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Abstract

We present a simulation-based method designed to estéidisiomputational correctness of software developed
to fit a specific Bayesian model, capitalizing on propertie8ayesian posterior distributions. We illustrate the
validation technique with two examples. The validation moetis shown to find errors in software when they exist
and, moreover, the validation output can be informativeualite nature and location of such errors.
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1 Introduction

As modern computing environments become more advancditisians are able to fit more complicated models,
which have the ability to address adequately complicatguth as missing data, complex sampling schemes, and
treatment noncompliance. Increasing model complexityydwer, implies increasing opportunity for errors in the
software used to fit such models, particularly with the rjpéckpanding use of Bayesian statistical models fitted using
iterative techniques, such as Markov chain Monte Carlo (MZ}ivhethods. Not only are MCMC methods compu-
tationally intensive, but there is relatively limited ssétre available to aid the fitting of such models. Implementin
these methods therefore often requires developing thessagesoftware “from scratch,” and such software is rarely
tested to the same extent as most publicly available sodti@g., R, S-plus, SAS); of course, publicly available

software is not necessarily error-free either.

Although there is a rich literature on algorithms for fittiBgyesian models (e.g., Gelfand and Smith, 1990; Gelman,
1992; Smith and Roberts, 1993; Gelnmetral,, 2003), there is only limited work related to investigatingether the

software developed to implement these algorithms workpgntg. We are aware of only one published paper in this
area (Geweke, 2004). Standard approaches to softwaregtesid debugging from the engineering and computer
science literature (e.g., Agans, 2002) can sometimes Ipéuhebut these tend to focus on fixing obvious errors and
crashes, rather than on determining whether software timst and appears to work correctly actually does what it
claims to do. Here we outline a simulation-based methoddstirig the correctness of software for fitting Bayesian
models using posterior simulation. We begin in Section 2dscdbing the design of the validation simulation and the
analysis of the simulation output. Section 3 provides eXampsing two different pieces of software, and Section 4

presents further discussion and conclusions.

2 Methods for Automatic Software Validation using Simulated Data

People often test software by applying it to data sets foctvithe “right answer” is known or approximately known,
and compare the expected results to those obtained fronoftvease. Such a strategy becomes more complicated

with software for Bayesian analyses, whose results argémily stochastic, but can be extended to develop statistic



assessments of the correctness of Bayesian model-fittihgese. The basic idea is that if we draw parameters from

their prior distribution and draw data from their samplinigtdbution given the drawn parameters, and then perform

Bayesian inference correctly, the resulting posterioeriafices will be, on average, correct. For example, 50% and
95% posterior intervals will contain the true parameteugalwith probability 0.5 and 0.95, respectively. In thisgap

we develop a more powerful and systematic version of thighdsa.

2.1 Theoretical Framework

Consider the general Bayesian mogdg}|©)p(0), wherep(y|©) represents the sampling distribution of the data,
p(©) represents the proper prior distribution of the paramegetor,©, and inferences are based on the posterior
distribution,p(©[y). If a “true” parameter valu®(®) is generated according {¢©), and datay are then generated
according top(y|©®), then(y, ©(9)) represents a draw from the joint distributipfy, ©), which implies tha®(®)
represents a draw frop{©|y), the posterior distribution a® with y observed. The to-be-tested software is supposed

to generate samples fropi©|y).

Now consider the posterior sample of size(0(), 0, ... ©(), generated from the to-be-tested software. By
sample we mean that each of tBé!), ..., () has the same marginal distribution, not necessarily they tre
independent or even jointly exchangeable. If the softwaveritten correctly, the@™), ) ... ©(L)) are a sample
from p(©|y), meaning that the marginal distribution®f®) and each 0B, ..., %) is the same. This is also true

for any subvector of the componentstf Figure 1 illustrates this process of generatihgndy.

Our proposed validation methods are based on the posterémtites of the true values of scalar parameters.fLet
represent a scalar component or functior®otthe true valu@®) and posterior sampl@), ..., %)) are obtained
frome© and(@™,0®) ... W), respectively. Let(0?) = Pr(9(©) > §), the posterior quantile &), wheref
represents a random draw from the distributiéft), . . ., (%)) generated by the to-be-tested software. The estimated

quantileG(0¥) = Pr(6©) > 6), is equal toX 31| Ty~ g0

Theorem. If the software is written correctly, for continuodsthe distribution ofj(6(°)) approaches Uniform(0, 1)

asL — oo.



Figure 1: lllustration of data and parameter generationvididation simulation. First drav®(®) from the prior
distribution; then drawy|©(®) from the data model; then dra@"), ... @) from the posterior distribution given
y using the to-be-tested software. If the software is writterrectly, then(y, ©(“)) should look like a draw from
p(y,©),fort =0,1,..., L.

Proof. To prove this result, we need to show trzbin Pr(§(0)) < x) = x foranyx € [0, 1]. LetQ..(f) represent

thexth quantile of a distributiorf, and@. (21, 22, . . ., z,) theath empirical quantile ofz1, 22, . .., z,,). Then
Jim Pr(G(0®) <a) = lim Pr (9<0> < Q.(0M, 0. . ,9<L>))

— Pr (9<0> < lim Q1(9<1>,9<2>,...,9<L>))

= Pr (0 < Q.(p(6ly)))

= x7

becaus®®) is drawn fromp(6|y). For independently draw@), 0, ... 9(1)), the third line of the above expres-
sion follows from the convergence of the empirical disttibn function to the true distribution function. If the salap
(0,2 . L)) comes from a process such as MCMC that converges to the tisg@bution, the equation fol-
lows from the assumed ergodicity of the simulation processg,(e.g., Tierney, 1998, for MCMC simulation). Thus,
as the model-fitting algorithm converges, the distributibg((?)) approaches the uniform, assuming that the target

distributionp(6|y) has zero probability at any point. O

2.2 Outline of Validation Simulation

The uniformity of the posterior quantiles motivates poweédiagnostics for assessing whether Bayesian modelgfittin

software is written correctly. As outlined in Figures 1 anaiZnply generate and analyze data according to the same



model, and calculate posterior quantiles. Specificallyegate the parameter vec®t®) from p(©). Then conditional
on©), generate the datafrom p(y|© = ©(9)). Next, analyzey using the model-fitting software based on the same
model as was used to simulate the data, thereby creatingutidem sample of sizé, (00, 02 ... %), from

the posterior distribution b, p(©|y = ). Finally, for each component 6i(*), generically labeled®), compute its
posterior quantileg(9(?)), with respect to the posterior samp(é{"), 0, ... (1)), Imputed values of missing data

and functions 0B, for example, ratios or cross products, may be considerachs

We refer to the generation and analysis of a single data sdruan fixed condition as oneplication Figures 1
and 2 outline the steps of one replication. The simulationditionsare specified by unmodeled data and unmodeled
parameters, such as the sample size (including number gpgiend sample sizes within groups for a hierarchical data
structure); values of nonstochastic predictors (for agggjpn model); and parameters in the prior distributiohdha

set to a priori fixed values rather than estimated from tha.d&fk refer to the number of replications performed under
the same condition as tisizeof the simulation for that condition. Finally, we refer tethoftware that generat€s?®)

from p(©) andy from p(y|©(?)) as the data-generating software and the posterior sironlatiftware that samples

©Wm, 0 . . o) asthe modelitting software.

A key idea of the simulation method is the comparison of tsfubm two computer programs: The data-generating
software and the model-fitting software, which both sampenfp(©|y), as explained in Section 2.1. Direct simu-
lation, i.e, the data-generating software, is easier tgnam and is presumed to be programmed correctly; Geweke
(2004) also makes this point and this assumption. It is ptesshowever, that an apparent error in the model-fitting
software could actually be the result of an error in the dpgaerating software. If desired, the correctness of the-dat
generating software could be examined by comparing itsutujith analytically-derived quantities, for example,

comparing sample moments of the component of of the datay with their analytically-derived expectations.

To perform the validation experiment, perform many regiaras, each drawin@(®) fromp(©) andy from p(y|©(®)),
and then using the to-be-tested model-fitting software tainka sample fromp(©|y). The simulation output is a
collection of estimated posterior quantiles; from the dilemwe can calculate test statistics to quantify theiralgon

from uniformity, and hence detect errors in the software.

There are three levels of potential subscripting hereiaatbns, draws 0® within each replication, and components



One Replication of Software Validation Simulation

Data-Generating Software
Simulation
- 00 ~ p(e
Conditions ) »(©)
y ~ plyle®)
Y

|

Simulation Model-Fitting Software
Conditions | 00 ~ p(Oly) = 1.2....L

/1IN
o) ... o)

|

Compute quantiles

. L
=30 Lyo 90

Figure 2: Steps of one replication of validation simulati@iven the simulation conditions, first generate paranseter
0 and datay using the data-generating software. Then, given theglajanerate a sample fropi©|y) using the
model-fitting software. Finally, from the posterior samahel©(?), calculate posterior quantiles.

of ©. We never indicate components®fwith subscripts; instead, we ugdo denote a generic scalar component of
©. We denote draws d@ (or #) within a replication with superscript®(®) represents théth draw, with/ = 1, ..., L.

We denote replications with subscripis= 1,. .., Ny¢p.

2.3 Analyzing Simulation Output

Letg; = % Zle Ie§o>>9§z> , the empirical quantile for thah replication. For any generic functiénwe can determine
the distribution ofh.(q) for correctly working software. In particular, if the sofiwe works properly and therefore the
posterior quantiles are uniformly distributed, thiely) = ®~*(¢) should have a standard normal distribution, where
® represents the standard normal CDF. One way to test the a@eftis to test that the mean &' (¢) equals 0.
However, if an error caused the quantiles follow a non-umifdistribution centered near 0.5 but with mass piled up

near 0 and 19~ !(q) could still appear to have mean zero. Our investigationsaied that posterior quantiles do



sometimes follow such a U-shaped distribution when sofivieas errors; simply testing thét *(¢) has mean equal
to zero may therefore not find errors when they exist. Figuskd@vs a histogram of such a distribution obtained from

software with an error. Instead, for each scalave calculate the following statistic:

NTep

Xp=3" (27 @)",

which should follow ay? distribution with V,..,, degrees of freedom when the software works correctly. Wettoam

quantify the posterior quantiles’ deviation from unifotynby calculating the associated p-valpg, for eachX}.
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Figure 3: An example of posterior quantilesrom software with error. An effective summary for detegtihe error
should emphasize quantiles near 0 or 1, such(as= (@‘1((1))2.

Any extremepy value indicates an error in the software. If the number odpeaters is large, however, we expect some
of thepy values to be small even when the software does work prop#tytherefore recommend two complementary

approaches for analyzing the simulation output.

As an exploratory tool, we transform the values intoz, statistics £y = ®*(pg)) and plot the absolute values of
the zy statistics in “batches” that are related (examples appeRigures 4 -9). For example, a batch might consist of

the individual-level means in a hierarchical model. Plaitiy rather tharpy makes extreme values more evident.

As a confirmatory analysis, we perform a Bonferroni cormttn a representative subset of thevalues. This subset
of py values is defined as follows. For each “batch” of related ipa@tars, define a new scalar parameter equal to the

mean of all parameters in the batch. Thealues for these new parameters can be calculated fronmtheeded values



of © (with no calculation required for batches containing onte @arameter) and so no alteration of the model-fitting
software is required. The Bonferroni correction simply tiplies eachpy value in the subset by the total number
of batches. From these Bonferroni-adjustgevalues, testing can be carried out at any desired signdecdavel.
Using the means of the batched parameters can result in a smualer number opy values used in the multiple
comparisons procedure, and therefore a less conservaticequre. Such a strategy is especially appropriate for
groups of parameters sampled using the same code segngehin(e.loop), because any error in that segment would
generally affect all parameters in the batch as well as thean. This multiple comparisons procedure borrows from
ideas in meta-analysis (e.g., Rosenthal and Rubin, 198&h Batch of parameters can represent multiple outcomes
from a single study; we are first combining within-batch fesand then combining batch-level summaries into a

single conclusion.

2.4 Other Approaches

An intuitive approach to testing software involves repdbteyenerating data from the assumed model, using the
software to calculate, say, 95% intervals, and compariegthserved interval coverage with the nominal coverage.
For Bayesian models, such an approach is the special caser ofiethod wheréi(q) = I10.025<q<.975- Using

h(q) =qorh(q) = (@‘1((1))2 effectively assesses the coverage of all possible inteatadnce.

Geweke (2004) presents an alternative simulation strdtaggsting Bayesian model-fitting software. This approach
also involves comparing the results from two separate jarogy in this case two programs that generate draws from
the joint distributionp(©, y). One of the programs (the marginal-conditional simulaterquivalent to our data-
generating software, creating independent samples fi@ny) by first sampling® from p(©) and then sampling

from p(y|©); this piece of software should be straightforward to writel & presumed to be error-free. The second
program (the successive-conditional simulator) is cekate appending to the algorithm that samples frof®|y)

an additional step that samplgsrom p(y|©); the limiting distribution of this new algorithm is al3g©, y). The
datay are sampled fronp(y|©) in both algorithms, but the two algorithms are different doese they sampl®
differently. Thus two samples from(©, y) are generated; statistics are then calculated to test that the means of

(scalar) components and functions(6f, y) are the same from both programs.
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Geweke’s approach has the advantage that only one repticageds to be performed, because the two programs
generate fronp(O, y) rather than repeatedly generating fro(®|y) for different values of;. A disadvantage is that

it requires altering the software to be tested: If the saféwa question is truly a “black box,” altering it to re-sarapl
the data at each iteration may not be possible. WinBUGS,Xample, cannot be altered to resample the gatia
each iteration, and so the successive-conditional simutainnot be created. Even when this alteration is possible,
may still be desirable to test the version of the softwaré withactually be used, rather than an altered version. In
addition, Geweke’s method requires that the function®ofy) compared from the two programs have finite variance,
a condition that is not met for certain proper but vague mtistributions, such as the Cauchy or Inverse-gaifing)

if a < 2. Because our method uses sample quantiles rather than rtgyheioes not require that the prior distribution
have a finite variance and so can more easily be used to chéwkas® for models with vague prior distributions.
Of course, generating from nearly improper prior distributions could lead to cartgtional problems with either

method.

3 Examples

We illustrate the posterior quantile-based software wadiich techniques with one simple and one complex example.
For each example, we first present simulation results fromecty written software and then illustrate how various

errors propagate to diagnostic measures.

3.1 A Simple One-Way Hierarchical Model
3.1.1 Model

We illustrate first with a simple hierarchical normal modé&lhe model applies to grouped or clustered data, with

means varying across groups and constant variance:

yij|ajao-2 ~ N(ajaUQ) izlw"anja .7:117J

ajlp, ™~ N(p,7%) j=1,...,J.

11



We assume a simple conjugate prior distribution:

o? ~ TInv—x*(5,20)
p o~ N(5,5%

2~ Inv—x%(2,10).

Because the prior distribution is conjugate, it is stréigitard to derive the full conditional distribution for dac
parameter, i.e., its distribution given the data and aleogharameters, and simulate the posterior distributiongusi

Gibbs sampling (Geman and Geman, 1984; Gelfand and Smi#)19

3.1.2 Validation Simulation

We perform a simulation of 20 replications to validate the WIC software developed to fit the simple model presented
in Section 3.1.1. The sample sizes for the generated datd are6, n = (33,21,22,22,24,11). Within each
replication, we generate a samplefof= 5,000 draws from the posterior distribution of the modealpaeters. We
monitor all parameters listed in Section 3.1.1, as well dsittarily) the coefficients of variatiory:/7 ande; /o, j =
1,...,J. In addition, we monitofv = ijl a; anda/o. We perform the Bonferroni correction on thg values for
(a,a/o, u, 72,02, u/7) by multiplying each of thesgy values by 6. In other words, we group the model parameters

into 6 batches: one containing, . .., «s; One containingv; /o, . . ., a;/o; and the remaining four containing one of

w2, 0%, /.

3.1.3 \Validation Results: Correctly Written Software

The absolutey statistics from this simulation are plotted in Figure 4. Eaaw in the plot represents a different batch
of parameters. Alky statistics are less than 2, thus providing no indicatiomobirectly written software. Moreover,
the smallest of the unadjusted values for(a, @ /o, u, 72, 0%, u/7) is 0.2, making its Bonferroni-adjusted p value

larger than 1.

12



Normal Example: Correctly Written Software
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Figure 4: Scalar validationy statistics: Simple model, correctly written software. Eaow represents a scalar
parameter or batch of parameters; the circles in each romesept theyy statistics associated with that parameter or
batch of parameters. Solid circles representthstatistics associated with the mean of that batch of paemnethe
numbers on theg axis indicate the number of parameters in the batch.

3.1.4 Validation Results: Incorrectly samplinga

We have just seen how the validation results should look veloémvare is written correctly. We now show analogous

results for software with errors, and illustrate how thegdiastics advocated here can be used to locate errors when

they exist.
The full conditional distribution oty; in the Gibbs sampler is normal with meéﬁﬁ and varlanceﬁ.
e R

We change the model-fitting software to incorrectly uée= Z'j]:l n; instead ofn; when samplingy;, i.e., we

e
J
2= Yij

I
samplew; with mean=——x— +<;V2 and variance——— }r ~ . We perform another simulation with 20 replications.
: T2 T .2 2752

2 2

T o

Figure 5 plots the absolutg statistics from this simulation; note the scale of thaxis. It is clear that there is an
error somewhere in the software: All of the statistics are extreme. The parameters with the smallestatistics
arer? and the coefficient of variation/r, whereas the parametess o2, i1, anda /o all have even more extreme
statistics. In addition, the smallest Bonferroni-adjdsig value is essentially zero, clearly indicating a problem. In
such a situation we recommend first looking for errors in #etiens of the program that sampleando?, because

these parameters and functions of them have such extrgstatistics.
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Normal Example: Error Sampling a
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Figure 5: Scalar validatiogy statistics: Simple model, incorrectly samplig Each row represents a scalar parameter
or batch of parameters; the circles in each row represenistiséatistics associated with that parameter or batch of
parameters. Solid circles represent thestatistics associated with the mean of that batch of paemmethe numbers
on they axis indicate the number of parameters in the batch.

3.1.5 \Validation Results: Incorrectly Samplingu

For another example, we consider an error in the specificatidhe full conditional distribution of: in the Gibbs

J
Xj=1% | 5
_2_+7

sampler, which is normal with mean% and variance‘,lT. We change the model-fitting program so that
w2152 Trtez

J .
Xi=1% |5

rather tharb? is used in these conditional distributions, i.e., we samplgth mean—=——= and variance,.—

. 1 J 1
=3 =t3

and again perform a simulation of 20 replications. The tefubm this simulation are not as extreme as those in the
previous section; however, they still clearly indicate amein the software and, moreover, are informative aboet th

source of the error.

As can be seen from Figure 6, the absolutestatistics for, andp /7 are extreme, suggesting an error in the part of

the software that samples The smallest Bonferroni-adjustegl value (that associated wijh) equals 0.002.

3.2 A Hierarchical Repeated-Measures Regression Model

We now present an example of software validation for a mucternomplicated model.
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Normal Example: Error Sampling p

=
OO RRE R
L]

Absolute z transformation of pg values

Figure 6: Scalar validatiory statistics: Simple model, incorrectly samplingEach row represents a scalar parameter
or batch of parameters; the circles in each row represenistiséatistics associated with that parameter or batch of
parameters. Solid circles represent thestatistics associated with the mean of that batch of paemmethe numbers
on they axis indicate the number of parameters in the batch.

3.2.1 Model

This model was developed to impute missing data in a clirtical The data are repeated blood measurements, and a
Bayesian hierarchical regression model is used to desttrére; see Cook (2004) for more details. The model forces

a decreasing trend in the outcome measurements over tirradbrsubject; the complete-data model is:
() Yij ~ N(pj —exp(B)tiy — exp(y)ts;,07)  i=1,...,n5, j=1,...,J,
wheret;; is the time of theith measurement for thgth patient. The prior distribution ofy;, 3;,~;) is trivariate
normal with means that depend on covariates; we paramethigdistribution in factored form:
vilo® &, X5~ N(no+mX; +nX;,w?)
Bilj, 0%, & X5~ N(0p, + 65, X; + 05, X + g7, w5)

1175, 85, 02,6, X5~ N8y 4 6, Xj + 0,y X3+ 6,575 + 0pa B w3,
where X, represents the baseline measurement for jtie patient; n = (19, m,72,log(w))’; 63 =
(68050815085, 0855 108(w3))s 64 = (G Oprs Opns Opug s Opus s l0g(wy))’s @and € = (n,d3,8,). The vectorn has an
informative multivariate normal prior distribution withkéd parameters. The correlation matrix of this distriboitig
is not diagonal. The remaining scalar component§ bave independent normal prior distributions with fixed inpu

parameters. In addition to the model parameters, we als@ondmputed values of missing data: For each generated

data setr,,,;s data points were masked out and then imputed.
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3.2.2 Validation Simulation

We will present results for three validation simulationacle simulation consists of 20 replications and requires ap-
proximately 2.5 hours of computing time. Each replicati@megrates a sample é@f = 5,000 draws from the pos-
terior distribution. For each patient;; takes the integer values from 0 g — 1. The sample sizes até = 9,
n=(12,13,9,17,11,11,13,8,15), andn,,;s = 2. We monitor all model parameters listed in Section 3.2.lyels

as imputations of the two missing data points and cross itsdi the vector;. We perform the Bonferroni correction
on thepy values for the means of the following nine vector parametges3,v, 02, m,1m x 1,83, 6,, Y,.;s), Where

Y.nis Fefers to the imputed values of missing data gnel 7 refers to the cross products9f

3.2.3 Validation Results: Correctly written software

We first present results from testing the correctly codedBMIGS software. The absolutg statistics from this
simulation are plotted in Figure 7. None of thg statistics is extreme, thus providing no indication of irreatly

written software. The smallest of the Bonferroni-adjugiedalues is larger than 1.

Clinical Trial Example: Correctly Written Software
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Figure 7: Scalar validationy statistics: Complex model, correctly written software ckEaow represents a batch of
parameters; the circles in each row representthstatistics associated with that batch of parameters. 8olites
represent they statistics associated with the mean of that batch of paemsieEhe numbers on theaxis indicate the
number of parameters in the batch.
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3.2.4 \Validation Results: Error in Data Model Specification

The first error we create in the WinBUGS model-fitting softevarincorrectly coding the likelihood as
(2) Yij ~ N(p; — exp(B))ti; — exp(y;)t5;, 07),
thereby usingffj instead oftfj as the covariate associated with We again perform 20 replications.

Figure 8 plots the absolutg statistics, showing that many are extreme. The parameiérshe largest deviations
from uniformity are those related tp. The zy statistics for the nine values gf are all larger than six, and several
components of) andn x n (the parameters governing the prior distributiomgfare also extreme. The smallest of
the nine Bonferroni-adjusteg values is that associated withand is equal td.1 x 10~2%, clearly indicating an error

related to samplingy.

Clinical Trial Example: Error in Data Model
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Figure 8: Scalar validatiory statistics: Complex model, error in likelihood specifioati Each row represents a batch
of parameters; the circles in each row representghstatistics associated with that batch of parameters. Sotites
represent they statistics associated with the mean of that batch of paemsieihe numbers on theaxis indicate the
number of parameters in the batch.

3.2.5 \Validation Results: Error in Hyperprior Specification

The second error we create treatas a diagonal matrix in the WinBUGS model-fitting software,,iusing a prior

distribution that is independent across components dhe correlation matrix used to sampjén the data-generating
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software is )
(1 0.57 0.18 0.56

0.57 1 0.72 0.16

0.18 0.72 1 0.14

L0.56 016 014 1

Figure 9 plots the absolutg statistics for this simulation. Again, the simulation riéssuggest there is an error in the
software and indicate the source of the error. The compsranf and their cross-product terms have the larggst
statistics, suggesting that there is an error in the soéwelated ta). The zy statistics are somewhat less extreme for
the components af than for their cross products, indicating that the error inayelated to the correlations between
these parameters. Because these parameters are depertldeiniirior distribution, the simulation results sugdast
looking for errors in the prior specification gf The smallest of the Bonferroni-adjustegdvalues is that associated

with  x m and is equal t@.2 x 10715,

Clinical Trial Example: Error in Hyperprior Specification
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Figure 9: Scalar validatiory statistics: Complex model, error in hyperprior specifizatiEach row represents a batch
of parameters; the circles in each row representghsatistics associated with that batch of parameters. Sotites
represent the, statistics associated with the mean of that batch of paemsieEhe numbers on theaxis indicate the
number of parameters in the batch.

These errors are in the specification of the model sent to WB8 and are not a problem with WinBUGS itself; the

results from Section 3.2.3 show that WinBUGS works propfmtythis model when the model is correctly specified.
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3.3 Comparison with the Method of Geweke (2004)

As discussed in Section 2.4, Geweke’s method compares tofugpn two pieces of software that sample from the
distributionp(0, y), whereas our method repeatedly compares output from twgrgmes that sample from(©|y) for
many values of;. One might expect Geweke’s method to be substantiallyféiséa ours because it requires only a

single replication; however, it also requires samplingyfra larger model which may take longer to converge.

For the examples in Section 3.1, implementing Geweke’s ateth fact requiresnore computing time than our
method. The simulations in Sections 3.1.3 - 3.1.5 each reduabout one minute of computing time, using in
each replication the convergence criterion that the GelarahRubin (1992) statisti&/}_? < 1.05 for all parame-
ters monitored. Performing Geweke's single-replicati@ttmod, even using the less stringent convergence critefion
\/E < 1.2 for all parameters, required about four minutes of computiime for the successive-conditional simulator
to converge. The results from the two methods were similathBnethods found existing errors and did not indicate

errors in the correctly written software.

For the examples in Section 3.2, Geweke’s method cannot & liscause the successive-conditional simulation
cannot be implemented in WinBUGS. This is a clear advantagaramethod in such cases, because there are models
for which a correctly coded WinBUGS program does not sampmfthe correct target distribution. For complex

models especially, it can be important to test that a spadlidBBUGS program works properly.

More generally, we expect Geweke’s method to be more usefbine settings and ours to work better in others. It
is also possible for both methods to fail; for example, ifteaie intended to sample from the posterior distribution

actually samples from the prior distribution, neither owethod nor Geweke’s will find the problem.

4 Conclusions

Substantial time and energy have been spent developingtagstisal model-fitting techniques. Indeed, entire books
(e.g., Gilkset al, 1996; Liu, 2001) have been devoted to the application of Miethods (e.g., hybrid sampling,

reversible jump, slice sampling), and each new method iemdly presented with theoretical results proving its

19



validity. For these methods to work properly in practice, #igorithms must also be programmed correctly. Here we
have presented a simulation-based method for testing thieatoness of Bayesian model-fitting software. Although

potentially computationally expensive, the methodolagsgtraightforward and generally easy to implement once the
model-fitting software itself has been developed. Softviilarémplementing these validation methods is available at

http://www.stat.columbia.edutook

4.1 Detecting Errors

Results from the type of simulation presented here do navgtthat a piece of software is written correctly. Rather,
as with hypothesis testing, they may simply provide no evigeagainst a null hypothesis that the software works

properly. The power of the method depends on the nature artioes.

In our examples, the simulation results provide specifieslto where in the program the errors are located. Based
on the example of Section 3.2.5, we recommend monitoringrafis-products of parameters that are not independent
in their prior distribution. Monitoring cross-productsrcalso be helpful to detect indexing errors, for example,
drawing a subvector gd**1) conditional on®*~1) rather thar®®) in an MCMC algorithm. An algorithm with this
type of error could still yield correct marginal distribortis; monitoring cross-products can reveal errors in th joi

distribution.

Because models are often changed slightly over the couesprofect and used with multiple data sets, we often would
like to confirm that software works for a variety of conditsorin this case, we recommend performing simulations
under a variety of conditions. To help ensure that errorgmresent, are apparent from the simulation results, we
caution against using “nice” numbers for fixed inputs or dvaded” dimensions in these simulations. For example,
consider a generic hyperprior scale parametéfrsoftware were incorrectly written to usé instead of, the software
could still appear to work correctly if tested with the fixealwe of s set to 1 (or very close to 1), but would not work

correctly for other values of.
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4.2 Computing Time

The methods presented here assume that the posteridodiistnis have been calculated exactly, i.e., that the poster
sample is large enough that there is no uncertainty in théepgos quantiles. In the examples presented we used
posterior samples of size 5000. When computing time is arejssur recommendation, based on limited experience,
is to perform fewer replications rather than to generatellemposterior samples. Our examples suggest that the
proposed validation methods can find errors (at least seioes) when they exist even with a limited number of
replications. Additionally, they values are exact in the sense that they do not assume oreeglarge number of

replications.

When hierarchical models have many individual-level patars, the internal replication of parameters can allow for
software testing with a single replication. Such analyseddctbe helpful for screening purposes to detect and correct
obvious errors before performing a large expensive sinanlatFor example, after only a single replication of the
simulation in Section 3.1.4 (incorrectly sampling, 15 of the 16py values calculated were less than 0.05, clearly
suggesting an error after only a few seconds of computing.tBequential testing strategies may also be helpful when
computing time is a concern, stopping the simulation e&dy iextreme result appears. Formal methods for sequential

testing are described, for example, in Armitagel. (1969).

Parallel (or distributed) computing environments can dase computation time: Because each replication is per-
formed independently of the others, multiple replicatioas be carried out simultaneously. When varying the simula-
tion conditions, choosing small data sample sizes can spmagutation; even complex models can often be fit fairly

quickly when sample sizes are small.

The number of replications performed also necessarily migpen the purpose for which the software is being de-
veloped. For commercial or public-use software (e.g., a pABedure), it may be desirable to perform hundreds of

replications.
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4.3 Proper Prior Distributions

The simulation studies presented here can only be appliBdytesian models. Moreover, these validation simulations
are technically only applicable for Bayesian models withigar (i.e., integrable) prior distributions, because thee”
parameter vecto®(®) must be repeatedly generated from its prior distributiomisTprovides strong incentive in
practice to use prior distributions that are proper, so thatresulting software can be tested in a systematic way.
Most distributions can be made arbitrarily diffuse whil#l semaining proper, so there is generally little argument
in favor of using improper prior distributions rather thaiffuse proper distributions. Proper prior distributions a
also required when using WinBUGS software to fit Bayesian efedIin addition, using a proper prior distribution

guarantees a proper posterior distribution.

Generating data from very diffuse prior distributions camstimes lead to overflow problems when fitting the models,
or, in the case of Metropolis-type algorithms that requinefiuning of jumping distributions, can make it difficult to
develop a single algorithm that will work relatively effioigy for all data sets generated from the model. As mentioned
previously, if software is tested with different values bé tfixed inputs to the hyperprior distribution, it is genbral
reasonable to conclude it will work for other values of thedbnputs as well. The fixed inputs used in the simulations
may then be chosen so that the prior distribution is lessigkff which can also speed the rate of convergence of the

model-fitting algorithm, and thereby speed the validatiomuation.

4.4 Related Methods

The software validation simulations presented here shoatdbe confused with model-checking strategies. The
simulations described in Section 2 only test that a pieceotifvare is producing the correct posterior distribution
implied by the assumed Bayesian model and the observedMatie! checking is another important area of research
and is discussed, for example, by Rubin (1984), Geletaal. (1996), Bayarri and Berger (1999), and Sinharay and
Stern (2003). The model checking methods of Box (1980) anddDal. (1998) are similar to our software checking
method and involve comparison of either the observed datéserved posterior distribution with the distribution of

the data or parameters implied by the model.
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Software checking techniques exist for non-Bayesian nusths well. For example, in a maximum likelihood analysis
one may calculate the derivative of the likelihood functairthe maximum likelihood estimate to confirm that it is
equal to zero; when maximum likelihood estimates are costpusing the EM algorithm (Dempstet al,, 1977),
one can check that the observed-data log-likelihood irsergat each iteration. Most frequentist confidence interval
are exact only asymptotically and therefore cannot beblgliased to test software with finite samples; however,
monitoring interval coverage could work for models thatlgifequentist confidence intervals that are exact in the

sense of Neyman (1934). We encourage principled softwdidati@n whenever possible.
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