).
Thus, E(XZ) ≥ τ −

√

2. This gives the following corollary of Theorem 1.

Corollary 2. Suppose X1 , Y1 , . . . , Xp , Yp are real-valued random P
variables with finite non-zero √
variance. If
corr(Yi , Yj ) ≥ 1 −  and | corr(Xi , Yi )| ≥ τ for i, j = 1, . . . , p, then i6=j | corr(Xi , Xj )| ≥ p((τ − 2)2 p − 1).
The bound in Theorem 1 is essentially tight for large p. To see this, pick any 0 ≤ τ ≤ 1, and take
X1 , . . . , Xp to be mean-zero random variables with covariance matrix Σ given by
(
1
if i = j,
Σij =
τ 2 if i 6= j.
Pp
If Y = j=1 Xj , then for each i = 1, . . . , p,
 P

p
E Xi j=1 Xj
1 + (p − 1)τ 2
p→∞
corr(Xi , Y ) = r 
= p
−→ τ.

2
P
p + p(p − 1)τ
E
j,k Xj Xk
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2.2

Linear regression

We next turn to showing that least squares linear regression solutions cannot have too many large coefficients.
Specifically, letting β = (β1 , . . . , βp )T ∈ Rp denote the regression coefficients of least squared error,


2
β =
argmin
E (α1 X1 + · · · + αp Xp − Y ) ,
(1)
α=(α1 ,...,αp )T ∈Rp

we bound the number of βi ’s that can have large magnitude. This is formalized in our next piranha theorem.
Theorem 3. Suppose X1 , . . . , Xp , Y are real-valued random variables with mean zero and unit variance. If
β ∈ Rp satisfies equation (1), then the squared `2 norm of β satisfies
kβk2 ≤

1
λmin

,

where λmin is the minimum eigenvalue of the second-moment matrix E(XX T ) of X = (X1 , . . . , Xp )T .
Consider again the setting where X1 , . . . , Xp are independent. In this case, the second-moment matrix
E(XX T ) will be the identity matrix, and its minimum eigenvalue will be 1. Thus, Theorem 1 states for
independent covariates, there may be at most 1/τ 2 regression coefficients βi with magnitude larger than τ .
The proof of Theorem 3 relies on the following technical lemma.
Lemma 4. If U1 , . . . , Up , Y are real-valued random variables with mean zero and unit variance such that
E(Ui Uj ) = 0 for all i 6= j, then
p
X
2
E (Ui Y ) ≤ 1.
i=1

Proof. Denote the covariance matrix of the random vector (U1 , . . . , Up , Y )T as


I a
Σ =
,
aT 1
where ai = E (Ui Y ) for i = 1, . . . , p. Define the vector v = (−aT , kak)T ∈ Rp+1 . Then
v T Σv = 2(1 − kak)kak2 ≥ 0,
where the inequality follows from the fact that Σ is a covariance matrix and hence positive semi-defininte.
We conclude that kak ≤ 1.
With the above in hand, we turn to the main proof of this section.
Proof of Theorem 3. The case where λmin = 0 is trivial. Thus, assume λmin > 0. In this case, the secondmoment matrix E(XX T ) is invertible, its inverse has eigenvalues bounded above by 1/λmin , and
β = (E(XX T ))−1 E(Y X).
Define X̃ = (E(XX T ))−1/2 X, so X̃ = (X̃1 , . . . , X̃p )T is a vector of mean-zero and unit variance random
variables with E(X̃i X̃j ) = 0 for all i 6= j. By Lemma 4,
kE(Y X̃)k2 =

p
X

E(Y X̃j )2 ≤ 1.

j=1

Therefore
kβk2 = k(E(XX T ))−1/2 E(Y X̃)k2 = E(Y X̃)T (E(XX T ))−1 E(Y X̃) ≤

1
1
kE(Y X̃)k2 ≤
,
λmin
λmin

where the first inequality uses the upper-bound of 1/λmin on the eigenvalues of (E(XX T ))−1 .
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3

A piranha theorem for mutual information

Though many statistical analyses hinge on discovering linear relations among variables, not all do. Thus,
we turn to a more general form of dependency for random variables: mutual information. Our mutual
information piranha theorem will be of a similar form as the above results, namely that if many covariates
share information with a common variable, then they must share information among themselves.
To simplify our analysis, we assume that all the random variables we consider in this section take values
in discrete spaces. For two random variables X and Y , their mutual information is defined as
I(X; Y ) = H(X) − H(X | Y ) = H(Y ) − H(Y | X),
where H(·) and H(· | ·) denote entropy and conditional entropy, respectively. These are defined as
H(X) =

X

p(x) log

x∈X

H(Y | X) =

X

1
,
p(x)

p(x, y) log

x∈X ,y∈Y

p(x)
,
p(x, y)

where X (resp. Y) is the range of X (resp. Y ), p(x, y) is the joint probability mass function of X and Y ,
and p(x) is the marginal probability mass function of X.
We use the following facts about entropy and conditional entropy.
Fact (Chain rule of entropy). For random variables X1 , . . . , Xp ,
0 ≤ H(X1 , . . . , Xp ) =

p
X

H(Xi | X1 , . . . , Xi−1 ).

i=1

Moreover, we also have for any other random variable Y ,
0 ≤ H(X1 , . . . , Xp | Y ) =

p
X

H(Xi | Y, X1 , . . . , Xi−1 ).

i=1

Fact (Conditioning reduces entropy). For random variables X, Y, Z,
H(X|Y, Z) ≤ H(X | Y ) ≤ H(X).
Using these facts, we may prove the following mutual information piranha theorem.
Theorem 5. Given random variables X1 , . . . , Xp and Y , we have
p
X

I(Xi ; Y ) ≤ H(Y ) +

i=1

p
X

I(Xi ; X−i ),

i=1

where X−i = (X1 , . . . , Xi−1 , Xi+1 , . . . , Xp ).
Proof. Using the definition of mutual information, we have
H(Xi | X−i ) ≥ H(Xi ) − I(Xi ; X−i ).
Since conditioning reduces entropy, this implies
H(Xi | X1 , . . . , Xi−1 ) ≥ H(Xi | X−i ) = H(Xi ) − I(Xi ; X−i ).
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Thus, we have by the chain rule of entropy
H(X1 , . . . , Xp ) =

p
X

H(Xi | X1 , . . . , Xi−1 ) ≥

i=1

p
X

H(Xi ) − I(Xi ; X−i ).

(2)

i=1

The chain rule of entropy combined with the fact that conditioning reduces entropy implies
H(X1 , . . . , Xp | Y ) ≤

p
X

H(Xi | Y ).

(3)

i=1

Plugging equations (2) and (3) into our formula for I(X1 , . . . , Xp ; Y ) gives us
I(X1 , . . . , Xp ; Y ) = H(X1 , . . . , Xp ) − H(X1 , . . . , Xp | Y )
≥
=

p
X
i=1
p
X

H(Xi ) − I(Xi ; X−i ) − H(Xi | Y )
I(Xi ; Y ) − I(Xi ; X−i ).

i=1

Now, we can also write
I(X1 , . . . , Xp ; Y ) = H(Y ) − H(Y | X1 , . . . , Xp ) ≤ H(Y ).
Rearranging gives us the theorem.
One corollary of Theorem 5 is that for any random variable Y , there can be at most p ≤ H(Y )/α random
variables X1 , . . . , Xp that (a) are mutually independent and (b) satisfy I(Xi ; Y ) ≥ α.

4

Correlations in a finite sample

Suppose we conduct a survey with data on p predictors X and one outcome of interest Y on a random
sample of n people, and then we evaluate the correlations between the outcome and each of the predictors.
In this section, we consider how collinearity in X relates to these correlations.
We first give bounds on the range of possible values for the sum of squared correlations between each
predictor and the outcome. We then model the outcome as a random vector, uniform over the unit sphere,
and determine the expected sum of squared correlations. The proofs are given in the appendix.
Throughout this section, we assume that the data collected are contained in an n × p matrix X with
n > p, where each of the columns X1 , . . . , Xp ∈ Rn of X has mean zero and unit `2 norm.
We use corr(x, y) for x, y ∈ Rn (neither in the range of 1) to denote the sample correlation:
Pn
(xi − µx )(yi − µy )
corr(x, y) = pPn i=1
,
Pn
2
2
i=1 (xi − µx )
i=1 (yi − µy )
Pn
Pn
where µx = n1 i=1 xi and µy = n1 i=1 yi . We let σ1 ≥ · · · ≥ σp ≥ 0 denote the singular values of X.

4.1

Range of sum of squared correlations

We first show that the sum of squared correlations is bounded above by the square of the largest singular value
of X. Heuristically, the bound tells us that if there are strong linear relationships between the components
of X, then there exists an outcome, Y , that is highly correlated with many of these components.
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Theorem 6. For all Y ∈ Rn not in the range of the all-ones vector 1,
0 ≤

p
X

corr(Xi , Y )2 ≤ σ12 .

i=1

Furthermore,
p
X

corr(Xi , U1 )2 = σ12 ,

i=1

where U1 is the left singular vector of X corresponding to the singular value σ1 . Finally, any y ∈ Rn not in
the range of 1 for which y − µy 1 is orthogonal to the range of X satisfies
p
X

corr(Xi , y)2 = 0.

i=1

4.2

Expected value of sum of squared correlations

In the previous section we established bounds on the sum of squared correlations correlations between the
columns of X and any vector Y . In this section, we model Y as a random vector and find the expected value
of the sum of squared correlations between the columns of X and Y . We assume Y is uniformly distributed
on the unit sphere in Rn , but the following theorem holds for any choice of radially symmetric random
vector Y . We choose a radially symmetric distribution because we have no reason to give preference to one
direction over another.
The following theorem shows that the maximum sum of square correlations is generally much larger than
the expected sum of square correlations. The theorem also shows that, assuming each row of X (each person
surveyed) is independent and identically distributed, that the expected sum of squared correlations decays
like 1/n where n is the number of people surveyed.
Theorem 7. Let Y be uniformly distributed on the unit sphere in Rn . Then
!
p
p
X
1 X 2
2
σ .
E
corr(Xi , Y )
=
n − 1 i=1 i
i=1
If Y is uniformly distributed on the unit sphere in Rn , then for large n, the distribution of Y is well
approximated by the n-dimensional multvariate Gaussian with mean zero and covariance (1/n)I. As a
consequence, for large n, the distribution of sum of square correlations is well-approximated by the following
linear combination of independent chi-squared random variables, each with one degree of freedom:
1
(σ1 ξ1 + · · · + σp ξp ).
n−1
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5.1

Discussion and directions for future work
Bridging between deterministic and probabilistic piranha theorems

Are there connections between the worst-case bounds in Sections 2 and 3, the probabilistic bounds in Section 4
of this paper, and specific models such as the R2 parameterization of linear regression as proposed in [32]?
We can consider two directions. The first is to consider departures from the parametric models such as
the multivariate normal and t distributions and work out their implications for correlations and regression
coefficients. The second idea is to obtain limiting results in high dimensions (that is, large numbers of
predictors), by analogy to central limit theorems of random matrices. The idea here would be to consider a
n × (p + 1) matrix and then pull out one of the columns at random and consider it as the outcome, Y , with
the other p columns being the predictors, X.
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5.2

Regularization, sparsity, and Bayesian prior distributions

There has been research from many directions on regularization methods that provide soft constraints on
models with large numbers of parameters. By “soft constraints,” we mean that none of the parameters is
literally constrained to fall within any finite range, but the estimates are pulled toward zero and can only
take on large values if the data provide strong evidence in that direction.
Examples of regularization in non-Bayesian statistics include wavelet shrinkage [6], lasso regression [29],
estimates for overparameterized image analysis and deep learning networks [3], and models that grow in
complexity with increasing sample size [12, 20]. In a Bayesian context, regularization can be implemented
using weakly informative prior distributions; e.g., [14, 31].
Classical regularization is motivated by the goal of optimizing long-run frequency performance, and
Bayesian priors represent additional information about parameters, coded as a prior distribution. The
various piranha theorems correspond to different constraints on these priors.
From a different direction is the “bet on sparsity principle” based on the idea that any given data might
allow some only some small number of effects or, more generally, a low-dimensional structure, to be reliably
learned [15, 30].

5.3

Implications for social science research

As noted at the beginning of this article, there has been a crisis in psychology, economics, and other areas
of social science, with prominent findings and apparently strong effects that do not appear in attempted
replications by outside research groups (e.g., [24, 2, 13]). The discussion of the replication crisis has touched
on many aspects of the problem, including estimating its scale and scope, identifying the statistical errors
and questionable research practices that have led researchers to systematically overestimate effect sizes and
be overconfident in their findings, and studying the incentives of the scientific publication process that can
allow entire subfields to get lost in the interpretation of noise.
The present article goes in a different direction, asking the theoretical question: under what conditions
is it possible to have many large effects in a multivariate system? In different ways, our results rule out
the possibility of multiple large effects or “piranhas” among a set of random variables. These theoretical
findings do not directly call into question any particular claimed effect, but they do raise suspicions about a
model of social interactions in which many large effects are swimming around, just waiting to be captured
in quantitative studies.
To more directly connect our theorems with social science would require some modeling of the set of
candidate predictor and outcome variables in a subfield, similar to multiverse analysis [27]. Any general
implications for social science would only become clear after consideration of particular research areas.
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A

Proofs of theorems from Section 4

In this section, we give the proofs of Theorems 6 and 7.

A.1

Notation

For any x = (x1 , . . . , xn )T ∈ Rn such that x 6= λ1 for all λ ∈ R (i.e., x is not in the span of 1), we write
x∗ ∈ Rn to denote the “standardized” vector given by the formula
Pn
x − ( n1 j=1 xj )1
x − n1 (xT 1)1
q
=
.
x∗ =
Pn
Pn
kx − n1 (xT 1)1k
(xi − 1
xj )2
i=1

n

j=1

Note that x∗ is a unit vector in Rn and is orthogonal to 1. Using this notation, we have
corr(x, y) = (x∗ )T (y ∗ )

(4)

for any x, y ∈ Rn not in the span of 1.
Write the singular value decomposition of X as
p
X

X =

σk Uk VkT ,

(5)

k=1

where U1 , . . . , Up ∈ Rn are orthonormal left singular vectors of X, V1 , . . . , Vp ∈ Rp are orthonormal right
singular vectors of X, and σ1 ≥ · · · ≥ σp ≥ 0 are the singular values of X.
Recall that we assume X1 , . . . , Xp satisfy 1T Xi = 0 and kXi k = 1 for all i = 1, . . . , p. This implies the
following lemma.
Lemma 8. Xi = Xi∗ for all i = 1, . . . , p, and Uk = Uk∗ for all k = 1, . . . , p.
Proof. The assumption on Xi implies that Xi∗ = Xi for each i. Moreover, the assumptions imply that the
all-ones vector 1 is orthogonal to the range of X, which is spanned by U1 , . . . , Up . Hence Uk = Uk∗ for each
k as well.

A.2

Proofs of Theorem 6 and Theorem 7

The proofs rely on the following lemma for expressing the sum of squared correlations.
Lemma 9. For any vector y ∈ Rn such that y 6= λ1 for all λ ∈ R,
p
X

corr(Xi , y)2 =

i=1

p
X

σk2 (UkT y ∗ )2 .

k=1

Proof. By direct computation:
p
X

corr(Xi , y)2 =

i=1

=

p
X
i=1
p
X

((Xi∗ )T (y ∗ ))

2

(by equation (4))

2

(XiT y ∗ )

(by Lemma 8)

i=1

= kX T y ∗ k2
=

=

p
X

2
T

σk Vk Uk y

∗

(by equation (5))

k=1
p
X

σk2 (UkT y ∗ )2

(by Pythagorean theorem).

k=1
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Proof of Theorem 6. Since Y ∗ is a unit vector in Rn , we have
p
X

(UkT Y ∗ )2 ≤ 1.

k=1

Hence, by Lemma 9,
0 ≤

p
X

2

corr(Xi , Y )

=

i=1

p
X

σk2 (UkT Y ∗ )2 ≤

k=1

max
k∈{1,...,p}

σk2 = σ12 .

If Y = U1 (which is U1∗ by Lemma 8), then
p
X

corr(Xi , U1 )2 =

i=1

p
X

σk2 (UkT U1∗ )2 =

k=1

p
X

σk2 (UkT U1 )2 = σ12 .

k=1

If Y ∗ is orthogonal to the range of X, then
p
X

corr(Xi , Y )2 =

i=1

p
X

σk2 (UkT Y ∗ )2 = 0.

k=1

Proof of Theorem 7. By Lemma 8, the vectors U1 , . . . , Up are orthogonal to the unit vector √1n 1. We extend
the collection of orthonormal vectors U1 , . . . , Up , √1n 1 with orthonormal unit vectors Up+1 , . . . , Un−1 to obtain
an orthonormal basis for Rn . With probability 1, the random vector Y is not in the span of 1. Hence, Y ∗
is well-defined and can be written uniquely as a linear combination of the aforementioned basis vectors:
Y ∗ = a1 U1 + · · · + an−1 Un−1 + an √1n 1,
where
ak

(
UkT Y ∗
=
0

if 1 ≤ k ≤ n − 1,
if k = n (since 1T Y ∗ = 0),

and
1 = a21 + · · · + a2n−1
(since Y ∗ is a unit vector). In particular,
1 = E(a21 ) + · · · + E(a2n−1 ),
which implies
E(a2k ) =

1
n−1

for each k = 1, . . . , n − 1, by symmetry. By Lemma 9,
!
!
p
p
p
X
X
X
2
2
T
∗ 2
E
corr(Xi , Y )
= E
σk (Uk Y )
=
σk2 E(a2k ) =
i=1

k=1

k=1

12

p

1 X 2
σk .
n−1
k=1

