Method of Moments Using
Monte Carlo Simulation

Andrew GELMAN*

We present a computational approach to the method of moments using Monte Carlo
simulation. Simple algebraic identities are used so that all computations can be performed
directly using simulation draws and computation of the derivative of the log-likelihood.
We present a simple implementation using the Newton—Raphson algorithm with the un-
derstanding that other optimization methods may be used in more complicated problems.
The method can be applied to families of distributions with unknown normalizing con-
stants and can be extended to least squares fitting in the case that the number of moments
observed exceeds the number of parameters in the model. The method can be further
generalized to allow “moments” that are any function of data and parameters, including
as a special case maximum likelihood for models with unknown normalizing constants or
missing data. In addition to being used for estimation, our method may be useful for set-
ting the parameters of a Bayes prior distribution by specifying moments of a distribution
using prior information. We present two examples—specification of a multivariate prior
distribution in a constrained-parameter family and estimation of parameters in an image
model. The former example, used for an application in pharmacokinetics, motivated this
work. This work is similar to Ruppert’s method in stochastic approximation, combines
Monte Carlo simulation and the Newton—Raphson algorithm as in Penttinen, uses com-
putational ideas and importance sampling identities of Gelfand and Carlin, Geyer, and
Geyer and Thompson developed for Monte Carlo maximum likelihood, and has some
similarities to the maximum likelihood methods of Wei and Tanner.
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1. INTRODUCTION

The method of moments—estimating the parameters of a probability distribution by

matching theoretical moments to specified values—can be useful in statistical estimation
or in constructing a Bayes prior distribution. In problems of estimation, the method
of moments can be preferable to other approaches such as maximum likelihood if the
family of probability models is in doubt and one wishes to make sure the chosen model
accurately fits certain aspects of the data that can be expressed as moments. A different

*Assistant Professor, Department of Statistics, University of California, Berkeley, CA 94720, email:

gelman @stat.berkeley.edu

©1995 American Statistical Association, Institute of Mathematical Statistics,

and Interface Foundation of North America

Journal of Computational and Graphical Statistics, Volume 4, Number 1, Pages 36-54

36



MEetHOD OF MOMENTS USING MONTE CARLO SIMULATION 37

application is in Bayesian analysis, in which it is often convenient to set the parameters
of an informative prior distribution by specifying a few moments, such as prior means
and variances.

Unfortunately, in complicated models, moments are generally expressed as intractable
integrals, in which case matching moments requires the solution to an integral equation.
If it is possible to draw Monte Carlo simulations from the distributions in the parametric
family, then one can estimate the theoretical moments using sample moments of the
simulation and then solve for an approximate moments estimate by trial and error or by
using a stochastic approximation method as in Robbins and Monro (1951). Such a search
can be difficult in the case of a vector parameter, however.

In this article we present an iterative approach to matching moments using a nu-
merical equation-solving algorithm (Newton—Raphson) applied to Monte Carlo estimates
of moments and their derivatives, as in Ruppert (1985). Our method can be applied to
parametric families with unknown normalizing constants. We also generalize to a least
squares fit in the case that moments are specified with error, when the number of moments
given exceeds the number of parameters in the distribution. We discuss how our method
of moments computations can be viewed as an extension of the Monte Carlo maximum
likelihood methods of Gelfand and Carlin (in press), Geyer (in press a, b), Geyer and
Thompson (1992), Moyeed and Baddeley (1991), Penttinen (1984), and Wei and Tanner
(1990). We present two examples—a specification of a multivariate prior distribution in
a constrained-parameter family, which motivated this work, and an estimation of the two
parameters of an image model by matching two moments to data. We conclude with a
brief discussion of the practical uses of moments estimation in applied statistics and the
practical difficulties that arise when implementing Newton-Raphson.

The most important contribution of this article is the generalization to the method
of moments of Monte Carlo methods that have been used for maximum likelihood.
Throughout we present the procedures using Newton—Raphson, which is convenient to
implement in this context, with the understanding that the Monte Carlo estimates can
be applied to more complicated optimization (or root-finding) algorithms as well. We
envision the family of methods described in this article as a useful addition to a modeler’s
toolkit, not as a stand-alone general approach to statistical computation.

2. THE BASIC METHOD

2.1 NOTATION AND MATHEMATICAL FORMULATION

Suppose we have a family of distributions, p(z|#), and we wish to estimate the d-
dimensional parameter vector 6 by matching a d-dimensional vector of moments, p(6) =
E(h(z)|0), to a fixed vector pg. In the usual formulation of the method of moments, g
is the vector of sample moments. For the purposes of this article, however, we do not
require pg to be specified with reference to any observed data.

If 11(6) can be expressed analytically in closed form, we can obtain the moments
estimate  using the Newton—-Raphson method, as follows. Start with a guessed value,
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6. Then, for t = 1,2,..., update the guess to

Orr1 =0 + [ (0:)] (1o — 1(6:)), (2.1)

where ' is the matrix of derivatives of u(6) with respect to 6.

Here we are concerned with problems for which y(6) cannot be computed in closed
form; instead, we can estimate it, for any given value of 6, by simulation of N draws of
z from the distribution p(xz|8):

1 N
AO) = 7 D_ hlx:). (22)
i=1

The draws of z may be obtained by direct sampling from p(z|0) if possible, or else
by an iterative algorithm such as the algorithm of Metropolis et al. (1953) or the Gibbs
sampler (e.g., Gelfand and Smith 1990), which is always possible as long as the density
function p(z|f) can be computed. The derivative matrix u'(6) can be computed at any
point 8 by using the following formula:

W) = ZER@I0)
- / h(z) gép(xw)dx 23)
= E(h(z)U(z,0)7), 24)

where MT denotes the transpose of matrix M. Equation (2.4) holds assuming it is
possible to differentiate under the integral sign, and assuming the limits of integration in
(2.3) do not depend on #. We use the notation

d
U(a,0) = — logp(c)
by analogy to the potential function in statistical physics. The practical advantage of (2.4)
is that it does not require knowledge of the distribution of h(z) or the analytic form of
h. The obvious Monte Carlo estimator of 4’ is then

N
#O) = 5 > () ()7, (25)
=1

where all vectors are interpreted as column vectors and thus the expression inside the
sum is an outer product matrix. If one can compute p(z|6), then one should have no
difficulty computing U (z, 6); for standard models, the log-density function can easily be
differentiated analytically.

We can now construct a Monte Carlo algorithm in which, for ¢ = 1,2,..., we
first draw N; values of z from the distribution p(x|6;), given the current guess 0,
then perform one Newton—Raphson optimization step using (2.2) and (2.5). For the
algorithm to converge, N; must be increased as ¢ increases, so that the Monte Carlo error
approaches zero as the Newton—Raphson algorithm approaches convergence. Ruppert
(1985) discussed the convergence of a similar algorithm that numerically estimates '
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without using the analytic derivative in formula (2.4). In addition to the inconvenience of
requiring a schedule of increasing N (which should ideally be determined by estimating
the Monte Carlo accuracy at each step of the simulation), our algorithm (and Ruppert’s)
is inefficient because it requires a new set of draws of x at each step of the iteration.
In addition, if the x;’s are themselves drawn by an iterative method such as that of
Metropolis et al. (1953), the nested looping is awkward and may require repeated checks
for convergence of the simulations.

If the support of the distribution p(z|@) depends on 6, as in censored data, an
additional term must be added to (2.3) to account for the derivative of the limits of
integration with respect to 6.

2.2 UsING IMPORTANCE SAMPLING TO USE THE SIMULATIONS MORE EFFICIENTLY

We can do better and make full use of all the sample draws by using importance
sampling in the manner of Geyer (in press) and Geyer and Thompson (1992). Suppose
we have drawn samples x,, ...,z from a density g(z) that may differ from p(z|6); the
rule of importance sampling yields the estimates,

o LS p(ailf)

p(x:]6)
g(xi)

N
pO) = %Zh(wi)U(xi,())T (2:6)
=1

These estimates will be useful as long as g(z) is close to p(z|6), as is generally understood
in importance sampling (see, e.g., Hammersley and Handscomb 1964).

We define an optimization step as a single step of the optimization algorithm (e.g.,
Newton-Raphson) based on a single set of simulations; using the importance sampling
estimates of /i(#) and /i’ (6), one can perform any number of successive optimization steps
using a fixed set of simulations. We define a simulation step as a new set of simulation
draws of x from the current guess of §. We can now improve our earlier algorithm by
applying a suggestion used for maximum likelihood calculations by Gelfand and Carlin
(in press) and Wei and Tanner (1990): performing several optimization steps after each
simulation step. However, a single simulation step (that is, just sampling a large number
N draws z; from the initial guess ¢;) will generally not be enough, because if the initial
guess is far from the actual moments estimate, the importance ratios in the estimates (2.6)
will become too variable as 6, moves from its initial guess. However, a few simulation
steps, each followed by several optimization steps, should bring the estimate 6, close
enough to the goal that further importance ratios will be well behaved. At this point
one can sample a large number N draws from p(z|6;) and iterate Newton—Raphson to
approximate convergence. If there is a concern that the moments estimate is not unique,
then one can run the algorithm several times starting in different regions of parameter
space and see if they converge to the same value of 6.

In practice, one can monitor the simulations and increase N when the variability from
step to step gets larger than the systematic movement toward convergence. Similarly, one
















































