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Abstract

We present a simulation-based method designed to establishthat software developed to fit a specific Bayesian

model works properly, capitalizing on properties of Bayesian posterior distributions. We illustrate the validation tech-

nique with two examples. The validation method is shown to find errors in software when they exist and, moreover,

the validation output can be informative about the nature and location of such errors.

Keywords: Markov chain Monte Carlo, Gibbs sampler, Posterior distribution, Hierarchical models.
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1 Introduction

As modern computing environments become more advanced, statisticians are able to fit more complex models, which

have the ability to address adequately complications such as missing data, complex sampling schemes, and treatment

noncompliance. With increasing model complexity, however, comes increasing opportunity for errors in the software

used to fit such models. This situation is particularly true with the rapidly expanding use of Bayesian statistical

models fitted using iterative techniques, such as Markov chain Monte Carlo (MCMC) methods. Not only are MCMC

methods computationally intensive, but there is relatively limited software available to aid the fitting of such models.

Implementing these methods therefore often requires developing the necessary software “from scratch,” and such

software is rarely tested to the same extent as most publiclyavailable software (e.g., R, S-plus, SAS); of course,

publicly available software is not necessarily error-freeeither.

Although there is a rich literature on algorithms for fittingBayesian models (e.g., Gelfand and Smith, 1990; Gelman,

1992; Smith and Roberts, 1993), there is only limited work (Geweke, 2004) related to investigating whether the

software developed to implement these algorithms works properly. Standard software testing and debugging methods

from the engineering and computer science literature (e.g., Agans, 2002) can sometimes be helpful but these tend to

focus on fixing obvious errors and crashes, rather than on determining whether software that runs and appears to work

correctly actually does what it claims to do. Here we outlinea simulation-based method for testing the correctness of

software for fitting Bayesian models using posterior simulation. We begin by describing the design of the validation

simulation and analysis of the simulation output in Section2. Section 3 provides examples using two different pieces

of software, and Section 4 presents further discussion and conclusions.

2 Methods for Automatic Software Validation using Simulated Data

People often test software by applying it to data sets for which the “right answer” is known or approximately known,

and compare the expected results to those obtained from the software. Such a strategy becomes more complicated with

software for Bayesian analyses, whose results are inherently stochastic, but can be extended to develop statistical tests

of the correctness of Bayesian model-fitting software. The basic idea is that if we draw parameters from their prior

distribution and data from their sampling distribution, and then perform Bayesian inference correctly, then posterior
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inferences will be, on average, correct. For example 50% and95% intervals will contain the true parameter values

with probability 0.5 and 0.95, respectively. In this paper,we develop a slightly more elaborate version of this idea.

2.1 Theoretical Framework

Consider the general Bayesian modelp(y|θ)p(θ), wherep(y|θ) represents the sampling distribution of the data,y,

p(θ) represents the proper prior distribution of the parameter vector,θ, and inferences are based on the posterior

distribution,p(θ|y). If a “true” parameter valueθ(0) is generated according top(θ), and datay0 are then generated

according top(y|θ(0)), then(y0, θ(0)) represents a draw from the joint distributionp(y, θ), which implies thatθ(0)

represents a draw fromp(θ|y0), the posterior distribution withy0 observed. Now consider the posterior sample of size

L, (θ(1), θ(2), . . . , θ(L)), generated from the to-be-tested software withy = y0. If the software is written correctly,

then(θ(1), θ(2), . . . , θ(L)) are a sample fromp(θ|y0), meaning thatθ(0) and(θ(1), θ(2), . . . , θ(L)) are drawn from

the same distribution. This is also true for any subset of thecomponents ofθ.

Our proposed validation methods are based on the posterior quantiles of the true values of scalar parameters. Letζ

represent a scalar component or function ofθ; the true valueζ(0) and posterior sample(ζ(1), . . . , ζ(L)) are obtained

from θ(0) and (θ(1), θ(2), . . . , θ(L)), respectively. Letq(ζ(0)) = Pr(ζ(0) > ζ(ℓ)), the posterior quantile ofζ(0),

whereζ(ℓ) represents a random draw from the distribution ofζ generated by the to-be-tested software. The estimated

quantile,q̂(ζ(0)) = P̂r(ζ(0) > ζ(ℓ)), is equal to1
L

∑L

ℓ=1 Iζ(0)>ζ(ℓ) .

Theorem 1. If the software is written correctly, for continuousζ the distribution of̂q(ζ(0)) approaches Uniform(0, 1)

asL → ∞.

Proof. Let Qx(f) represent thexth quantile of a distributionf . To prove that the distribution of̂q(ζ(0)) approaches

uniformity, we need to show thatlim
L→∞

Pr(q̂(ζ(0)) < x) = x for anyx ∈ [0, 1]:

lim
L→∞

Pr(q̂(ζ(0) < x) = lim
L→∞

Pr
(
ζ(0) < Qx(ζ(1), ζ(2), . . . , ζ(L))

)
(1)

= Pr
(
ζ(0) < lim

L→∞
Qx(ζ(1), ζ(2), . . . , ζ(L))

)
(2)

= Pr
(
ζ(0) < Qx(p(ζ|y0))

)
(3)

= x.(4)
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For independently drawn(ζ(1), ζ(2), . . . , ζ(L)), Equation 3 follows from the convergence of the empirical distribution

function to the true distribution function. If the sample(ζ(1), ζ(2), . . . , ζ(L)) comes from a process such as MCMC

that converges to the target distribution, Equation 3 follows from the assumed ergodicity of the simulation process

(see, e.g., Tierney, 1998, for MCMC simulation). Equation 4follows from the fact thatζ(0) is drawn fromp(ζ|y0).

Thus, as the model-fitting algorithm converges, the distribution ofq(ζ(0)) approaches the uniform.

2.2 Outline of Validation Simulation

The uniformity of the posterior quantiles motivates powerful diagnostics for assessing whether Bayesian model-fitting

software is written correctly. As outlined in Figure 1, simply generate and analyze data according to the same model,

and calculate posterior quantiles. Specifically, generatethe parameter vectorθ(0) from p(θ). Then conditional on

θ(0) generate the datay0 from p(y|θ = θ(0)). Next, analyzey0 using the model-fitting software based on the same

model as was used to simulate the data, thereby creating the random sample of sizeL, (θ(1), θ(2), . . . , θ(L)), from

p(θ|y = y0). Finally, for each component ofθ(0), compute the posterior quantile,q̂(ζ(0)), with respect to the posterior

sample,ζ(1), ζ(2), . . . , ζ(L). Imputed values of missing data and functions ofθ, for example, ratios or cross products,

may be considered as well.

We refer to the generation and analysis of a single data set under a fixed condition as onereplication. Figure 1

outlines the steps of one replication. The simulationconditionsare unmodeled data and parameters, such as: the

sample size, including number of groups and sample sizes within groups (for a hierarchical data structure); values of

nonstochastic predictors (for a regression model); and fixed constants in the prior distribution (i.e., parameters in the

prior distribution that are set to a priori fixed values rather than estimated from the data). We refer to the number of

replications performed under the same condition as thesizeof the simulation for that condition. Finally, we refer to the

software that generatesθ(0) andy0 as the data-generating software and the software that samples(θ(1), θ(2), . . . , θ(L))

as the model-fitting software. A key idea of the simulation method is the comparison of results from two computer

programs: The data-generating software and the model-fitting software both sample fromp(θ|y). Direct simulation,

i.e, the data-generating software, is (presumably) easierto program and easier to program correctly; Geweke (2004)

also makes this point.

To perform the validation experiment, perform many replications, each drawingθ(0) from p(θ) andy0 from p(y|θ(0))
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One Replication of Software Validation Simulation
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θ(0) ∼ p(θ)

y0 ∼ p(y|θ(0))
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θ(ℓ) ∼ p(θ|y0) ℓ = 1, 2, . . . , L

�
�

�
�	 ?

@
@

@
@R

θ(1) · · · θ(L)︸ ︷︷ ︸
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θ(0) -

Compute quantiles

Scalar Parameters:q =
∑L

ℓ=1 Iζ(0)>ζ(ℓ)

Vector Parameter:q =
∑L

ℓ=1 I
||θ(0)−θ||>||θ(ℓ)−θ||

Figure 1: Steps of one replication of validation simulation. Given the simulation conditions, first generate parameters
θ(0) and datay0 using the data-generating software. Then, given the datay0, generate a sample fromp(θ|y0) using
the model-fitting software. Finally, from the posterior sample andθ(0), calculate posterior quantiles.
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and then using the to-be-tested software to obtain a sample from p(θ|y0). The simulation output is a collection

of estimated posterior quantiles; from the quantiles we cancalculate test statistics to quantify their deviation from

uniformity, and hence test the correctness of the software.

There are three levels of potential subscripting here: replications, draws ofθ within replications, and components of

θ. We never indicate components ofθ with subscripts; instead, we useζ to denote a generic scalar component ofθ.

We denote draws ofθ (or ζ) within a replication with superscripts:θ(ℓ) represents theℓth draw, withℓ = 1, . . . , L.

We denote replications with subscripts:i = 1, . . . , Nrep.

2.3 Analyzing Simulation Output

Now let qi = 1
L

∑L

ℓ=1 I
ζ
(0)
i >ζ

(ℓ)
i

, the empirical quantile for theith replication. Also, leth be a generic function and

h(U) that function applied to a random variable with Uniform(0, 1) distribution. Then for each scalarζ, we calculate a

z score summarizing the departure from uniformity of the posterior quantiles as computed from theNrep replications:

zζ =

1
Nrep

∑Nrep

i=1 h(qi) − E(h(U))
√

Var(h(U))/Nrep

.(5)

By the Central Limit Theorem,zζ follows a standard normal distribution when the software iscorrectly written and

Nrep is large.

For scalar components ofθ, we suggest using the following function to test for uniformity: h(qi) = (qi − .5)2, which

has mean equal to112 and variance equal to1
180 when quantiles are uniformly distributed (i.e.,E(h(U)) = 1

12 and

Var(h(U)) = 1
180 ). This proposed transformation can be more informative than the raw quantiles about deviations

from uniformity if the quantiles follow a non-uniform distribution that is centered near 0.5 but has mass piled up

near 0 and 1. Our investigations revealed that posterior quantiles do sometimes follow such a U-shaped distribution

when software has errors; simply testing that the posteriorquantiles have mean equal to 0.5 may therefore not find

errors when they exist. Figure 2 shows a histogram of such a distribution obtained from software with an error. Other

choices ofh are, for example,h(q) = q or h(q) = I{0.25<q<.75} (an indicator of 50% interval coverage). Direct tests

of uniformity such as the Kolmogorov-Smirnov one-sample test (Kolmogorov, 1933) are also possible, but may have

low power whenNrep is small.

We can look for extreme values of thezζ statistics graphically. To help diagnose the location of errors when they exist,
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Figure 2: An example of posterior quantilesq from software with error. An effective summary for detecting the error
should emphasize quantiles near 0 or 1, such ash(q) = (q − 1

2 )2.

we recommend plotting parameters in “batches” that are related (see Figures 3 - 8). Such plots of thezζ statistics

are often informative about errors in the software when theyexist; however, when the number of scalar components

monitored is large, we expect somezζ statistics to be extreme (e.g., 5% at the 5% level) just by chance. We could

use corrections for multiple comparisons, but prefer not tobecause most multiple comparison procedures assume the

multiple tests are independent, which they almost surely are not here. Instead, for each draw ofθ we calculate its

multivariate (Mahalanobis) distance from the joint posterior mean ofθ. Since this distance is itself a scalar, we can

calculate a test statistic similar tozζ to test the correctness of the software.

Specifically, letθ(ℓ) represent a posterior draw of the model parameters,θ the posterior mean vector, andVθ the

posterior covariance matrix. Within each replication, calculate the Mahalanobis distance||θ(ℓ) − θ|| = (θ(ℓ) −

θ)′V −1
θ

(θ(ℓ) − θ) for ℓ = 1, . . . , L. Also calculate the distance for the “true value”θ(0): (θ(0) − θ)′V −1
θ

(θ(0) − θ).

The posterior quantile for theith replication is thenqi = 1
L

∑L

ℓ=1 I||θ(0)−θ||>||θ(ℓ)−θ|| and we can calculate a test

statisticzθ as in Equation 5. When the software is correctly written,qi should follow a uniform distribution; when

software has errors,qi should be closer to 1 becauseθ(0) will be far from θ relative to the posterior sample. In

this case, we recommend usingh(qi) = qi to calculate thezθ statistics. Whenh(qi) = qi, E(h(U)) = 0.5 and
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Var(h(U)) = 1
12 . When calculated for scalar parameters,zθ gives essentially the same results aszζ ; both measure

distances betweenζ(0) and the “center” of(ζ(1), . . . , ζ(L)). In a simulation where we calculatedzθ as well aszζ for

each scalar parameter, their correlation was 0.99. In orderto perform this multivariate test,L must be larger than the

dimension ofθ. If the dimension ofθ is large compared toL, we can perform a similar multivariate test withVθ

replaced by the diagonal matrix with entries equal to the variances of components ofθ.

As we illustrate in Section 3, examining thezζ statistics graphically can be helpful for finding the parts of the software

that are written incorrectly if software does have errors. When these initial diagnostics show no indication of errors,

zθ provides an omnibus test of the null hypothesis of correctlywritten software.

2.4 Other Approaches

An intuitive approach to testing software involves repeatedly generating data from the assumed model, using the soft-

ware to calculate, say, 95% intervals, and comparing the observed interval coverage with the nominal coverage. For

Bayesian models, such an approach is a special case of our method, whereh(q) = I{0.025<q<.975}. For classical con-

fidence intervals, however, such an approach is not generally useful for software validation because most frequentist

confidence intervals have nominal coverage only asymptotically.

Geweke (2004) presents an alternative simulation strategyfor testing Bayesian model-fitting software. This approach

also involves comparing the results from two separate programs, in this case two programs that generate from the

joint distributionp(θ, y). One of the programs is equivalent to our data-generating software, creating independent

samples fromp(θ, y) by first samplingθ from p(θ) and then samplingy from p(y|θ); this piece of software should be

straightforward to write and is presumed to be error-free. The second program is created by adding to the algorithm

that samples fromp(θ|y) an additional step that samplesy from p(y|θ); the limiting distribution of this new algorithm

is alsop(θ, y). Thus two samples fromp(θ, y) are generated;z statistics are then calculated to test that the means of

(scalar) components and functions of(θ, y) are the same from both programs.

Geweke’s approach has the advantage that only one replication needs to be performed, because the two programs

generate fromp(θ, y) rather than repeatedly generating fromp(θ|y) for different values ofy. A disadvantage is that

it requires altering the software to be tested: If the software in question is truly a “black box,” altering it to re-sample
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the data at each iteration may not be possible. Even when thisalteration is possible, it may still be desirable to test

the version of the software that will actually be used, rather than an altered version. In addition, Geweke’s method

requires that the functions of(θ, y) compared from the two programs have finite variance, a condition that is not met

for certain proper but vague prior distributions, such as the Cauchy or Inverse-gamma(a, a) if a ≤ 2.

3 Examples

We illustrate the posterior quantile-based software validation techniques with one simple and one complex example.

For each example, we first present simulation results from correctly written software and then illustrate how various

errors propagate to diagnostic measures.

3.1 A Simple One-Way Hierarchical Model

3.1.1 Model

We illustrate first with a simple hierarchical normal model.The model applies to grouped or clustered data, with

means varying across groups and constant variance:

yij |αj , σ
2 ∼ N(αj , σ

2) i = 1, . . . , nj, j = 1, . . . , J

αj |µ, τ2 ∼ N(µ, τ2) j = 1, . . . , J.

We assume a simple conjugate prior distribution:

σ2 ∼ Inv−χ2(5, 20)

µ ∼ N(5, 52)

τ2 ∼ Inv−χ2(2, 10).

Because the prior distribution is conjugate, it is straightforward to derive the complete conditional distribution for

each parameter and simulate the posterior distribution using Gibbs sampling (Geman and Geman, 1984; Gelfand and

Smith, 1990).
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3.1.2 Validation Simulation

We perform a simulation to validate the MCMC software developed to fit the simple model presented in Section

3.1.1. We generate data with sample sizeJ = 6, n = (33, 21, 22, 22, 24, 11). The simulation consists of 1,000

replications. Within each replication, we generate a sample of L = 5,000 draws from the posterior distribution of

the model parameters. We monitor all parameters listed in Section 3.1.1, as well as (arbitrarily) the coefficients of

variation:µ/τ andαj/σ, j = 1, . . . , J .

3.1.3 Validation Results: Correctly Written Software

Scalar Validation. Thezζ statistics from this simulation are plotted in Figure 3. Here we differentiate amongα,

α/σ, µ, τ2, σ2, andµ/τ . Each row in the plot represents a different batch of parameters. The vertical lines are at

±1.96; 95% of thezζ statistics should be between these lines when software is written correctly. In this simulation

the expected number of significant (at the 5% level)zζ statistics is 0.8; none of the observedzζ statistics is significant,

thus providing no indication of errors in the software. As illustrated later in this section, when errors are present,

examining these plots is often sufficient to diagnose the aspect of a program that is written incorrectly.

zζ Statistics

−3 −2 −1 0 1 2 3

α
α/σ

µ
τ2
σ2

µ/τ

Figure 3: Scalar validationzζ Statistics: Simple model, correctly written software. Each row represents a scalar
parameter or batch of parameters; the points in each row represent thezζ statistics associated with that parameter or
batch of parameters. Vertical lines at±1.96 represent 95% bounds.

Omnibus Validation. In addition to plotting thezζ statistics, we perform thezθ test. For this simulation the test

statistic iszθ = −1.01 with corresponding p-value 0.31, also providing no evidence of incorrectly written software.
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3.1.4 Validation Results: Incorrectly samplingα

We have just seen how the validation results should look whensoftware is written correctly. We now show analogous

results for software with errors, and illustrate how the diagnostics advocated here can be used to locate errors when

they exist.

The complete conditional distribution ofαj in the Gibbs sampler is normal with mean
µ

τ2 +
Pnj

i=1
yij

σ2

1
τ2 +

nj

σ2

and variance

1
1

τ2 +
nj

σ2

. We change the model-fitting software to incorrectly useN =
∑J

j=1 nj instead ofnj when samplingαj , i.e.,

we sampleαj with mean
µ

τ2 +
Pnj

i=1
yij

σ2
1

τ2 + N

σ2

and variance 1
1

τ2 + N

σ2

. We perform another simulation with 1,000 replications.

Scalar Validation. Figure 4 plots thezζ statistics from this simulation; note the scale of thex axis. It is clear that

there is an error somewhere in the software. Allzζ statistics are significant at the 5% level; in fact, all are larger than

7. The parameters with the smallestzζ statistics areτ2 and the coefficient of variationµ/τ , whereas the parametersα,

zζ Statistics

0 20 40 60

α
α/σ

µ
τ2
σ2

µ/τ

Figure 4: Scalar validationzζ Statistics: Simple model, incorrectly samplingα. Each row represents a scalar parameter
or batch of parameters. Vertical lines at±1.96 represent 95% bounds.

σ2, µ, andα/σ all have much more extremezζ statistics. In this situation we would recommend looking for errors in

the sections of the program that sampleα andσ2, because these parameters and functions of them have such extreme

zζ statistics.

Omnibus Validation. The omnibus distance-basedz statistic iszθ = 54 (p-value≈ 0), clearly indicating an error in

the software.
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3.1.5 Validation Results: Incorrectly Samplingµ

For another example, we consider an error in the specification of the complete conditional distribution ofµ in the

Gibbs sampler, which is normal with mean

PJ
j=1 αj

τ2 + 5
52

I

τ2 + 1
52

and variance 1
I

τ2 + 1
52

. We change the model-fitting program

so that5 rather than52 is used in these conditional distributions, i.e., we sampleµ with mean

PJ
j=1 αj

τ2 + 5
5

I

τ2 + 1
5

and variance

1
I

τ2 + 1
5

, and again perform a simulation of 1,000 replications. The results from this simulation are not as extreme as

those in the previous section; however, they still clearly indicate an error in the software and, moreover, are informative

about the source of the error.

Scalar Validation. As can be seen from Figure 5, thezζ statistics forµ andµ/τ are highly significant, whereas

thezζ statistics for the other parameters are within the expectedrange for standard normal random variables. These

results clearly suggest an error in the software and indicate that the error is in the part of the software that samplesµ.

zζ Statistics

0 5 10 15

α
α/σ

µ
τ2
σ2

µ/τ

Figure 5: Scalar validationzζ Statistics: Simple model, incorrectly samplingµ. Each row represents a scalar parameter
or batch of parameters. Vertical lines at±1.96 represent 95% bounds.

Omnibus Validation. Thezθ statistic for this simulation equals 2.59 (p-value = 0.01).

3.2 A Hierarchical Repeated-Measures Regression Model

Many models that require specialized software are much morecomplex than the simple model in the previous example.

As models become more complex it becomes more important to test the model-fitting software. At the same time,

however, computation time may prevent simulations as largeas those presented for the simple example in Section 3.1
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for complex models. We now present an example of software validation for a much more complicated model, and

show that the validation techniques work well even with far fewer replications.

3.2.1 Model

This model was developed to impute missing data in a clinicaltrial. The data are repeated blood measurements, and

we use a Bayesian hierarchical regression model to describethem; see Cook (2004) for more details. The model forces

a decreasing trend in the outcome measurements over time foreach subject; the complete-data model is:

yij ∼ N(µj − exp(βj)tij − exp(γj)t
2
ij , σ

2
j ) i = 1, . . . , nj , j = 1, . . . , J,(6)

wheretij is the time of theith measurement for thejth patient. The prior distribution of(µj , βj , γj) is trivariate

normal with means that depend on covariates; we parameterize this distribution in factored form:

γj |σ
2, ξ, Xj ∼ N(η0 + η1Xj + η2X

2
j , ω2)

βj |γj , σ
2, ξ, Xj ∼ N(δβ0 + δβ1Xj + δβ2X

2
j + δβ3γj , ω

2
β)

µj |γj , βj , σ
2, ξ, Xj ∼ N(δµ0 + δµ1Xj + δµ2X

2
j + δµ3γj + δµ4βj , ω

2
µ),

where Xj is related to the baseline measurement for thejth patient; η = (η0, η1, η2, log(ω))′; δβ =

(δβ0 , δβ1 , δβ2 , δβ3 , log(ωβ))′; δµ = (δµ0 , δµ1 , δµ2 , δµ3 , δµ4 , log(ωµ))′; andξ = (η, ω, δβ , ωβ, δµ, ωµ). The vector

η has an informative multivariate normal prior distributionwith fixed parameters. The correlation matrix of this dis-

tribution,r, is not diagonal. The remaining scalar components ofξ have independent normal prior distributions with

fixed input parameters. In addition to the model parameters,we also monitor imputed values of missing data: For each

generated data setnmis data points were masked out and then imputed.

3.2.2 Validation Simulation

Each replication consists of generating a sample ofL = 5,000 draws from the posterior distribution. Because of

the time required to fit this more complex model, we perform only 100 replications. Using WinBUGS (Spiegel-

halteret al., 1994, 2003) to fit the models, a simulation of 100 replications requires approximately twelve hours of

computing time. For each patient,tij takes the integer values from 0 tonj − 1. The sample sizes areJ = 9,
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n = (12, 13, 9, 17, 11, 11, 13, 8, 15), andnmis = 2. We monitor all model parameters listed in Section 3.2.1, aswell

as imputations of the two missing data points and cross products of the vectorη.

3.2.3 Validation Results: Correctly written software

We first present results from testing the correctly coded WinBUGS software.

Scalar Validation. Thezζ statistics from this simulation are plotted in Figure 6;ymis refers to the imputed values

of missing data andη × η refers to the cross products ofη. One of the 59zζ statistics is significant at the 5% level

and three are nearly significant, which is not surprising considering that 59× .05 = 2.95.

zζ Statistics
−3 −2 −1 0 1 2 3

µ
γ
β

σ2

δβ

δµ

η
η*η
ymis

Figure 6: Scalar validationzζ Statistics: Complex model, correctly written software. Each row represents a batch of
parameters. Vertical lines at±1.96 represent a 95% bounds.

Omnibus Validation. The zθ statistic from this simulation equals−0.52 (p-value = 0.6). These results show no

indication of incorrectly written software.

3.2.4 Validation Results: Error in Data Model Specification

The first error we create in the WinBUGS model-fitting software is incorrectly coding the likelihood as

yij ∼ N(µj − exp(βj)tij − exp(γj)t
3
ij , σ

2
j ),(7)

15



thereby usingt3ij instead oft2ij as the covariate associated withγj . We again perform 100 replications.

Scalar Validation. Figure 7 plots thezζ statistics, with some larger than 20. The parameters with the largest

deviations from uniformity are those related toγ. Thezζ statistics for the nine values ofγj are all larger than 15.

Most of the components ofη andη × η (the parameters governing the prior distribution ofγ) are highly significant.

Finally, the parametersδβ3 andδµ3 , the coefficients onγj in the prior distribution ofβj andµj , respectively, are also

highly significant. These results strongly suggest that theerror in the software is related toγ.

zζ Statistics
0 5 10 15 20

µ
γ
β

σ2

δβ

δµ

η
η*η
ymis

Figure 7: Scalar validationzζ Statistics: Complex model, error in likelihood specification. Each row represents a batch
of parameters. Vertical lines at±1.96 represent a 95% bounds.

Omnibus Validation. The omnibusz statistic iszθ = 17 (p-value≈ 0).

3.2.5 Validation Results: Error in Hyperprior Specification

The second error we create treatsr as a diagonal matrix in the WinBUGS model-fitting software, i.e., using an

independent prior distribution onη. The correlation matrix used to sampleη in the data-generating software is

r =

266666666664 1 0.57 0.18 0.56

0.57 1 0.72 0.16

0.18 0.72 1 0.14

0.56 0.16 0.14 1

377777777775 .
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Scalar Validation. Again, thezζ statistics suggest there is an error in the software and indicate the source of the

error. The components ofη and their cross-product terms have the largestzζ statistics; the plot in Figure 8 suggests

that there is an error in the software related toη. Thezζ statistics are somewhat less extreme for the components of

η than for their cross products, indicating that the error maybe related to the correlations between these parameters.

Because these parameters are dependent in their prior distribution, the simulation results suggest first looking for errors

in the prior specification ofη.

zζ Statistics
0 5 10

µ
γ
β

σ2

δβ

δµ

η
η*η
ymis

Figure 8: Scalar validationzζ Statistics: Complex model, error in hyperprior specification. Each row represents a
batch of parameters. Vertical lines at±1.96 represent 95% bounds.

Omnibus Validation. Finally, thezθ statistic for this simulation equals 7 (p-value< 10−10).

These errors are in the specification of the model sent to WinBUGS and are not a problem with WinBUGS itself; the

results from Section 3.2.3 show that WinBUGS works properlywhen the model is correctly specified.

4 Conclusions

Substantial time and energy have been spent developing new statistical model-fitting techniques. Indeed, entire books

(e.g., Gilkset al., 1996; Liu, 2001) have been devoted to the application of MCMC methods (e.g., hybrid sampling,

reversible jump, slice sampling), and each new method is generally presented with theoretical results proving its
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validity. For these methods to work properly in practice, the algorithms must also be programmed correctly. Here we

have presented a simulation-based method for testing the correctness of Bayesian model-fitting software. Although

potentially computationally expensive, the methodology is straightforward and generally easy to implement once the

model-fitting software itself has been developed. Of course, results from the type of simulation presented here do

not “prove” that a piece of software is written correctly. Rather, as with hypothesis testing, they may simply provide

no evidence against a null hypothesis that the software works properly. With an infinite number of replications, our

proposed method will find errors if they exist; with finiteNrep, the power of the method depends on the nature of the

errors. When software is written incorrectly, the simulation results often provide specific clues to where in the program

the errors are located. The examples presented here indicate that when higher-level parameters are being sampled

incorrectly, theirzζ statistics can be extreme, whereas thezζ statistics for other parameters may appear approximately

standard normally distributed. Whenzζ statistics are extreme for all parameters, it is more likelythat the error is in

sampling a lower-level parameter, e.g., a parameter at the likelihood level. Based on the example of Section 3.2.5,

we recommend monitoring all cross-products of parameters that are not independent in their prior distribution. Our

method implicitly assumes that in each replication data aregenerated correctly; an error in the data-generating software

could lead to incorrect conclusions about the correctness of the model-fitting software. This same point is made by

Geweke (2004).

The methods presented here assume that the posterior distributions have been calculated exactly, i.e., that the posterior

sample is large enough that there is no uncertainty in the posterior quantiles. In the examples presented here we used

posterior samples of size 5,000. When computing time is an issue, our recommendation based on limited experience

is to perform fewer replications rather generating smallerposterior samples. The example in Section 3.2 suggests that

the proposed validation methods can work well even with a fairly limited number of replications. When hierarchical

models have many “person-level” parameters, the internal replication of parameters can allow for software testing

with a single replication. Although not all parameters in the model can be formally tested with a single replication,

such analyses could be helpful for screening purposes to detect obvious errors before performing a large expensive

simulation.

Because models are often changed slightly over the course ofa project and used with multiple data sets, we often would

like to confirm that software works for a variety of conditions. In this case, we recommend performing simulations
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under a variety of conditions. To help ensure that errors, when present, are apparent from the simulation results, we

caution against using “nice” numbers for fixed inputs or “balanced” dimensions in these simulations. For example,

consider a generic hyperprior variance parameters2. If software were incorrectly written to uses instead ofs2, the

software could still appear to work correctly if tested withthe fixed value ofs2 set to 1 (or very close to 1), but would

not work correctly for other values ofs2.

Parallel (or distributed) computing environments can decrease computation time significantly: Because each data set

is generated and analyzed independently of the others, multiple replications can be carried out simultaneously. When

varying the simulation conditions, choosing small data sample sizes can speed computation. When the model-fitting

software is based on MCMC, computing time can also be decreased by using the true parameter values as the starting

values of the Markov chains to minimize convergence issues.Even when starting Markov chains at the true parameter

value, convergence should be monitored, e.g., using multiple chains and the Gelman and Rubin (1992)
√

R̂ statistic.

A lack of convergence may sometimes indicate an error in the software as well.

The software validation simulations presented here shouldnot be confused with model-checking strategies. The

simulations described in Section 2 only test that a piece of software is producing the correct posterior distribution

implied by the assumed Bayesian model and the observed data.Model checking is another important area of research

and is discussed, for example, by Rubin (1984), Gelman and Meng (1996), Bayarri and Berger (1999), and Sinharay

and Stern (2003).

The simulation studies presented here can only be applied toBayesian models. Moreover, these validation simulations

are technically only applicable for Bayesian models with proper prior distributions, because the “true” parameter

vectorθ(0) must be repeatedly generated from its prior distribution. This provides strong incentive in practice to use

prior distributions that are proper (i.e., integrable), sothat the resulting software can be tested in a principled way.

Most distributions can be made arbitrarily diffuse while still remaining proper, so there is generally little argumentin

favor of using improper prior distributions rather than diffuse proper distributions. Proper prior distributions arealso

required when using WinBUGS software to fit Bayesian models.Generating data from very diffuse prior distributions

can sometimes lead to overflow problems when fitting the models, or, in the case of Metropolis-type algorithms that

require fine-tuning of jumping distributions, can make it difficult to develop a single algorithm that will work efficiently

for all data sets generated from the model. As mentioned previously, if software is tested with different values of the
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fixed inputs to the hyperprior distribution, it is generallyreasonable to conclude it will work for other values of the

fixed inputs as well. The fixed inputs used in the simulations may then be chosen so that the prior distribution is less

diffuse.

Software checking techniques exist for non-Bayesian methods as well. For example, in a maximum likelihood analysis

one may calculate the derivative of the likelihood functionat the maximum likelihood estimate to confirm that it is

equal to zero; when maximum likelihood estimates are computed using the EM algorithm (Dempsteret al., 1977)

one can check that the observed-data log-likelihood increases at each iteration. Most frequentist confidence intervals

are exact only asymptotically and therefore cannot be reliably used to test software with finite samples; however,

monitoring interval coverage could work for models that yield frequentist confidence intervals that are exact in the

sense of Neyman (1934). We encourage principled software validation whenever possible.
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