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1 Hypothesis Testing

We are given data X ~ Py (X € X) from a model that is parametrized by 0 (e.g., say
X = (X1,...,X,) where X;’s are i.i.d. from a parametric family with parameter 6). We
consider a statistical problem involving 6 whose value is unknown but must lie in a certain

space ©. We consider the testing problem
Hy:0 €0 versus Hy:0€ 0y, (1)
where ©g N O = and Og U O, = O.

Here the hypothesis Hy is called the null hypothesis and H; is called the alternative hypoth-
esis. In hypothesis testing data are used to infer which of two competing hypotheses', Hy

or Hi, is correct. Hy is simple if ©g is a set with only one point; otherwise, Hy is composite.

Example 1.2. Suppose that X1,..., X, are i.i.d N(#,0?) where § € R is unknown, and
o > 0 is assumed known. Suppose that we want to test Hg : 0 = 0y versus Hi : 0 # 0.
Under the null hypothesis the X;’s are i.i.d N (6, 0%) and the sample mean X ~ N(6p, 02 /n).

Thus, a reasonable test can be to reject Hy if T := | X — pg| > ¢, for some “large” constant
c (as large deviations of the observed value of X from pg would lead us to suspect that the

null hypothesis might not be true).

But how large is large? We will discuss this soon...

A nonrandomized test of Hy versus Hy can be specified by a critical region S C X with the
convention that we accept Hy (or reject Hy) when X € S and accept Hy when X ¢ S. The
performance of this test is described by its power function [5(-), which gives the chance of

rejecting Hy as a function of 6 € ©:
B(0) :=Py(X € S5).

Ideally, we would want 3(6) = 0 for § € ©g and 3(f) = 1 for § € ©1, but in practice this is

generally impossible.

For technical reasons it is convenient to allow external randomization to “help” the re-

searcher decide between Hy and H;. Randomized tests are characterized by a test or

1

Definition 1.1 (One-sided and two-sided hypotheses). Let @ be a one-dimensional parameter.

e one-sided hypotheses
— Hy:0<6p,and Hy : 0 > 6, or
— Hp:0>00,and Hy : 0 < 0o
e two-sided hypotheses Hy : 0 = 6y, and H; : 0 # 0o.



critical function ¢ with range a subset of [0, 1], i.e., ¢ : X — [0,1]. Given X = z, ¢(x) is
the chance of rejecting Hy. The power function 3(-) still gives the chance of rejecting Hy,
and by smoothing,

B(0) = Py(Reject Hy) = Egy[Pg(Reject Hp|X)] = Eg[o(X)].
A nonrandomized test with critical region S can be viewed as a randomized test with ¢ = 1g.

Conversely, if ¢(x) is always 0 or 1, then the randomized test with critical function ¢ can

be considered a nonrandomized test with critical region S = {z € X' : ¢(z) = 1}.

Goals: We would like the power function §(#) to be low for values of § € O, and high for

0 € ©1. Hence, there is a need to strike an appropriate balance between the two goals of
low power in Bq and high power in ©1.

The most popular method for striking a balance between the two goals is to choose a number
a € (0,1) and require that

Bs(0) <, forall 6e€ Oy (2)

This o will usually be a small positive fraction (historically .05 or .01) and will be called the
level of significance or simply level. Then, among all tests that satisfy (2), the statistician

seeks a test whose power function is as high as can be obtained for 6 € ©1.

The size of a (randomized) test ¢ is defined as supycg, B5(0)-

1.1 Uniformly most powerful (UMP) tests

Definition 1.3. A test ¢* with level « is called uniformly most powerful (UMP) if
Eg[o*(X)] > Eg[p(X)], for all 6 € O,

for all ¢ with level at most «.

Uniformly most powerful tests for composite hypotheses generally only arise when the pa-

rameter of interest is univariate, § € © C R and the hypotheses are of the form Hy : 6 < 6

versus Hy : 0 > 6y, where 6 is a fixed constant?. In addition, the family of densities needs

to have an appropriate structure.

1.2 Simple versus simple testing

A hypothesis is called simple if it completely specifies the distribution of the data, so
H; : 6 € ©, is simple when ©; contains a single parameter value 8;. When both hypotheses,

2Minor variants are possible here: Hy could be 6 = 6y, 0 < 6,0 > 0y, etc.



Hy and H; are simple, the Neyman-Pearson lemma (Theorem 1.4) provides a complete
characterization of all reasonable tests. This result makes use of Lagrange multipliers, an

important idea in optimization theory of independent interest.

Theorem 1.4 (Neyman-Pearson (NP) lemma). Let Py, and Py, have densities py and p;
with respect to (w.r.t.) some dominating measure (recall that u = Py, + Py, always works).
Consider testing

Hy: 0 =6 Versus Hy:0=0,.

Let o € [0,1]. Then:

(i) There exists a constant k and a critical function ¢g of the form

bo(z) = 1 when pi(x) > kpo(x), 3)
0 when pi(z) < kpo(z)

such that
Eol¢o(X)] = e (4)
(ii) The test ¢p in (3) satisfying (4) is a most powerful level « test of Py, versus Py, .

(iii) If ¢ is a most powerful level « test of Py, versus Fp,, then it must be of the form (3)

a.e. (. It also satisfies (4) unless there is a test of size < a with power = 1.

1.3 Duality between testing and interval estimation
1.4 Generalized NP lemma

Theorem 1.5 (Generalized NP lemma). Let f1,..., f;+1 be real-valued, u-integrable func-
tions defined on a Euclidean space X. Suppose that for given constants ci, ..., ¢y there

exists a critical function ¢ satisfying

/(Zsfzdu_cZ’ iz]‘?"'7m' (5)
Let C be the class of critical functions ¢ for which (5) holds.

(i) Among all members of C there exists one that maximizes [ ¢ f,11dpu.

(ii) A sufficient condition for a member ¢y of C to maximize [ ¢ fp1dp (over C) is the

existence of constants k1, ..., k;, such that

bo(z) = 1 when fm+1($)>z%1kifi(q;)7 o
0 when finii(e) < 3L kifi(e).



(iii) If a member of C satisfies (6) with kq,...,ky, > 0, then it maximizes [ ¢fn1dp
among all critical functions satisfying [ ¢ fidu < ¢;, fori =1,...,m.
(iv) The set
M := {(/(ﬁfldu, NN / gbfmdu) : ¢ is a critical function}
is convex and closed. If (c1,...,¢p) is an interior point of M, then there exists

constants ki, ..., kn and a test ¢o satisfying (5) and (6). And a necessary condition

for a member of C to maximize [ ¢ fy+1dp is that (6) holds a.e. p.

Proof. We will only prove parts (ii) and (iii) here; for the proofs of the existence results

see Lehmann and Romano [8, Theorem 3.6.1].

Proof of (ii): Take ¢ € C. Note that [(¢o—@)(fm+1— 2 1y kifi)dp > 0 since the integrand
is > 0 (by the definition of ¢g). Hence,

JGo=0) otz ks [Go=0)fidu=0 = [ o0foriadi> [ 6fmdn

i=1

This completes the proof of (i).

Proof of (iii): Suppose that ¢g € C satisfies (6) with ki, ..., k,, > 0. Take a critical func-
tion ¢ such that [ ¢fidu < ¢;, fori =1,...,m. Asin (i), [(¢o—@)(frms1—Drry kifi)dpu >0,
and thus,

(Y0 = &) fmy1dp = ki(¢o — @) fidp =20 = G0 fmirdp = | ¢ fmtrdp,
/0 +1ap ;/ 0 K /0 +1,u/ +10M4

as Y ity ki [ ofidp = Y27 kicg and YO ki [ @ fidp < 30 kicy. O
Example 1.6. Suppose that X,..., X, are i.i.d. from the Cauchy location family py(z) =

%W, for z € R (let X = (X1,...,X,)). Consider testing Hy : § = 6y versus Hy : 0 >

6p3. Can we find a test ¢ of size a such that ¢ maximizes

L By(00) = 2 Eald(X =0y’ 7)

For any test ¢ the power is given by
56(6) = Eafo(X)] = [ oxIp(xiO)ix,

where p(x;60) is the joint density of the model. So, if the interchange of differentiation and

integration is justifiable?, then

54(0) = [ 6(x) oo O)x.

3Exercise 1 (HW1): Show that here a UMP test for testing Ho against H; does not exist when n = 1.
4Quite often, the dominated convergence theorem (DCT) can be used to justify the interchange.



Thus, by the generalized N-P lemma, a test of the form

1 when £p(x;60) > kp(x; o),

3]

po(x) =
0 when pp(x;60) < kp(x;6o).

maximizes 3)(fy) among all ¢ with Eg,¢(X) = a. This test is said to be locally most
powerful® of size o cf. Ferguson, Section 5.5, page 235. But

0 1 &
(Xi00) > kp(X;00) & —-logp(Xibo) >k < Su(fh) :=\/ﬁ;feo(xi)>kz’.

9
a0” 90

Here £5(z) = logpp(z) and fg,(z) = %E@(:L‘). Hence for the Cauchy family (with 6y = 0

without loss of generality), since 590 (z) = %, the locally most powerful test is given
by
1 when n~ /230, 11);2 > K,
H(X) = Tt (®)
0 when n=Y/2%°0 e < K.

where k' is such that Eg[¢(X)] = . Although an exact value of &’ above might be difficult

to obtain, we can easily approximate k' as follows.

Under Hy : 0 =6y = 0, with V; = 2X;/(1 + X?),

1
EoY; =0 and Varo(Y;) = 3

Hence, by the CLT, k' may be approximated by 27125, where P(Z > z,) = «a with
Z ~ N(0,1).

1.5 TUnbiased tests

We know that in Example 1.2 a uniformly most powerful (UMP) test cannot exist®. One
appealing constraint restricts attention to tests that are unbiased according to the following

definition.

5When a UMP test does not exist, one may restrict the class of tests to, say, the class of unbiased tests
(see Section 1.5), and then look for a UMP test in this smaller class. Alternatively, one may look for tests
that have maximum power against alternatives in a subset of ©;. The case when the subset of alternatives
is “close” to the null parameter values has received a good deal of attention, presumably because tests that
have good power for “local alternatives”, which are the hardest to detect, may also retain good power for

“nonlocal” alternatives.
5Note that for testing

Hy: 60 <6y versus Hyi:60> 0.

a UMP test exists, since the family has monotone likelihood ratio; see e.g., Lehmann and Romano [8, Section
3.4]. Exercise 2 (HW1): Find a level « test has better power (for some 6’s) than the usual two-sided z-test
based on X.



Definition 1.7 (Unbiased tests). A test ¢ for Hy : 0 € ©¢ versus H; : § € O with level «
is unbiased if its power B4(0) := Eg[¢(X)] satisfies

Bey(0) <, forall €O and Bs(0) > a for all 0 € O;.

If there is a UMP test ¢*, then it is automatically unbiased because By« (0) > B4(6), for all
0 € ©1, where ¢ is the degenerate test, which equals « regardless of the observed data.

Definition 1.8 (UMP unbiased test). A UMP unbiased (UMPU) level « test is a test ¢
for which

B (0) > By(6) for all 6 € Oy,

for all unbiased level « tests ¢.

Indeed, we will see that a UMP unbiased test exists for Example 1.2. The following result,

stated in the generality of a one-parameter exponential family, yields this desired result.

Theorem 1.9 (Application to one-parameter exponential family). Consider i.i.d. data
X1,..., X, from a one-parameter exponential family with density such that the joint density

of the data can be expressed as
p(x;0) = c(0) exp(0T(x))h(x), for x € X C R",
for 6 € © C R, w.r.t. a o-finite measure on X. For 6y € O, consider testing
Hy: 0 =6 versus Hy : 0 +# 0.
Then, for a € (0,1), the test ¢o with
EnlooTX)]=a  and  Eg[T(X)d0(T(X))] = aFg, [T(X)]

and given by
1 if T(x)<c or T(x)> ca,
Po(T(x) =qv if T(x)=c, (9)
0 if otherwise.

(for some 71,72 € [0,1] and ¢; < ¢2) is a UMPU level « for Hy versus Hj.

Furthermore, if T is symmetrically distributed about a under 6y, then Eq,[¢o(T(X))] = «,

ca = 2a — c¢1 and y; = 72 determine the constants.

Proof. We will restrict attention to tests of the form ¢(x) = (7'(x)) based on the sufficient
statistic 77, whose distribution is of the form pp(t) = c¢(#)e? (w.r.t. some o-finite measure

v); see e.g., Lehmann and Romano [8, Lemma 2.7.2].

"Note that if ¢(X) is any test then we can consider the test function ¢(T) = E[¢(X)|T], which is valid
test based on the the sufficient statistic T' (as the distribution of X|T" does not depend on ), and has the
exact same power function as ¢, i.e., Eg[¢(X)] = Eg[¢(T)] for all 6 € ©.



Since all power functions are continuous in the case of an exponential family®, it follows
that any unbiased test 1 satisfies o = By(6o) = Eg,[¢/(T')]. Further, 3y(-) has a minimum
at 90.

By Lehmann and Romano [8, Theorem 2.7.1], $y(-) is differentiable, and can be differenti-
ated under the integral sign. Hence

56) = 4 [ vitc®) (@t
— ST UT)] + BlTu(T)

= {-Eo[T1}Eg[v(T)] + Eo[T9)(T)]

since, with 1y = a, 0 = 8, (0) = a{c'(0)/c(0) + Eg[T]} (which implies that ¢/(6)/c(f) =
—Ey[T]). Thus,

0 = By (b0) = Eg,[T(T)] — aFg,[T7].
Thus any unbiased level « test ¥(7T) satisfies the two conditions:
Eg[p(T(X))] =a  and B [T(X))(T(X))] = aBe, [T(X)]. (10)
We will apply the generalized NP lemma to show that ¢ as given in (9) is UMPU.
Fix ¢ # 6 € © and consider maximizing Eg [¢)(T")] subject to the constraints in (10). By
the generalized NP lemma Theorem 1.5-(iv)?, there exist k1, ko such that
dol) 1 when ¢(0)e?t > ¢(89) (k1 + kat)e?!,
0 = ,
0 when ¢(0)et < c(0y)(ky + kot)efo?

1 when e >a; + aot, (1)
0 when e <a;+ ast,

maximizes Eg [1)(T')] subject to the constraints Eg,[¢)(T)] = o and Eg, [T9(T')] = aEg,[T].

But the region described in (11) is either one-sided or the complement of an interval. But
by Lehmann and Romano [8, Theorem 3.4.1] a one-sided test has a strictly monotone power

function violating 3y (fp) = 0. Thus,

1 when T <c¢ or T > co,
Yo(T) =

0 when 1l <T < ey

8Exercise 3 (HW1): Show this (Hint: Apply Lehmann and Romano [8, Theorem 2.7.1] with ¢ = 1 to find
that ¢(0) is continuous; then apply it again with ¢ denoting an arbitrary critical function).
9Here we show that the assumption in Theorem 1.5-(iv) holds. Let

M = {(Eo, [¢(T)], Eoy [T (T)]) : (T) is a critical function} .

Then M is convex and contains {(u,uEg,T) : 0 < u < 1}. Also M contains points («,v) with v > oEe, T}
since, by Lehmann and Romano [8, Problem 18 of Chapter 3], there exist tests (UMP one-sided ones) having
B'(60) > 0. Likewise M contains points (o, v) with v < aE,T. Hence (o, aEg,) is an interior point of M.

10



Since this test does not depend on 6’ # 6y, it is the UMP within the class of level «a tests
subject to (10). This test is unbiased, as is seen by comparing it with ¢(x) = . It is then
also UMP unbiased, since the class of tests satisfying (10) includes all unbiased tests. Hence
g is UMPU level a.

If T is distributed symmetrically about some point a under g, then any test ¢ symmetric
about a that satisfies Eg,[¢)(T)] = a will also satisfy

By [TY(T)] = Ego (T = a)p(T)] + alg, [)(T')] = 0 + aa = oy, [T],

automatically. O

1.6 UMPU tests in higher dimensions

Suppose that we have data X ~ Py where 6 € © (here O is a subset of the Euclidean space).
Consider testing
Hy:0 €0 Versus Hy:0 € 0,.

If the power function f4(-) of an unbiased level a test ¢ is continuous, then B4(0) < «
for 6 € O (the closure of ©p) and £4(0) > « for § € ©; (the closure of ©1). If we take
Op := Oy N O, the common boundary of Oy and ©1, then

Bs(0) = « for 0 € ©p. (12)
Test functions ¢ satisfying (12) are called similar on the boundary (SOB).

Lemma 1.10. Suppose that the distributions {FPy}gco are such that the power function
of every test is continuous. Suppose that ¢g is UMP among all tests satisfying (12) and is
level a. Then ¢q is a UMPU level « test.

Proof. The degenerate test that equals o regardless of the observed data is SOB level a.
Since ¢ has better power, B4,(0) > a, for all § € ©1. As ¢q is level a (i.e., By, (0) < a for
all § € Og) ¢g is unbiased.

Take a competing test ¢ which is level o and unbiased. Since its power function is continuous
it is SOB level a. Then By < 4, on ©1 because ¢g is uniformly most powerful among all
SOB tests. O

The tests we develop use conditioning to reduce to the univariate case. Part of why this

works is that the tests have the structure in the following definition.

Definition 1.11. Suppose that T is sufficient for the subfamily Pp := {Fy : § € ©p}. A

test ¢ function is said to have Neyman structure w.r.t. T if'?

Eg[o(X)|T =t] = a, for a.e.t (PT), V6 € Op. (13)

10A statement is said to hold a.e. P if it holds except on a set N with P(N) = 0 for all P € P.

11



where P7 := {P] : 6 € ©p} and P} is the distribution of T under 6.

Remark 1.1. If ¢ has Neyman structure w.r.t. T, then ¢ is SOB. This easily follows from
the fact that
Eg[¢(X)] = Eg [E[¢(X)|T]] =, VO € Op.

Lemma 1.12. If T is complete and sufficient for {FPy : § € ©p}, then every SOB test has

Neyman structure.

Proof. Let ¢ be a SOB level «a test and define (T") = E[¢(X)|T] (as T is sufficient, ¢ does
not dependent on § € Op). Now

Eo[p(T) — o] = Bg[E[6(X)|T]] — o = Bg[¢(X)] —a =0, V0 € Op,

and hence, by completeness ¢(T) — a = 0 a.e., for all §# € ©p. Hence ¢ has Neyman

structure w.r.t. T. O

Remark 1.2. Suppose that:

(i) All critical functions have continuous power functions. Note that this is always true

for exponential families.

(ii) T is complete sufficient for Pp = {Py : § € Op} (actually boundedly complete suffices;
see Lehmann and Romano [8, Theorem 4.3.2]). Lehmann and Romano [8, Theorem

4.3.1] allows us to check (ii) for exponential families.

Then all unbiased tests are SOB and all SOB tests have Neyman structure (by Lemmas 1.10
and 1.12). Thus if we can find a UMP Neyman structure test ¢9 and we can show that ¢g
is unbiased, then ¢y is UMPU.

Why is it easier to find UMP Neyman structure tests? Neyman structure tests are char-
acterized by having conditional probability of rejection equal to o on each surface T' = t.
But the distribution on each such surface is independent of 8 € O because T is sufficient
for Pp. Thus the problem has been reduced to testing a one parameter hypothesis for each
fixed value of ¢; and in many problems we can easily find the most powerful test of this

simple hypothesis (see e.g., Theorem 1.9).

1.6.1 Application to general exponential families

Suppose that X has distribution following an exponential family P = {Pp;}9,eco With
density

Pon(x) = ¢(0,7) exp h(z) (14)

k
oU () + Z niTi(x)
i1

12



w.r.t. a o-finite dominating measure p on some subset X', where 0 is univariate, n =
(m,...,mx) and T" = (T1,...,T}), and the parameter space © is convex, has dimension

k + 1 and contains an interior point 6.

Goal: Find a UMPU test for
Hy:6=6, Versus Hy:0+# 6. (15)
Idea: Consider the conditional distribution of U given T

We know that the conditional distribution of U given T form a one-parameter exponential
family with canonical parameter 6 (independent of 7)!!; see e.g., Lehmann and Romano 8,
Lemma 2.7.2]. Theorem 1.9 gives a UMPU conditional test of (15).

Theorem 1.14. If the exponential family (14) is of full rank'? and © is open, then ¢g
given by

1 if u<ec(t) or u>cat),
Go(u,t) = Q vi(t) if w=ct), (17)
0 if ci1(t) <u<eat).

with the ¢;’s and ~;’s determined by (for a.e. t)
Egy 50U, T)|T =t] = « and  Egy,[Udo(U,T)|T =t] = oy, ,[UIT =1t] (18)

is a UMPU test of (15).

Proof. We make the following observations:

(i) First note that the conditions on the exponential family ensure that the densities

{Payn}n form a full rank exponential family with 7" as a complete'® sufficient statistic.

(i) When T = t is given, U is the only remaining variable and the conditional distribution
of U given T' = t is an exponential family with the form (16) (note that this conditional

distribution does not depend on 7).

11

Lemma 1.13 (Lemma 2.7.2 of Lehmann and Romano (2005)). Let X be distributed according to the
exponential family (14). Then there exists a measure v, on R such that the conditional distribution of U

given T =t is an exponential family of the form
dPY1 (u) = Cu(0)e™ dvy (u), (16)
and hence in particular, is independent of 7.
12The exponential family (14) is said to be of full rank if the interior of © is not empty and the sufficient

statistics do not satisfy a linear constraint.
13In an exponential family of full rank, T" is complete.
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Claim 1: ¢ is level @ SOB (and unbiased).

From observation (ii), given T' = ¢, by Theorem 1.9, ¢ (as in (17)) is such that Eg, ,[¢o|T =
t] = a for all t, so by smoothing Eg, ,[¢0] = a (thus ¢g is level o SOB). Moreover, by
Theorem 1.9, Eg ,[¢0] > «, by comparing with the degenerate level a test.

Take a competing test ¢ which is level & and unbiased. As before, we will restrict attention
to tests of the form ¢(z) = ¢ (U(x), T(z)) based on the sufficient statistic (U(X),T(X)).

Claim 2: ¢ satisfies the two constraints:
Egyn[0|T] = o and Egyn (U (X)p(X)|T] = oy, ,[U(X)|T]. (19)

Since the power function of ¢ is continuous it is SOB level . Thus, by Lemma 1.12, ¢ has

Neyman structure, i.e., Eg, ,[¢|T = t] = a for a.e. t (by observation (i) above).
The derivative % Bg(0, 77)‘9:00 must be zero, and thus'*
Egon[U(X)p(X) — aU(X)] = 0.
Conditioning on T', we have
0 = Egpy [E[U(X)0(X) — aU(X)|T]]

and since T is complete for the family of distributions with # = 6, this implies that

EU(X)o(X) —aU(X)|T] =0 = Egyn[U(X)(X)|T] = aEg, (U (X)|T].

Claim 3: ¢ is UMP for testing (15) among all tests satisfying (19).
The power of a test ¢(X) = ¢(U(X),T(X)) against an alternative (6,7) is
Eou[(U,T)] = Eo,n o[y (U, T)[T]] -

As the conditional distribution of U given T' = ¢ does not depend on 7, one therefore maxi-
mizes the overall power by maximizing the power of the conditional test, Eq[o)(U, T)|T = t],

separately for each t.

"By (14), as & po.n(z) = exp [OU(m) + Zle T (m)] h(z) { Zc(0,n) + U(z)c(0,m)}, we have

00 = 5 [ e (@)dua)

_ d6,n)
= o Eg,,[¢(X)] + E[U(X)¢(X)]

= {-Eon[U(X)]}Eo,5[¢(X)] + Eo,n[U(X)(X)]
since, with 1o = «, 0 = By, (0,1) = a{c'(0,7)/c(0,1) + E¢,,[U(X)]} (which implies that ¢'(6,n)/c(0,n) =
—Eg,,[U(X)]). Thus,

0= o0, = Bayn[UCOS(0] = aoq U X))
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Using observation (ii), given T" = ¢, from the proof of Theorem 1.9 (see e.g., (10) and (11); a
consequence of the generalized NP lemma), ¢ (as in (17)) maximizes the conditional power

against any 6 # 6 subject to (19), and thus
Eolgo(U,T)|T] = Bo[y(U, T)IT] = Eoyloo(U,T)] = Eg (U, T)] = Egn[d(X)].

Thus ¢ is uniformly most powerful unbiased. O

1.6.2 The t¢-test

Suppose that Xi,..., X, is a random sample from N(u,0?). Let X = (X1,...,X,) and
consider testing
Hy:p <0 versus Hy:p>0.

Letting x = (x1,...,x,), the joint density of the data is

1 7 1 np?
Jan) exp EU(JU) - TﬂT(x) ~5p0 nlogo|,

with U(z) := Y1 2; and T(z) = 23 + ... + 22. This has form (14) with § = u/0? and

n = —1/(20?). Note that the hypotheses expressed using the canonical parameters are

Hy:0<0 versus Hy:0>0.

To proceed we need the conditional distribution of U given T' = ¢t when p = 0. As
U =1"X (here 1 denotes a column of 1s) and T = || X||?, we will study the distribution of
X|T.

Note that the family of normal distributions with ;. = 0 is an exponential family with com-
plete sufficient statistic 7'. Also, if we define Z = X/o, so that Zy,..., Z, are i.i.d. standard
normal, or Z ~ N(0,I,), then W = X/|| X|| = Z/||Z]| is ancillary. By Basu’s theorem, T'
and W are independent. Because | X|| = v/T, X = W+/T, and using independence between

T and W, for any measurable function h(-),

E[h(X)|T = t] = E[h(WV)|T = t] = E[R(WV1)].

5Exercise 4 (HW1): Show that in the general exponential family setting of Section 1.6.1, if we consider
testing
Hpy:0 <46 versus Hi:0 > 6,

a UMP unbiased test is given by

1 if w>e(t),
do(u,t) = q y(t) if u=c(t), (20)
0 if u<c(t).

with the ¢(-) and «(-) determined by (for a.e. t) Eg, ,[¢o (U, T)|T =t] = c.
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This shows that
X|T =t~ WL

The vector W is said to be uniformly distributed on the unit sphere'S.

Using the above, since U = 1T X,

Py p2[U > c(t)|T = t] = Py p2 [1TW > HC;)H‘T - t] —P [1TW > c(\/?] .

This equals « if we take ¢(t)//t = ¢, the upper a-th quantile for 171. Thus the uniformly

most powerful unbiased test rejects Hy if

U
— >q.

VT

Although it may not be apparent, this is equivalent to the usual test based on the t-statistic,

as

t

_ X _ U/\/n :\/n—lU/\/T: (U)
s/vn /(T =0U2/n)/(n—1) \/n—U2/T VvT)'
where X = U/n,s* = 330 (Xi = X)?/(n = 1) = [T = U?/n]/(n — 1), and g(v) = YA=23.

The function g(-) here is strictly increasing (on (—+/n,+/n)), and so

U
— >4 if and only if t > g(q).
T y 9(q)
When g = 0, t has the t-distribution on n — 1 degrees of freedom, and so level « is achieved
taking g(¢) = tan—1, the upper a-th quantile of this distribution. So our test then rejects
Hy when
t> ta,n—l- (21)

Example 1.15 (Two-sample t-test). Exercise 5 (HW1): Suppose that we have data X1, ..., X,
iid. N(ux,o?) and Yi,...,Y, iid. N(uy,0?), where py,puy and o? > 0 are unknown.
Find UMP unbiased test for testing the hypothesis

Hy:pux = py versus Hy:py > px.

This testing procedure naturally arises when comparing a treatment with a control to see

if the treatment has an effect.

SNote that if A is an arbitrary orthogonal matrix (i.e., AAT = I,,), then AZ ~ N(0, AAT) = N(0,I,,).
Also ||AZ|]? = (AZ)T(AZ) = ZTATAZ = Z"Z = ||Z||*>. Thus Z and AZ have the same length and

distribution. Then,
AZ  AZ  Z

== — = W
1zl 1Azl izl
So W and AW have the same distribution, which shows that the uniform distribution on the unit sphere
(in R™) is invariant under orthogonal transformations. In fact, this is the only probability distribution on

the unit sphere that is invariant under orthogonal transformations.
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Example 1.16 (Comparing two Poisson distributions). Exercise 6 (HW1): Suppose that
we have independent data X ~ Poisson(\) and Y ~ Poisson(u) where A, u > 0 are unknown.

It is natural to consider testing the hypothesis:
Hy:p<aX Versus Hy:p>al,

for some known a (e.g., a = 1). Using the framework of (14) (using the parameter of interest
0 = log(u/A)) find a UMP unbiased test for the above hypothesis. Describe the test and

how to compute the critical value.

Example 1.17 (Fisher’s exact test). Exercise 7 (HW1): Fisher’s exact test is a statistical

significance test used in the analysis of contingency tables!”.

Suppose that we have two
binary variables X and Y, each taking values 0 or 1. The goal is to test for the independence

between X and Y. Thus, if
pij =P(X =14,Y =), for 4,7 =0,1,
given ii.d. data {(X},Ys)}r_, from the model, the goal is to test
Ho :poo =popo  versus  Hi:pgo # po-po, (22)
where pg. = P(X = 0) and p.o = P(Y = 0). The joint density of the data is
P(Xi=21,...,.Xn=20, Y1 =uy1,..., Yn = uyn) = H}:OH}ZOp?j”,

where n;; = #{k : zx = i,yr = j}. If we take N;; = #{k : X} = i,Y, = j} then
N = (Noo, No1, N1o, N11) is a sufficient statistic. It is convenient to introduce new variables
U = Ny, T1 = Ngg + No1, and T5 = Ngg + Nig. There is a one-to-one relation between N
and variables T := (T1,T») and U and thus, the distribution of (U, Ty, T%) belongs to a full
rank exponential family. Let 6 = log (%). Using Theorem 1.14 find the UMP unbiased
test for testing (22) (which can be expressed as Hy : 6 = 0 versus Hy : 0 # 0). To describe
the test in a more explicit fashion, we need the conditional distribution of U given T' =t
when § = 0'®. Show that U given (1, T3) = (t1,t2) follows a hypergeometric distribution,

which arises in sampling theory.

1.6.3 Statistics independent of a sufficient statistic

A general expression for the UMP unbiased tests of the hypotheses Hy : 6§ = 6 in the expo-
nential family (14) was given in Theorem 1.14. However, this turns out to be inconvenient

in the applications to normal and certain other families of continuous distributions, with

171t is named after its inventor, Ronald Fisher, and is one of a class of exact tests, so called because the

significance of the deviation from a null hypothesis (e.g., p-value) can be calculated exactly.
18This distribution does not depend on 7.
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which we shall be concerned in the present chapter. In these applications, the tests can be
given a more convenient form, in which they no longer appear as conditional tests in terms
of U given T' = t, but are expressed unconditionally in terms of a single test statistic. This

is summarized in the following result.

Theorem 1.18. Suppose that the distribution of X is given by (14) and that V' = h(U,T)
is independent of 7" when 6 = 6. Then ¢* given by

1 if v<Cy or u> (s,
P*(v) = S p(t) if v=C; (23)
0 if Cqp<v<Cy.

with the C;’s and ~;’s determined by
Eoomlo*(V)]=a  and  Eg [Vo™ (V)] = aEg,[V] (24)
is UMP unbiased for testing Hy : 8 = 0y versus H; : 0 # 0y provided

h(u,t) = a(t)u + b(t) with a(t) > 0.

Proof. The test given in (17) is equivalent to (23) with constants C;’s and ;’s determined
by Eg, [¢0(V,t)|t] = @ and

Eg, |¢0(V. t)Va_(f)(t)“] — ofy, [Va—(tb)(t)“] |

which reduces to Eq, [V ¢o(V,t)[t] = aEg,[V[t]. Since V is independent of T for 6 = 6y, so

are the C;’s and v;’s as was to be proved. O

See Lehmann and Romano [8, Section 5.1] for the form of the UMP unbiased test when

testing for one-sided alternatives as in Section 1.6.2.

1.7 Permutation tests

In Example 1.15 we compared two distributions, assuming normality of each population. For
non-normal distributions however, the above method will not guarantee the level condition

(for small m and n).

In the following we study a method that would yield an exact level o unbiased test when
the two distributions have densities f(-) and f(- — A), for unknown f(-) and A. The joint
density of the data then has the form

pa(xy) = f(z1) - f(em)f(yr = A)--- flyn — A),  where feF (25)
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for x = (z1,...,2m) € R™ and y = (y1,...,yn) € R", and F can be taken to be the family

of all probability densities that are continuous a.e. We consider testing
Hy:A=0 versus Hy:A>0.

Unbiasedness of a test ¢(-) in this case implies that, for all f € F,

[ oty mix.yixdy = o (26)

where po(x,y) is defined as in (25) with A = 0. In the following result we provide an easily
verifiable equivalent condition for (26). Let N = m+n and let Z; = X; ifi = 1,...,m, and
Zi=Ypm iifi=m+1,...,N.

Theorem 1.19. If F is the family of all probability densities that are continuous a.e.,
then (26) holds for f € F iff

1
N Z o(Z) =« a.e., (27)
" 2/eS(z)

where S(z) is the set of points obtained by permuting the coordinates of z = (z1,...,2n) €

R in all N! possible ways.

Proof. Note that the set of order statistics T(Z) = (Z(1), - - -, Z(n)) is a complete sufficient
statistic for F (see e.g., Lehmann and Romano [8, Example 4.3.4]). Then, a necessary and

sufficient condition for (26) is (see e.g., the proof of Lemma 1.12)
E[¢(Z)|T(Z2)] = « a.e.

Note that S(z) = {z' : T(z") = T'(z)}. It follows that the conditional distribution of Z given
T(Z) = T(z) assigns probability 1/N! to each of the N! points of S(z), thereby completing
the proof. O

We shall now determine the test which, subject to (27), maximizes the power against a fixed
alternative (25) or more generally against an alternative with arbitrary fixed alternative h(-).

Thus, we want to test
Hy:Zy,...,Zy areiid. f versus Hy:(Z1,....,ZN) ~ k().

The power of a test ¢ is [ ¢(z)h(z)dz = Ej [Ex[¢(Z)|T]]. Since the conditional densities

under the composite null hypothesis and under the simple alternative h are

po(z[t) = I and pi(z[t) = = h(z)

-2 for ze S(t),
N! ves) M#)

the conditional power is Ep[¢(Z)[T" = t] = 3_,c g) ¢(2)p1(2[t), where t = (¢1,...,tx) such

that t1 < to < ... <ty. It is enough to maximize the conditional power for each t subject
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to the constraint (27). By the NP lemma, this is achieved by rejecting z € S(t) for large
pi(z|t)

values of ozl

. Thus the most powerful test is given by

1 if h(z) > c(T(2)),
do(z) =S~ if h(z) = ¢(T(z)), (28)
0 if h(z) <c(T(z)).

Given z such that T'(z) = t, to carry out the test, the N! points of the set S(t) are ordered
according to the values of the density h(-). The hypothesis is rejected for the k largest values
and with probability v for the (k 4 1)’st value, where k and ~ are defined by k + v = aN!
(assuming that the k, (k 4+ 1)’st and (k + 2)’nd largest values are distinct).

Consider now in particular the alternatives (25). The most powerful permutation test is
seen to depend on A and the f, and is therefore not UMP.

Example 1.20 (Permutation ¢-test (Exercise 8 (HW1))). Of special interest is the class of
normal alternatives with common variance, i.e., f = N(ux,0?) in (25). The most powerful
permutation test, which turns out to be independent of px,o?, and A9, is appropriate
when approximate normality is suspected but the assumption is not felt to be reliable. It
may then be desirable to control the size of the test at level « regardless of the form of
the densities f and to have the test unbiased against all alternatives (25). However, among
the class of tests satisfying these broad restrictions it is natural to make the selection so
as to maximize the power against the type of alternative one expects to encounter, that is,

against the normal alternatives, i.e.,

N
h(z) = (v 27702)_N exp [_%;{ Z(Zl - ,UX)2 + Z (z; — px — A)Q}] .

i=1 i=m+1
1.8 Exercises

9. Lehmann and Romano [8, Problem 3.55].
10. Lehmann and Romano [8, Problem 3.62].

11. Suppose X is a random variable with density
po(z) = 677(9)T(x)*A(9)h($)

w.r.t. some dominating o-finite measure y on X, and § € ©, where O is an interval

19Show this. Also, show that the rejection region in this case has the form of the t-test in which the
constant cutoff point tq,,—1 in (21) is replaced by a random one (under appropriate conditions it can be
shown (you do not have to show this) that the difference between the random and the constant cut-off is

small in an asymptotic sense). Further, show that this test is unbiased.
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12.

13.

14.

in R. Assume that 7 is C*> and 7'(8) > 0. Fix 6y € ©, and let
M= {(Egow(X),Egow(X)T(X)) ) X [0, 1]} C R2,
Show that for any « € (0,1), the point («, aEg,T'(X)) is an interior point in M.
Lehmann and Romano [8, Problem 5.5].
Lehmann and Romano [8, Problem 5.11].

Lehmann and Romano [8, Problem 5.15].
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2 Smooth parametric families

As seen in the last chapter, the finite sample theory of optimality for hypothesis testing
applied only to rather special parametric families, primarily exponential families (and group
families; see Lehmann and Romano [8, Chapter 6]). On the other hand, as we will see in this
chapter, asymptotic optimality will apply more generally to parametric families satisfying

smoothness conditions.

2.1 Local asymptotic normality and quadratic mean differentiability

Consider a parametric model {Py : § € ©}, where, throughout this section, © is assumed
to be an open subset of R¥ (k > 1). The probability measures Py are defined on some
measurable space X. We assume that each Py is absolutely continuous w.r.t. a o-finite

measure p, and set pg(z) = dPy(z)/du(x), for x € X.

We consider smooth parametric models. To motivate the smoothness condition given in
Definition 2.3 below, consider the case of n i.i.d. random variables X1,...,X,, and the
problem of testing a simple null hypothesis Hy : 8 = 6 against a simple alternative H; :
6 = 6, (possibly dependent on n). The MP test rejects when the loglikelihood ratio statistic

log[pn(01)/pn(60)]

is sufficiently large, where p,(0) := II" ;pg(X;) denotes the likelihood function. In the
following two examples we illustrate the behavior of the loglikelihood ratio for two “simple”

models.

Example 2.1 (Normal location model). Suppose that Py is N(6,0?), where o2 is known.
Then,

toglpn(61) /pn(B0)] = 5 1(61 — 60) X — 5 (6% — )] (29)

where X, := > | X;/n. By the weak law of large number (LLN), under Hy : 6§ = 6,
o Lo poy Lo o 1 2
(61 — 60) Xn — 5(91 —05) — (01— 060)60 — 5(91 —05) = —5(91 —00)7,

and so log[p, (1) /pn(00)] 2> —c0?.
A more useful result is obtained if 6, in (29) is replaced by 6 + hn~/? (local alternative);
here h € R is fixed. We then find,

hvn(X, —0y)  h? h?

—1/2
log[pn (B0 + hn™'/2) /pn(6o)] = S Ry R hz, — 252’ (30)

20Tt can also be shown that the power of the test (for testing Ho : 6 = 0o versus Hi : 0 = 61) will converge
to 1.
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where Z,, = /n(X, — 0y)/o* ~ N(0,1/0?). Notice that the expansion (30) is a linear
function of Z,, and a simple quadratic function of h, with the coefficient of h? nonrandom.
Furthermore, log[p, (6o + hn=1/2)/pa(6y)] is distributed as N(—h?/(202),h?/c?)?! under

Hy : 0 = 6 for every n*2.

Example 2.2 (One-parameter exponential family). Let Xi,..., X, bei.i.d. having density
po(z) = exp[0T(x) — A(9)] (for z € X) w.r.t. a o-finite measure p. Assume 6y lies in the
interior of the natural parameter space © C R. Then??, for a fixed h € R,

log[pn (60 + hn_l/Q)/pn(Ho)] =hZ, — h;A"(Go) + 0p(1), (31)

where, under Hy : 6 = 6,

Z, i=n" 2 i {T(Xi) — Eg, [T(Xz)]} N N(0, A”(6p)).
i=1

Thus, the loglikelihood ratio (31) behaves asymptotically like the loglikelihood ratio (30)
from a normal location model in Example 2.1 with 02 = [A”(6p)]~!. This is usually referred
to as local asymptotic normality**. As we will see, such approximations allow one to deduce
asymptotic optimality properties for the exponential model (or any model whose likelihood
ratios satisfy an appropriate generalization of (31)) from optimality properties of the simple

normal location model.

2.1.1 Local asymptotic normality: Heuristics

We would like to obtain an approximate result like (31) for more general families; in the
following we give a heuristic proof sketch. Let fg(x) = logpg(z) be “twice differentiable”
w.r.t. # € © C R*, and can be approximated by its second order Taylor series, i.e., for every
fixed z,

Lo (@) = Lo(w) + R lo(x) + ShTEp(@)h+ 0u((P).

Here | - | denotes the usual Euclidean norm and the subscript z in the remainder term is a

reminder of the fact that this term depends on x as well as on h (and on 6). Then, using

21The relationship that the mean is the negative of half the variance will play a key role in the sequel.

22Moreover, it can be shown that the power of the test will converge to a number strictly between 0 and
1 (depending on h).

2Recall that Eg, [T(X;)] = A’(60), and Varg, (T(X;)) = A”(6o), and by a Taylor expansion,

n[A(6o + hn~ %) — A(60)] = hn'/?2 A’ (60) + h;A”(eo) + o(1).

24The notion of local asymptotic normality was introduced by Le Cam.
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the above expansion,

n

log[p (6 + ha) /pa(@)] = 3 [log ppsn, (Xi) — log pa(Xy)]

=1

= hTZzg ) + hTZZg(Xi)hn+o(n|hn|2). (32)
=1
Note that ¢ is called the score function. For X ~ Py (and for ¢y satisfying regularity
conditions), we have
1. The score function has mean zero: Pyly = Ey [ég(X)] = 0%,

2. The mean curvature of the loglikelihood is the negative Fisher information: Pyly =
—Ig, where Ig = Pg[@f;—

Thus?6

So, if \/nhy, — h, then using (32),

log[pn(6 + hn) /pn(8)] = Zee S (V)T Sl (X) (Vi) + o(1)
1:1

D N(—ithgh, KT Ioh).

This behavior is known as local asymptotic normality (see Remark 2.2 below for a more

detailed explanation).

What conditions make the above argument rigorous? As we will now see that a weaker
condition than twice differentiability suffices; in fact, 6 — /pg(z) differentiable for most z

suffices.

2.1.2 Quadratic mean differentiable

Classical smoothness conditions on the function py(x) usually assume that, for fixed x, pg(x)

is differentiable in @ at y € © C R¥; i.e., for some function py(z),

T.
Poo+h () — poy () — b po(x) = o([h])
25We can justified this if we are allowed to interchanging the order of integration and differentiation in

the integral: [ £, (2)po, (z)du(z) = [ poo (x)du(x) = 50 9 ([ po(x)du(z)) = 0.
26Here ~» denotes weak convergence (i.e., convergence in distribution), and % indicates that the true data

distribution is Pj.
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as |h|] — 0. In addition, higher order differentiability is typically assumed with further
assumptions on the remainder terms (e.g., twice continuous differentiability of logpy(x)

w.r.t 6 along with a dominated second derivative).

In order to avoid such strong assumptions, it turns out to be useful to work with square
roots of densities. For fixed x, differentiability of pé/ 2(:1;) at @ = Oy requires the existence of

a function 7(x, 0p) such that
1/2 1/2
R(x,00,h) = py/%,(x) — pg (@) — hT(x,00) = o |hl).

To obtain a weaker, more generally applicable condition, we will not require R?(z, 0y, h) =
o(|h|?) for every x, but we will impose the condition that R?(-,0p,h) averaged w.r.t. u
is 0(\h|2). Let L?(u) denote the space of functions g : X — R such that HgH%2 =
f g°( ) < co. The convenience of working with square roots of densities is due to the
fact that pl/ ?(:) € L2(p) and, more importantly, it is an element with norm 1 (a fact first
exploited by Le Cam).

Definition 2.3 (Quadratic mean differentiable). The family P := {Py,0 € © C R*} is
quadratic mean differentiable (abbreviated QMD) at 6y if there exists a vector of real-
valued functions fg,(-) = (£gy.1(-); - - -, gy x(-)) T such that

1+ 2
[ [Vrnsnta) = o (@) = 5T o) | aute) =oti?) (33
as |h| — 0. Whenever (33) holds, we will call 44, as the score function.

In other words, if P satisfies QMD at 6y, then we have: If {6, } is a sequence converging to
0y then

0. () = 00 (2) + 50— 00) iy ()30, ) + 70, (2) (34)

for all x € X and n with

176, 1l 2
lim ————=\" .
nso0 16,, — 6] 0 (35)

It is natural to ask why does the term %hT&qo (x)\/Pa, (x) arise in (33)? Note that if pg(x)
is differentiable in 6 at y, then

» :%Vepe 2! Fvepeo
=0o V/Po 16=6o

From above it can be seen that, if smoothness conditions hold, é@o is indeed the usual score

1 1 .
Vov/Po = 5vPo Volo, = 3 VPao Lo,

function, i.e., fy, () = % logpg(x)‘g ,

=vo
Le Cam showed that, under QMD, classical asymptotic results in statistics (such as the
asymptotic normality of maximum likelihood estimators) can be proved without requiring

the density 6 — py(x) to be twice (or thrice) differentiable at 6y. One appears to get the
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benefit of the quadratic expansion without paying the twice-differentiability price usually

demanded by such a Taylor expansion.

Example 2.4 (Normal distribution). Suppose that Xi,..., X, are ii.d. N(0,1), where
6 € ©® = R. Show that this family is QMD. (Exercise 1 (HW2))

Example 2.5 (Double exponential). For the model py(z) = Je~1#7% (2,0 € R), differen-
tiability fails at the point # = x, but this model satisfies QMD as (33) holds. (Exercise 2
(HW2))

Example 2.6 (Uniform distribution). Suppose that Py = Uniform([0,6]), for § € © =
(0,00). This model is not QMD as (for 6y > 0)

1 2 2
/[\/pOO—&-h_\/pHo_2h£00\/p90:| dp > [ /Doo+h Meo\/peo] dp
00+ 2
= [ h lo, - O} dp

— o = Ol

Definition 2.7 (Fisher information). For the QMD family P with score function fy,,
we define the Fisher Information matrix to be the matrix Iy € R*¥*¥ with (i, ;) entry

fX 6907 6904( x)po, (z) dp(x). Thus,

toy = [ o/ g 5) ot = [ o) (@) ) ).

A standard fact about the classical score function is that its expectation w.r.t. the prob-
ability measure Py, equals zero. The classical proof for this involves interchanging the
order of differentiation w.r.t. § (see Section 2.1.1). The following lemma shows that the

QMD assumption implies this fact directly.

Lemma 2.8. Suppose P satisfies QMD at 6y with score function 590. Then

/ by ()P0 () da() = 0, (36)

and the Fisher information matrix Iy, exists and is well-defined.

Proof. For i = 1,...,k, we will first show that the ¢’th diagonal entry of the Fisher in-
formation matrix Iy, is finite, i.e., fﬁeol ), (x)du(z) < oo (for i = 1,...,k), which
will show that Iy, is well-defined. This follows from the fact that for any h € R taking
0, = 0o + hn~'/? in (34), we get

/ [ /2{\/p90+hn—1/2 \/peo } — %h—réeo (x)r\/Po, (:L‘)] i du(z) — 0,
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as n — oo. Take g, := 711/2(1 /Dog+hn-1/2 — /Do,) and g := lhTégo, /Do, We will show that
g € L*(u). We are given that [ (g, —g)*du — 0 as n — oo. Observe that {g, }»>1 is Cauchy

(as [(gn = gm)*dp = [[(gn — 9) = (gm — 9))*dn < 2 [(gn — 9)?*dp+ 2 [ (gm — 9)°dp — 0 as
m,n — oo). Hence, g, has a limit ¢ (say) in L?(u) (as L?(u) is a complete space). Hence

J(g—@)%du <2 [(g — gn)*dp+ [(gn — ¢)*dp — 0 as n — oo, and thus, [(g — ¢)*du = 0.
Therefore, g = ¢ in L?(u) and hence g belongs to L?(1).

By taking h to be the vector of zeros except for 1 in the ¢’th component shows that
fgeo i pf)o )d,u(x) < 0.

Let 6, be a sequence converging to 6y as n — oco. By the QMD representation, we can

write (34) with the remainder term g satisfying (35). Note then that

1 : 2
1= /Pendu = / (\/1390 + 5(9n — 60) " Lg,/Dag + T9n> dp.

We now expand the square in the right hand side above which will lead to six terms. One

of the terms equals [ pg,dp = 1 which cancels with the left hand side. We thus obtain
) 1 .
0 = 600" [ dogpuydn+2 [ Bmorn,dut 50— 00)1[ o5, 0] (6~ 0)

4 On =00 [ ogmra,du+ [ 15, d (37)

The first term in the right hand side above is clearly O(|6,, — 6y|) in absolute value. The
third term is O(|0, — 6p|?). The final term (by (35)) equals o(|0, — 6p|?). The remaining

two terms (second and fourth) can be controlled via the Cauchy-Schwarz inequality as

/,/p90|7“9 |du < 2\//p90d,u\//r dp = 21//r(§nd,u: 20(]0,, — 6ol)

by (35) and

‘(9n —60)" /éem/peorendﬁb’ < \/(9n — 00) 1oy (0 — 00)4 | /réndu = 0(|0 — 6o|?)

again by (35) (and using the fact that Iy, = fégoégopgodu). It is clear therefore that the
leading term on the right hand side in (37) is the first term. By dividing the equation (37)
through by |6,, — 6p| and letting n — oo, we deduce (36). O

Remark 2.1 (Why work with square-roots of densities?). The argument used in the proof
of Lemma 2.8 above leads to an interesting and important fact involving égo and the Fisher
information. Because fégopgod,u = 0, we can plug this into (37) to obtain (also using the
fact that the last two terms in (37) are o(|6, — 60|?)):

/\/pgo’l”gndu + - ((9 — 90) I@O(Gn — 90) + 0(|(9n — 90|2) =
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Thus, we obtain

1

2/\/1?907“9”61# = _Z(en —00) " In, (0 — 00) + 0(60, — 6o|?). (38)

This fact is crucial for establishing that QMD implies local asymptotic normality (see The-
orem 2.10 in Section 2.1.3). The interesting aspect about (38) is the following. The state-
ment (35) implies that ||rg,[[;2(,) = o(|6n — bo[). Therefore, if we use the Cauchy-Schwarz
inequality on the left hand side in (38), we obtain that the left hand side is o(|6,, — 6p]).
But the equality above implies that the right hand side is O(|6,, — 6p|?) which is a much
stronger conclusion that what can be derived from Cauchy-Schwarz inequality. Therefore
[ 76, \/Pa,dp is much smaller in comparison to the L?(u) norm of r, . Pollard [12] attributes
this phenomenon to the fact that the functions ,/ps, in L?(p) all have norm one (this is
clear from the above proof of (38)) and argues that this is the main reason behind the magic
of the QMD?7.

To establish QMD of specific models requires a convergence theorem for integrals. Usually
one proceeds by showing differentiability of the map 6 — py(z) for a.e. z plus p-equi-

integrability (e.g., domination). The following theorem takes care of many examples.

Theorem 2.9. Let © be an open subset of R¥. Assume that the map 6 — sy(z) = /py(x)
is a continuously differentiable function of 6 in some neighborhood of 6y, for p-a.e. z. If
the elements of the matrix Iy = [(pg/pe) (B, /Po)pe dp are well-defined and continuous at
6o, then the map 6 — /pg is QMD at 0y with 290 given by pa, /pa,-

Proof. We will prove this when © C R (i.e., k = 1).

By the chain rule, the map 6 — py(z) = s3(z) is differentiable in @ is some neighborhood
of Oy with gradient py = 2s¢9$g, for pu-a.e. x. Because sy is nonnegative, its gradient sy at
a point at which sy = 0 must be zero. Conclude that we can write $9 = %(pg/pg)\/p?,
where the quotient py/ps may be defined arbitrarily if py = 0. By assumption, the map
0 Ip =4 [(39)® dp is continuous.

Because the map 6 — sp(z) is continuously differentiable around 6y, the difference sg, 41 (x)—
s, (x) can be written as the integral h fol $0+un(x)du of its derivative. Integrating over all

x w.r.t. u, and using Cauchy-Schwarz’s inequality we have

2

2o [nant) = snean) = [ ([ snsantwan) duta
< [ [ Gnsanraviuta) = § [ gsanan

2TA part of this subsection and the next is taken from Adityanand Guntuboyina’s lecture notes (see
https://www.stat.berkeley.edu/~aditya/resources/FullNotes210BSpring2018.pdf), which in turn is
taken from Pollard [12].
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where the last equality follows by Fubini’s theorem and the definition of Iy. For h — 0 the
right side converges to Iy by the continuity of the map € — Iy in a neighborhood of 6.

We will now use the following result: Suppose that f, and f are arbitrary measurable
functions such that f, — f p-a.e. (for some measure p) and limsup [ |f,[2dp < [ |f|*du <
oo. Then [ |f, — f|?du — 0 (see van der Vaart [15, Proposition 2.29]). This is known as

Vitali’s theorem.

Now consider a sequence {hy,}n>1 C R such that h, — 0. Let f,, := (sg,+n, — S6,)/hn and
f=$g, = égo, /Po,- By the differentiability of the map 6 — sg at 0 = 6y, fn(x) — f(z) for
u-a.e. x. Thus, by an application of Vitali’s theorem yields,

/ |:390+hn (a:}zn— 500 () b (2o, (x)]zdu(x) Y

thereby completing the proof. O

2.1.3 Local asymptotic normality

Theorem 2.10. Suppose that P = {Py : § € © C R*}, where © is an open set, satisfies
QMD at 6y € © with score function [590 and Fisher information matrix Ig,. Then for every
fixed h € R*, we have

1 P,

E logpemL}m(l/2 E lo, (X ihTIQOh %0  asn— o
Poo (X

i=1

Equivalently, the conclusion of the above theorem can be written
Zl p00+hn—1/2
Peo

We say that P satisfies the local asymptotic normality (LAN) property at 6y if the above
holds for every h € R¥. To see this, note first that, by the CLT, we have

(X;) 1T
Zﬁgo §h Igsh +op, (1) as n — 00. (39)

1 &~
= Z 690 (XZ -7
v i=1
where Z ~ N(0, Iy,). Therefore, as a consequence of (39), we obtain that for every h € R¥,
—12(X; 1 1
Zl p90+hn 1/2( ) d hTZ_hTIGOhiN<_hTL90h’hTIQOh) .
oo (Xi) 2 2

Remark 2.2 (Why is this called local asymptotic normality?). Now consider the estimation
problem where we have one observation Y whose density belongs to the family {Q), : h € RF}
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were Qy, has the density ¢, which is the density of the normal distribution with mean h and

variance Iy ! (which we assume exist here). It is easy to see then that

Qh(}) T 1.+ _1
1 ~h' IopY —=h Iy h under Y ~ N(0,1, 7).
0og QO(Y) 6o B 0o er ( > 90)

Therefore (39) effectively says that the likelihood ratios of { Py, 6 € ©} (which can be arbi-
trary as long as P satisfies QMD) behave like the likelihood ratios of a normal experiment
{Qp : h € R*} where Q; = N(h, 19_01). Hence asymptotically around 6y at the scale n=1/2,
the original statistical problem P becomes a normal mean estimation problem. This is why
(39) is referred to as LAN.

We shall now prove Theorem 2.10.

Proof of Theorem 2.10. All expectations and probabilities in this proof are w.r.t. the prob-
ability measure FPp,. Write

. Pogt-hn-1/2(Xi) “ Do+ hn-1/2(Xi) =
Lp:=) log—T"—— - =2 logy/| " ——"=2) log(1+ W,
; Po, (Xi) Zz; o, (X5) Zz; ( )

Wi = Poyin-v/2(Xi) )

Do, (Xl)

where

We will use the fact that

v

log(1+y) =y — 5

1
+ ~y*B(y) where lim S(y) =0
2 y—0

or equivalently, 3(y) = o(1) as y — 0. This gives
i=1 i=1 i=1

Using the QMD representation (34), we can write

e VPO~ VD i (00) | a5 Wl (0
Po, (Xi) 2y/n po, (X7) 2/n

where
_ Toothn—1/2 (Xi)

Rni
Doy (XZ)
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We thus get

hT lgo (X " ([ hT iy,
L, = Zz\/lﬁe +2ZRM—Z< 2‘1} +Rm> Z

=1

hT Zz 1 60 T 1 S
= o 0 —|— QZ R,.i—h . Zego 590 h
hT e X;) -
R I S RS W ) ()
=1

Observe now that by QMD, we know the following about the random variables R,;:

T2 ~1/2 Xi ?
eo—l—hn/()] B Hr@o—i—hn—l/Q(')Hiz(H) =0 (V:J) - 0<TL—1)_ (42)

Eg, [R%;] = E
90[ ] pGO(Xz)

0

This gives that Eg, [0, R%,] = o(1) and hence 37 R2, 5 0 (by Markov’s inequality).
Also, by the Cauchy-Schwarz inequality, we have

n

1
< | Tl (X ZR LTIy h VO =0 (43)

=1

h' Z?:l éGo (XZ)Rm
n

where we have used the weak law of large numbers. We thus have

n

L= Zl\/lf"o 2ZRm —hT o : [Z loy (Xi) gy (Xi) T | B+ Z Wai) + o, (1).
We shall prove later that
Z Whi) = op,, (1), (44)
so that we have
L, = h ZZ\};@(’ +22Rm - hT ! [izeo )y (Xi)T| h+0p, (1).

The third term in the right hand side above clearly converges to —hngo h/4 in probability
(by the WLLN) so to complete the proof of Theorem 2.10, we only need to show that

1
2> Rp —ZhTI(HO)h. (45)

For this, write

2) Rni =2 Eg[Rni] +2> (Rni — Egy[Ruil).
=1 i=1 =1
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E<2§:(Rm‘—ﬂ390 m) —4ZVar i <4ZE90 o(1),

we get

2) Rpi=2) Eg[Rul+op, (1)  asn— oc. (46)

Note that

Tog-+hn-1/2(X1)

2 Eg, Ryl = 2nEg | Rp1| = 2nE
; 0o [ L2ni] 0o [F2n1] 0o R

] = 2n/7"90+hn_1/2,/p90du.
We shall now use the fact (38) which gives
LT -1
2 T00+hn—1/2 VPoodp = _Eh Igoh +o(n™")
so that
- 1
2 Egy[Rui) = —ZhTIgOh +o(1).

Combining with (46), we obtain (45). To finish the proof of Theorem 2.10, we only need to
verify (44). This is mainly a consequence of B(y) = o(1) as y — 0. Indeed,

> WaiB(Wai)| = max [B(Whi IZ
=1

From the definition of Wy, in (40) (coupled with the expansion in (41) and (43) and the
fact that 3.7, R2, 5 0), it follows that S0, W2, B LaT Iy h. So, it suffices to show that

1n<aa<x |1B(Whi)| L) (under Py, ), which follows if we can show that (as limy_ 3(y) = 0)

122, Wi 50,

Using (40) it turns out that it is enough to show that

hTé@o (XZ)
max |————-
1<i<n vn

= OPHO (1) and lmza)% ’an‘ — 0P90 (1) . (47)

We shall complete the proof now by proving the assertions in (47). For the first assertion
hT lgy(X1)

n (47), write (for a fixed € > 0),
T (X, n T (X,

Py, <1I£1§1J<X M >e> SZP%( >e> :nIP’90< i >e>

hTdg, (X1) ‘ N 6}]

\/ﬁ i=1
(T o ()| 0

1
< <E
< 2l
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which converges to zero as n — oo by the dominated convergence theorem. For the second

assertion in (47), write

P <112ax |Ryi| > e> <nP(|Rp1| >€) < %E@O[R?Ll] — 0,

by (42). This completes the proof. O

2.2 Contiguity

The notion of contiguity is developed primarily as a technique for calculating the limiting
distribution of a test statistic or power of a test function under an alternative sequence,

especially when the limiting distribution under the null hypothesis is easy to obtain.

Contiguity is an “asymptotic” form of a probability measure @) being absolutely continuous
w.r.t. another probability measure P. In order to motivate the concept, suppose P and @
are two probability measures on some measurable space (X, C). Assume that Q is absolutely
continuous w.r.t. P. This means that £ € C and P(E) = 0 implies Q(E) = 0.

Suppose T' = T'(X) is a random vector from X to R*, such as an estimator, test statistic,
or test function. How can one compute the distribution of 7" under @ if you know how
to compute probabilities or expectations under P? Specifically, suppose it is required to
compute Eq[f(T)], where f is some measurable function from R* to R. Let p and q denote
the densities of P and () w.r.t. a common dominating measure . Then, assuming @ is

absolutely continuous w.r.t. P, for any measurable f,

Eolf(T(X))] = /X (T () / f(T q(— p(x)dp(z) = Ep[f(T(X))L(X)],

/-\

; Hence, the distribution
of (T(X),L(X)) under P is

where L(X) is the usual likelihood ratio statistic, i.e., L(z) =
of T(X) under @ can be computed if the joint distribution

>—h/\

known.

Contiguity is an asymptotic version of absolute continuity that permits an analogous asymp-
totic statement. Consider sequences of pairs of probabilities { P,,, Q. }, where P, and Q,, are
probabilities on some measurable space (X,,,C,). Let T}, : A, — R* be some random vector.
Suppose the asymptotic distribution of T}, under P, is easily obtained, but the behavior of
T, under @), is also required. For example, if T}, represents a test function for testing P,
versus (0, the power of T}, is the expectation of T;, under @Q,,. Contiguity provides a means

of performing the required calculation. An example may help fix ideas.

Example 2.11 (Wilcoxon signed-rank statistic). Let Xi,..., X, be ii.d. real-valued ran-
dom variables with unknown common density f(- — ), where f(-) is assumed symmetric

about zero and 6 € R in unknown. The problem is to test the null hypothesis Hy : § = 0
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against the alternative hypothesis Hy : 6 > 0. Consider the Wilcoxon signed rank statistic
defined by:

Wy = Wo(X1,..., X —n_?’/QZR sign(X. (48)

where sign(X;) is 1 if X; > 0 and is —1 otherwise, and R;fn is the rank of |X;| among
| X1],...,|Xn|. We would reject Hy when W, is “large”. Under the null hypothesis, the
behavior of W, is fairly easy to obtain. If § = 0, the variables sign(X;) are i.i.d., each
1 or —1 with probability 1/2, and are independent of the variables R:n%. In fact, the
exact distribution of W, is the same for all distributions with densities symmetric about O.
Thus, W, is finite sample distribution-free. Thus, for finite n, critical values for W,, can be

obtained exactly.

We can also study the asymptotic distribution of W,, under Hy, if we want to avoid sim-
ulations to find the critical value of the test. It is easy to see that Eg_q(WW,) = 0. Define
I, to be 1 if the k’th largest | X;| corresponds to a positive observation and —1 otherwise.

Then, we have

1 tL 1 — Lnn+1)@2n+1) 1
Vare:o(Wn)ZﬁVar (ijk> :EZI{?:E ( 23( _>§’

as n — oo. Not surprisingly, W, LN N(0,1/3)%°

Thus, W, is asymptotically normal with mean 0 and variance 1/3, and this is true whenever

the underlying distribution has a symmetric density about 0. Hence, the test that rejects
z1

the null hypothesis if W,, exceeds Jga has limiting level 1 — o (here z1_, is the 1 — «

quantile of the standard normal distribution).

Suppose now that we want to approximate the power of this test. The above argument does
not generalize to even close alternatives since it heavily uses the fact that the variables are
symmetric about zero. Contiguity provides a fairly simple means of attacking this problem,

and we will reconsider this example later.

Definition 2.12 (Contiguity). Let P, and @), be probability distributions on (X,,,Cy,), for
n=1,2,.... We say that {@Q,} is contiguous w.r.t. {P,}, written @, < P,, if P,,(A,) — 0

*Exercise 3 (HW2): Find the joint distribution of (sign(X1),.. .,sign(Xn),an7 ..., Rt ) and deduce
the independence between (sign(X1),...,sign(X,)) and (Rf,,,..., R} ,) (when 6 = 0).
29To see why, note that we can show that (Exercise 4 (HW?2): Show this.)

L&
- % ; Uisign(Xi) = o0p(1),
where U; = G(|X;|) and G is the c.d.f. of | X;|. Under the null hypothesis, U; and sign(X;) are independent.

Moreover, the random variables U;sign(X;) are i.i.d., and so the CLT is applicable (see Lehmann and Romano
[8, Problem 12.19]).
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implies Qn,(A4,) — 0 (as n — oo0) for every sequence of sets {A, },>1 with A,, € C,%C.

If {Qn} is contiguous to {P,}, and {P,} is contiguous to {Q,}, then we say the sequences
{P,} and {Q,} are mutually contiguous, or just contiguous (and write Q,, < >P,).

Example 2.13 (Normal location families). Suppose that P, = N(0,1) and @y, = N(0,,1)
with 6,, — 6 € R. Then, by using Theorem 2.15 (see below), we can show that @, < >P,.
Suppose now we assume that ¢,, — oo. Then taking A, = [0, — 1,6, + 1] shows that we
do not have @, < P,,. But notice that, regardless of the values of 6,, @, is absolutely

continuous w.r.t. P, (i.e., @, < P,) for all n.

Example 2.14 (Uniform location families). Suppose that P,, = Uniform([0,1]), and P, =
Uniform([0, 8,]) where 6,, > 1, and 6,, — 1 as n — oo. Then, using Theorem 2.15, we can
show that @),, <t P,. But notice that @,, is not absolutely continuous w.r.t. P,.

We now would like a useful means of determining whether or not @, is contiguous to P,.
Suppose P, and @, have densities p, and g, w.r.t. a dominating measure u,. For x € A,
define the likelihood ratio of Q),, w.r.t. P, by

1) i, (2) > 0

pn(x)
Lp(z) = 400 if pu(z) =0 < gu(2) (49)
1 if pn(x) =gn(z) =0.

Note that L,, is regarded as an extended random variable, which means it is allowed to take
on the value +oo, at least under Q),,. Of course, under P,,, L,, is finite with probability one.
Observe that

Ep,[Ln] = /X Lo (2)pn () dpn(z) = / qn(x) dpn(z) = Qu({z : pn(x) > 0}) <1

{z€Xn pn(x)>0}

with equality if and only if Q,, is absolutely continuous with respect to P,3!. Thus, the
sequence of likelihood ratios L,, is uniformly tight3? under P, (this follows immediately
from an application of Markov’s inequality). By Prohorov’s theorem?3, every subsequence
has a further weakly converging subsequence. The next lemma (also known as Le Cam’s

first lemma) shows that the limit characterize contiguity*.

30Compare this with absolute continuity of Q w.r.t. P (for probability distributions P and Q on (X,(C))
which means that £ € C and P(E) = 0 implies Q(E) = 0.

31Exercise 5 (HW2): Show this.

32Recall that a sequence of random variables {Yy },>1 is uniformly tight or just tight (i.e., Yn = Op(1)) if

given any € > 0, 3M > 0 such that P(|Y,| > M) < e for all n > 1.
33Prohorov’s theorem Lehmann and Romano [8, Theorem 11.2.15]: Suppose that {Y,},>1 is uniformly

tight. Then 3 a subsequence {n;};>: and a distribution G such that X, 4 G
34These are analogous to the characterizations we have for absolute continuity; see e.g., van der Vaart [15,

Lemma 6.2].
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Theorem 2.15 (Le Cam’s first lemma). Suppose that {P,},>1 and {@Qn}n>1 are sequences
of probability distributions on {(X,,Cp)}n>1 and let L,, be defined as in (49). Suppose
L, Dy (i.e., the distribution of L,, under P,, converges weakly to V). If E[V] =1 then @,

is contiguous w.r.t. P,.

Proof. Let G, be the c.d.f. of L, (under P,) and G be the c.d.f. of V. Suppose that
P,(E,) = a, — 0. Let ¢, be a most powerful level «,, test of P, versus @Q,. By the

Neyman-Pearson Lemma, the test is of the form

1 if L, > k,,
0 if L, <ky,

d)n:

for some k,, chosen so the test is level a,,. Since ¢, is at least as powerful as the test that

has rejection region F,,,
Qu(En) < [ 0ndQ, (50)
so it suffices to show the right side tends to zero. Now, for any y < oo,

[ éudan = /L _ ondQu /L o

< / G LndPy + / iQn < vy / GnudPy +1— / 40,
Lngy Ln>y LnSy

y
=ya, +1— / L,dP, = ya,+1-— / xdGp(z).
Ln<y 0

IN

Fix any € > 0 and take y to be a continuity point of G with [ 2dG(x) > 1 — €/2, which
is possible since G has mean 1. As G,, converges weakly to G, [ zdGy(x) — [} 2dG(x)*.
Thus, for sufficiently large n, 1 — foy xdGp(z) < €/2, and ya,, < €/2. Now, it follows that,
for sufficiently large n, [ ¢,dQ, < €, which by (50) yields the desired result. O

The following result summarizes some equivalent characterizations of contiguity. The nota-
tion L£(T'|P) refers to the distribution (or law) of a random variable 7" under P.

Theorem 2.16. The following are equivalent characterizations of {Q,} being contiguous
to {P,}.

(i) For every sequence of real-valued random variables 7,, such that 7,, — 0 in P,-
probability, it also follows that T;, — 0 in @Q,,-probability.

35To see why, construct L, ~ G, and L ~ G such that L, %5 L (by the almost sure representation
theorem) and then apply the DCT to Enl[o’y] (Ln) to conclude that

Ep, [Ln1jo,)(Ln)] = E[Lnljoy)(Ln)] = E[L1j0,4(L)] = /Oy 2dGr ().
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(ii) For every sequence T}, such that £(7,|P,) is tight, it also follows that L£(71,|Q) is
tight.

(iii) If G is any limit point® of £(L,|P,), then G has mean 1.
Proof. See Lehmann and Romano [8, Theorem 12.3.2]. O

As will be seen in many important examples, loglikelihood ratios are typically asymptotically

normally distributed, and the following corollary is useful.

Corollary 2.17 (Implication in LAN37). Suppose that P, and Q,, are probability measures
on arbitrary measurable spaces such that log L, & N (u,0%). Then Q,, and P, are mutually
contiguous if and only if p = —o?2/2.

Proof. To show Q,, < P, let us apply Theorem 2.16-(iii). Let e ~ G where Z ~ N(u,0?).
Note that
/de(az) =E[e?] = 21 & o= —a?/2.

Thus, Q,, < P, if and only if y = —02/2.

Exercise 6 (HW2): Now show that P, < Qp. O

The following theorem solves the problem of obtaining a @Q,-limit law from a P,-limit law

that we posed at the start of this subsection.

Corollary 2.18 (Le Cam’s third lemma). Assume that, (7},,log Ly,) v (T, Z), where (T, Z)
is bivariate normal with E(T') = uy, Var(T) = o3, E(Z) = pg, Var(Z) = o3 and Cov(T, Z) =
o1,2. Assume that po = —0%/2, so that @, is contiguous to P,. Then,

Qn
Tn ~ N(,ul —1—0'172,0%).

Proof. See Lehmann and Romano [8, Corollary 12.3.2]. O

Example 2.19 (Asymptotically linear statistic). Let {Py : § € O}, with © C RF an
open set, be QMD with corresponding densities pg(-). By Corollary 2.17, in conjunction
with Theorem 2.10, shows that Péz hn1/2 and Py are mutually contiguous. In fa,ct,A the
expansion (39) shows a lot more. For example, suppose an estimator (sequence) 6, is

asymptotically linear in the following sense: under 6y,

Vil = 00) = <= 3t (X;) + o1 (1), (51)
=1

363 is a limit point of a sequence G, of distributions if G, ; converges in distribution to G for some

subsequence n;.
3"Recall that LAN for smooth parametric models implies that the loglikelihood ratio of local alternative

to true parameter is asymptotically normal.
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where Eg, [15,(X1)] = 0 and 72 := Varg, (5,(X1)) < oo. Thus, under 6,
(0, — 00) 5 N (0, 72). (52)
Then, the joint behavior of 0,, with the loglikelihood ratio satisfies

Vb —60)] [ nTVEE 4y (X
! logL, | [n—l/Qhszlégo(Xi) +opy (1), (53)

[—;thgoh

H?:1p60+hn71/2 (Xz)
17 pag (Xi)
normal distribution with covariance

where L,, = . By the bivariate CLT, this converges under 6y to a bivariate

012 = COV90 (¢90 (X1)7 hTé@o (Xl)) (54)

Hence, under Pyl |, ., Vn(0,, — 0) converges in distribution to N(o1,2,72), by Corol-

lary 2.18. It follows that, under ngﬁhn,l/g,

Vil — (00 + hn 2] % N(org — h, 72).

Example 2.20 (Back to Example 2.11). Recall the Wilcoxon signed-rank statistic W),
given by (48). Assume the underlying model is a location model f(- — 6), where f(-) is

assumed symmetric and unimodal®® about zero. Assume f'(x) exists for Lebesgue almost

all x and T
x
0<I= / dr < oo.
f(z)
This model is QMD?? and (39) holds with fo(z) = — J}/((gf)). Under the null hypothesis 6 = 0,

W, LS N(0,1/3). Under the sequence of alternatives 6,, = hn=Y2 W, 4 N(o1,2,1/3),
where o1 2 is given by (54) with 6y = 0. In this case,

01,2 = Covy (Usign(X), —h?;}i{;) ,

where U = G(|X|) and G is the c.d.f. of | X| when X has density f(-). So, G(z) = 2F(x)—1,
where F is the c.d.f. of X. By an integration by parts?,

];(())(())] —on /Z fla)de.

015 = —hEs [Gustignm

Thus, under 6,, = hn~1/2,

W, % N <2h /oo Fz)dw, ;) .

38In statistics, a unimodal probability density is a probability density which has a single peak. Thus, here

f is nonincreasing on either side of 0, as f is symmetric about 0.
39Exercise 7 (HW2): Show this.
“OFxercise 8 (HW2): Show this.
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Example 2.21 (Power of the Neyman-Pearson test). Assume {Fy : 0§ € O} is QMD at
6, where © is an open subset of R* and Iy, is nonsingular. Let pg be the corresponding

density of Py. Consider testing Hp : 6 = 0y versus H; : 6 = 0y + hn~/2 using the likelihood
. . _ H?:lpgo_'_hn—l/Q (XZ)
ratio statistic Ly (h) = T o (X0)

by Theorem 2.10, under Pgé ,

based on n i.i.d. observations Xi,...,X,. Then,

2
log Ly, (h) a4 N (—02}’,0%) ,

where O'}QL = hTIQOh.

n
Then, under P90+hn_1/2,

with T}, = log L,,(h). Hence, the test that rejects when log L,,(h) exceeds (—1/2)07 + zq0p
is asymptotically level « for testing Hy : 0 = 6 versus Hy : 0 = 0y + hn~'/2, where z,

log Ly, (h) is asymptotically N(o?/2,0%), by applying Corollary 2.18

denotes the 1 — a quantile of N(0,1). Then, the limiting power of this test sequence is
1—®(zq — op).

2.3 Likelihood methods in parametric models

The above techniques will now be applied to classes of tests based on the likelihood function,
namely the Wald, Rao, and likelihood ratio tests. This subsection is based on Lehmann and
Romano [8, Chapter 12.4]; please read this book chapter carefully. I will only summarize
some of main points below. Suppose that X1, ..., X, are i.i.d. Py, taking values in X where
{Py: 60 € © C RF} is a parametric family.

Theorem 2.22 (Asymptotic normality of the MLE). Suppose that:
(i) {Pp: 0 € © C R*} is QMD at 6y with nonsingular Fisher information matrix Iy, .
(ii) Let Xy,..., X, are iid. Py,, taking values in X.

(iii) Suppose further that there exists a measurable function M : X — R with Eg, [M?(X)] <

oo such that, for ever 61 and 2 in a neighborhood of 6y, we have

‘ log pe, (z) — log pe, (3:)‘ < M(z)|0; — 02].

(iv) Moreover, suppose that the MLE 6, is consistent for estimating 6.

Then,
Vil ) = I;) = > () + o) (55)

As a consequence, we have v/n(6, — 6p) 4 Ni(0, IH_Ol).
Proof. We will give a complete proof of this after we study the theory of M-estimation. [
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2.3.1 Wald test

Given data X1,..., X, are i.i.d. Py suppose that we wish to test the hypothesis
Hy:9(0)=0 versus Hy:g(0) >0,

where g : © — R is assumed differentiable with gradient vector ¢(-) (of dimension k x 1).
It is natural to test the above hypothesis with the test that rejects Hy when

Vng(0n) > n o (56)

where ¢, o is the critical value such that the test has (approximate) level a € (0, 1).

Question: How do we find ¢, 7 The following result helps us in that direction.

Theorem 2.23. Assume the setting of Theorem 2.22 with conditions (i)-(ii) holding. Sup-
pose that 6, is an estimator of # for which the expansion (55) holds when 6 = 6. Let
0, := 0 + hn~/2. Then (under P,

. Py . Py
Vi, = 0,) <3 Np(0,I,))) & v/n(0n — 00) ~* Ni(h, I,
Furthermore, if g : ® — R is a differentiable with nonzero gradient ¢(6y) (of dimension

k x 1), then under Py ,

n

\/ﬁ(g(én) —9(6n)) 4 N(O, 030),
where
o, = (00) " 1o 9(6o).

Proof. A complete proof was given in class; see Lehmann and Romano [8, Theorem 12.4.1]

and its proof. O

Now, coming back to the test in (56), and assuming that ¢(¢) and Iy are continuous around

6 = 6y, the asymptotic variance of g(#,,) can be consistently estimated by
o7 = 9(0n) " 13 9(00).

Hence, we can take ¢, o in (56) to be 6,24, where z, is the upper a quantile of the standard

normal distribution.

Exercise 9 (HW2): Find the power of the test in under the alternative 6,, = 6y + hn=1/2,

Also, how do we use the above strategy to construct a 1 — « confidence set for g(6).

Consider now the general problem of testing

Hy:6=6, VErsus Hy : 0 +# 6, (57)
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where § € © C R¥, under the assumptions of Theorem 2.23. We can show that, under Hy,
A A d
(6 — 00) "Iy (0 — 60) = X, (58)

the chi-squared distribution with k& degrees of freedom. Thus, for testing (139) the Wald’s
test rejects Hy if
(0, — 00) " 19, (0r, — 00) > cr1—a, (59)

where ¢ 1—q is the 1 — o quantile of X%- In the above, Iy, is often replaced by a consistent
estimator, such as [, b (assuming Iy is continuous). Under 6,, = 6 +hn~1/2 the limiting dis-
tribution of the Wald statistic is x2 (|7*/2(6p)h|?)*!, the noncentral chi squared distribution
with k degrees of freedom and noncentrality parameter |I'/2(6o)h/|?.

A above ideas leads to an asymptotic level 1 — « confidence region for 6 as
(0 €0 :nb,—0)"Ty(6, —0) < crio}

When Iy is replaced by I (assuming Iy is continuous) the resulting confidence region is
known as Wald’s confidence ellipsoid. More generally, we can consider inference for g(6),
where g = (g1,...,94) : © = R? for ¢ > 1; see Lehmann and Romano [8, Equation (12.72)]

and the related discussion.

2.3.2 Rao’s score test

Instead of the Wald test, it is possible to construct tests based directly on the score function
that have the advantage of not requiring computation of the MLE. Suppose that we are
interested in testing (139). Letting

JRy
Zn == X’i)

Rao’s score test rejects when
T7—1
Zn 1y Zn > Chi—a

and is asymptotically level o. In this case, the Wald test (59) and the score test are
asymptotically equivalent, in the sense that the probability that the two tests yield the
same decision tends to one, both under the null hypothesis 8 = 0y and under a sequence of
alternatives 6y + hn~1/2. The equivalence follows from contiguity, the expansion (55), and
the fact that I b, — Iy, in probability under 6y and under 6y + hn~1/2. Note that the two

tests may differ greatly for alternatives far from 6.

“Exercise 10 (HW2). Show this.
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2.4 Likelihood ratio test

Let {Py: 0 € © C ]Rk} be a parametric family of distributions where Py has density py
w.r.t. a dominating measure u. Suppose we observe X1i,..., X, i.i.d. Py, and wish to test
the hypothesis

Hy:0 €0 versus Hy:0 € 0. (60)

If both the null and the alternative hypotheses consist of single points, then a MP test can
be based on the loglikelihood ratio, by the Neyman-Pearson theory. Thus, if the two points

are 0y and 61, respectively, then the optimal test statistic is given by

H?:lp% (Xl)
1T po, (Xi)

When ©¢ and O are composite, a sensible extension of the idea behind the Neyman-Pearson

log

theory is to base a test on the loglikelihood ratio

A e log StPoc6, 117 po(X;)
n = log E .
Supgeeo, i 00 (Xs)

Here the single points are replaced by maxima over the hypotheses. As before, the null
hypothesis is rejected for large values of the statistic A,. As the distributional properties
of A,, can be somewhat complicated, one usually replaces the supremum in the numerator
by a supremum over the whole parameter set © := © U ©1%2. This leads to the following
statistic which is known as the (log) likelihood ratio statistic (LRS) for testing (60):

SUPgeo,u0, 7 po(X5)

A, :=2log
" supgee, Ui 1po(X:)

(61)

The corresponding test for (60), which rejects for large values of A,,, is called the likelihood
ratio test (LRT). Of course, the main question then becomes: “How do we find the critical
value of the LRT?”. This naturally leads to the study of the distribution of the LRS.

In this section we study the asymptotic properties of the LRS. The most important conclu-
sion of this section is that, under Hy, the sequence A, is asymptotically chi-squared. The
main conditions needed for this conclusion are that the model is QMD at 8y € O, and that
O and O are locally*® equal to linear spaces. Then the test that rejects the null hypothesis

if A,, exceeds the upper a-quantile of the chi-square distribution is asymptotically level a.

42This changes the test statistic only if An < 0, which is inessential, because in most cases the critical
value will be positive (as O is usually are “larger” set compared to ©g).

43The “local linearity” of the hypotheses is essential for the chi-square approximation (in which case
the limiting distribution is x2, where m = dim(©) — dim(8y)), which fails already in a number of simple
examples. An open set is certainly locally linear at each of its points, and so is a relatively open subset of
an affine subspace. On the other hand, a half line or space, which arises, for instance, if testing a one-sided
hypothesis Ho : < 0, is not locally linear at the boundary point # = 0. In that case the asymptotic null

distribution of the LRS is not chi-square, but the distribution of a certain functional of a Gaussian vector.
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Besides for testing, the LRS is often used for constructing confidence regions for a parameter
¥(0). These can be constructed, as usual, as the values 7 for which a null hypothesis
Hy : 1(6) = 7 is not rejected. Asymptotic confidence sets obtained by using the chi-square
approximation are thought to have better coverage accuracy than those obtained by other

asymptotic methods.

2.4.1 Deriving the asymptotic distribution of the LRS using LAN

An insightful derivation of the asymptotic distribution of the LRS is based on LAN. The
approach applies also in the case that the (local) parameter spaces are not linear. Let us
give a sketch of the argument below. Let Xi,..., X, be ii.d. Py, where §y € ©g. We can

write A,, as defined in (61), in terms of local likelihood ratios as:

I —172(X; K (X
A, =2 sup log = 1P n 2 (X) 2 sup log =1P0y +n-1/2(Xi)

- (62)
heHn H?:lpgo (X’L) h€Hn0 H?:lp@o (XZ)

where
Hp = V/n(© — ) and  Hnpo = vn(0p — bo)

are the local parameter spaces. By LAN of {Py} at 8 = 6y, we have

71 Py, hn-1/2(Xi) h' : 1+
2 sup log —= = 2sup [ ==Y g(X:) — 5B Igoh +opp (1
hEHn Hn 1p90(X> heHn \/ﬁ ; 0( ’L) 2 0 90( )
= sup [2hTLgOWn — hTIQOh + opyp (1)}
heH 0
where

77.
90

W, = I, IZ@O i)~ W~ NG(0, 1,1, (63)
Using a similar expansion for the second term in (62), we get,

Ao = sup [207 1o, Wo— T Iggh+ opy ()] = sup (207 I, Wy — b Iogh + opp (1)]
hEHn % h€Hn 0 %o

Q

o T . T T . T . T T
it [Wn To, Wi — 20T Iy, W + 11 I, h} +,dnf [Wn To, W — 20T Iy, W, + B Iy, h] .

This suggests that, if the sets H,, and H,, o converge in a suitable sense** to sets H and Hy

respectively, the sequence A,, converges in distribution to the random variable A defined by

A = inf (W —h)" I (W — h) — inf (W — h) " Io,(W — h)
heHo heH
. 1/2 /2,2 . 1/2 1/2, 2
= h1€n7-flo|19° W—Ieo h| —ﬁg7f{|fao W—190 h| (64)
4“We use the following notion of convergence of sets. Write H, — H where H := {h e RF:h =

limj o0 hnj for converging sequences {hnj }i>1 with hnj S Hnj for every n]-}.
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where W is defined in (63).

It can also be seen that the above argument also generalizes under contiguous alternatives,
i.e., when the data is generated from 6, := 6y + gn=1/2 € ©, for ¢ € R*. Note that then

P’VL
W, ~% Ni(g, I&)l), but the limiting distribution of the LRS is still A, as defined in (64).

2.4.2 Asymptotic distribution of the LRS

The following result, known as Wilk’s theorem, gives the asymptotic distribution of the

LRS (both under fixed and continuous alternatives).

Theorem 2.24 (Wilks’ theorem). Suppose that conditions (i)-(iv) hold in Theorem 2.22.
Let 0,0 := argmaxyeg, I pg(X;) be the constrained MLE. Assume that the sets H, o and
H,, converge to the sets Hg and H respectively. Let 6, := 0y + gn~'/2 for g € R¥. Then,
the asymptotic distribution of the LRS A,, (defined in (61)) is given by

PTL
Ap
where the distribution of A is given in (64) with W ~ Ni(g, I, ).

Proof. We will give a complete proof of this after we study the theory of M-estimation. [

Although (64) gives an explicit characterization of the limiting distribution of the LRS in
a very general setting, it is not immediately clear if it is very useful. Observe that if 8y is
an interior point of © C R¥, then H (the limit of the sequence of sets H,,) is the whole of
RF, and thus, A reduces to infjez, |1910/2W — I;O/2h|2.

The following lemma shows that the distribution of the first term of A (in (61)), i.e.,
infpey, \I;O/ W1 ;0/ 2h|2, indeed simplifies when Hg is an [-dimensional linear subspace of
R*. First observe that, under Ho, I,/*W ~ Ni(0, Ip,).

Lemma 2.25. Let Z ~ Ni(0,1;) and let S be an I-dimensional linear subspace of RF.
Then infres||Z — h||? has a chi-square distribution with k — [ degrees of freedom.

Proof. For z € RF, let Projg(z) denote the orthogonal projection of z onto the linear
subspace S. Note that Projg(z) = Psz for a kxk matrix Ps with rank [ such that P2 = Ps =
PJ. By Pythagoras’ theorem, z = Projg(z) + Projg. (z) where (Projs(2),Projs.(2)) = 0.
In fact, Q := I, — Ps is the orthogonal projection matrix onto the linear space S*, the

orthogonal complement of S. Then,
inf [|Z—hl> = inf |[PsZ-h?+ Q2P = 2'QTQZ = Z2TQZ
hesS hesS

where we have used the facts: (i) infres ||[PsZ — h||> = 0, and (ii) Q2 = Q = Q. By
eigendecomposition of the matrix @, we have Q = V' DV where V is a k x k orthogonal
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matrix and D is a diagonal matrix with diagonal entries 0 or 1 (as the eigenvalues of a
projection matrix are either 0 or 1). As @ has rank k — [, rank(D) is also k — [. Thus,
without loss of generality, we can assume that D11 = --- = Dy, = land Dy_j41 p—141 =
- = Dy =0, where D := (D; j)pxk. As the standard normal distribution is invariant
under orthogonal transformations, Z = (Zl, ce Zk) :=VZ ~ Ng(0,I}). Thus,

Z'QZ=2V'DVZ=2ZDZ=>> Z} ~xj_
i>1
Thus infpes | Z — h||2 = s ZZQ has a chi-square distribution with k& —1 degrees of freedom.
O

Corollary 2.26. Consider the setting of Theorem 2.24. Let 0, := 0y + gn~/2 € © for
g € R¥. When 6, € Oy is an interior point of ©, then

n

P 1/2 1/2; 112
Ap ¥ inf ([ g, "W — Iy "h|

where W' ~ Ny(g,1, D). Further, if Hy is a linear subspace of dimension [, then under the
null (i.e., g =0), A, LA X2

Example 2.27 (Location-scale family). Suppose we observe a random sample from the
density f((-—p)/o)/o for a given probability density f, where the location-scale parameter
0 = (u,0) ranges over the set © = R x R*. We consider two testing problems.

(i) Consider testing Hy : p = 0 versus Hy : p # 0 which corresponds to the setting
o = {0} xR*. For a given point 6y = (0,0) € Op, Hp,0 := vn(Og—by) = {0} x (—v/no, 00)
and converges to the linear space Hy := {0} x R. Also, note that here H = R Under
regularity conditions on f (e.g., QMD at 0), the sequence of LRSs is asymptotically chi-
squared with 1 degree of freedom as, under Hy, A (defined in (64)) reduces to

inf ||Z—n|%— inf |Z - I°0)? = inf ||Z—h)% ~ 3
heHy, heH 0 heH,

where Z ~ Ny(0, I3) and H{, := {I;O/Qh :h € Ho} is a linear subspace of dimension 1.

(ii) Consider testing Hy : p < 0 versus H; : p > 0 which corresponds to the setting
Og = (—00,0] x RT. For a given point #y = (0,0) on the boundary of the null hypothesis,
Hno = v/n(Og — bp) converges to Ho = (—o0,0] x R. In this case, the limit distribution of
the LRS is not chi-square but equals the distribution of the squared distance of a standard
1/

normal vector to the set [Go

origin. Because a standard normal vector is rotationally symmetric, the distribution of its

27—[0. The latter is a half-space with boundary line through the

distance to a half-space of this type does not depend on the orientation of the half-space.
Thus the limit distribution is equal to the distribution of the squared distance of a standard
normal vector to the half-space {h = (h1, ha) € R? : hy < 0}, i.e., the distribution of (ZV0)?
for a standard normal variable Z. As P((Z V 0)? > ¢) = 3P(Z* > ¢) for every ¢ > 0, we
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must choose the critical value of the test equal to the upper 2a-quantile of the chi-square
distribution with 1 degree of freedom. Then the asymptotic level of the test is « for every
o on the boundary of the null hypothesis (provided o < 1/2).

For a point 6y in the interior of the null hypothesis Hy : u < 0 the sets 1/n(©¢—#6y) converge
to R x R and the LRS converges in distribution to the squared distance to the whole space,

which is zero.

Example 2.28 (Power of the LRT). We assume that the parameter 6 is an interior point of
© and denote the true parameter by 6,, := 6y+¢g/+/n. Under the conditions of Theorem 2.24,
the LRS is asymptotically distributed as
A= inf |Z+I1,%g— 1,/*n|
 heHo b0 9 260
for Z ~ Ni(0,1}). Suppose that the limiting local parameter set H, is a linear subspace of
dimension [, and that the null hypothesis is rejected for values of A,, exceeding the critical

value X%_l - hen the local power functions of the resulting tests satisfy

Tn(0n) = Pp,, (Ay, > X%—l,a) =:7(g).

The variable A is the squared distance of the vector Z to the affine subspace —1I 01 0/ 2 g+1 91 0/ 27—[0.
By the rotational invariance of the normal distribution, the distribution of A does not depend
on the orientation of the affine subspace, but only on its codimension and its distance
62 = infpen, \I(;Oﬂg — I;Oﬂh]? to the origin. This distribution is known as the noncentral

chi-square distribution® with noncentrality parameter 6. Thus

m(9) = POG_1(0%) > XF_1.0)-

The noncentral chi-square distributions are stochastically increasing in the noncentrality
parameter. It follows that the likelihood ratio test has good (local) power at g that yield a
large value of the noncentrality parameter. Then Hy = {0}, and the noncentrality parameter

reduces to the square root of nggo g.

2.5 Comparison of test functions

The aim of this section is to compare tests based on their power functions. Suppose that ¢,
and q@n are two asymptotically level o tests* with power functions 7, and 7, respectively,

for the testing problem:

Hy:0e€ 0 versus Hi:0€ 0,

4SLet Yi,...,Y, be independently normally distributed random variables with unit variance and means
M,...;nr. Then U =37 | Y2 is distributed according to the noncentral x2-distribution with r degrees of
freedom and noncentrality parameter 62 = e nZ.

16We say that a sequence of tests ¢, is asymptotically level « if lim sup 7, () < « for every 0 € ©.

n—r00
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when we have i.i.d. data Xi,...,X,, from a model {Pp : # € ©}. We would say that ¢,, is
better than ¢, if
Tn(0) > 7, (0), for all 6 € ©5.

However, quite often it is not possible to find out, for every fixed n, which test is better.
Hence, we may want to compare their asymptotic performance. A first idea is to consider
their limiting power functions of the form

7(0) := lim m,(0) and 7(0) = lim 7,(0),

n—oo n—o0

for € ©;. If these limits exist for all #, then the sequence ¢,*7 is better than the sequence
b if 7(A) > 7(), for all # € ©1. However, it turns out that this approach is too naive. The
limiting power functions typically exist, but they are trivial and identical for all reasonable

sequences of tests. Let us consider a simple example to demonstrate this.

Example 2.29 (Sign test). Suppose that we have X1,..., X, i.i.d. from a density f(-—6),
where f(-) is assumed symmetric about 0 (and unknown). Here § € R is the unknown

location parameter of interest and we want to test
Hy:0=0 Versus Hy:60>0. (65)

We assume further that f has a unique median (at 0). We can use the sign statistic

n

1
S, = 521{)@ > 0}

i=1
for the above testing problem, rejecting Hy when 5, is ‘large’. This is the sign test. Letting

F(-—0) denote the c.d.f. of the underlying distribution, the mean and variance of S,, equals

W) =Pp(X1 > 0) =1-F(—0) and 20— L po)r(-0).

n n
In fact, nS,, ~ Bin(n,1—F(—#0)), and under Hy : = 0, nS,, ~ Bin(n, 1/2) for any such F, as
F(0) = 1/2 (as F has median 0). Thus, S, is distribution-free under Hy (cf. Example 2.11).
Although the binomial critical values can be used to calibrate the test based on S, it is

more convenient to use the normal approximation, as described below.

By the normal approximation to the binomial distribution, the sequence /n(S,, — u(0)) is
asymptotically normal with mean 0 and variance ¢%(6). Under Hy, the mean and variance
are equal to 1(0) = 1/2 and o2(0) = 1/4 respectively, so that \/n(S, — 1(0)) 4 N(0,1/4).
The test that rejects Hy if \/n(S,, — p(0)) exceeds the critical value z,/2 has power function

w(0) = Po(v(Sn — () > 20— Vi(u(®) ~ 1u(0)))

o[ vAFO - FO)
1 @( =0 )+ (1).

4"Typically, the tests corresponding to a sequence ¢1, ¢a, ... are of the same type. For instance, they are

all based on (i) sample averages or (ii) rank statistics, and only the number of observations changes with n.
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Because F'(0) — F(—0) > 0 for every § > 0 (as F' has unique median 0), it follows that
mn(0) — 1 if 6 > 0. Thus, the power at every fixed alternative converges to 1.

Definition 2.30 (Consistent test). A sequence of tests with power functions 6 — 7,(0) is
asymptotically consistent at level a at (or against) the alternative @ if it is asymptotically
level o and 7, () — 1 as n — oo. If a family of sequences of tests contains for every level
a € (0,1) a sequence that is consistent against every alternative, then the corresponding

tests are simply called consistent.

Consistency is an optimality criterion for tests, but because most sequences of tests are
consistent, it is too weak to be really useful. To make an informative comparison between
sequences of (consistent) tests, we shall study the performance of the tests in problems
that become harder as more observations become available. One way of making a testing
problem harder is to choose null and alternative hypotheses closer to each other. In this
section we fix the null hypothesis and consider the power at sequences of alternatives that

converge to the null hypothesis.

Example 2.31 (Sign test, continued). Consider the power of the sign test at sequences of

alternatives ,, | 0. Extension of the argument of the preceding example yields*®

oo — \/ﬁ(f((;:)— F<—9">>) +o(1).

Tn(0n) = 1—<I><

The asymptotic power at 6, depends on the rate at which 6,, — 0. If 6,, converges to zero
fast enough to ensure that \/n(F(0) — F(—60,)) — 0, then the power m,(6,) converges to a:
The sign test is not able to discriminate these alternatives from the null hypothesis. If 6,
converges to zero at a slow rate, then /n(F(0) — (—6,)) — oo, and the asymptotic power is
equal to 1: These alternatives are too easy. The intermediate rates, which yield a nontrivial

asymptotic power, appear to be of most interest. Suppose that f(0) > 0. Then,

\/E(F(O) - F(_en)) - \/ﬁ@nf((]) + \/ﬁo(en)

This is bounded away from zero and infinity if 8,, converges to zero at rate 6, = O(nfl/ 2.
For such rates the power 7,(6,) is asymptotically strictly between o and 1. In particular,
for every h,

Tn(hn™Y?) = 1 — ®(z4 — 20 f(0)). (66)

In the preceding example only alternatives 6,, that converge to the null hypothesis at rate
O(1/+/n) lead to a nontrivial asymptotic power. This is typical for parameters that de-

pend “smoothly” on the underlying distribution. In this situation a reasonable method

48We can make this rigorous by using a Lindeberg-Feller CLT which allows the underlying data distribution

to change with n.
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for asymptotic comparison of two (or more) sequences of tests for (65) is to consider local

limiting power functions, defined as

m(h) = li_)rn Tn(hn~?), h > 0.

These limits typically exist and can be derived by the same method as in the preceding

example. A general scheme is as follows.

Let 6 € © be a real parameter and let the test reject the null hypothesis Hy : § = 6y for
large values of a test statistic 7;,. Assume that T}, is asymptotically normal in the sense

that, for all sequences of the form 6,, = 6y + hn~/2,49

\/ﬁ(Tn - N(an)) ]ifzt
o) N(0,1). (68)

Often u(#) and 02(f)/n can be taken to be the mean and the variance of Tj,, but this is not

necessary. The convergence (68) is sometimes referred to as “locally uniform” asymptotic

normality. “Contiguity arguments” can reduce the derivation of asymptotic normality under
0,, = 6o + hn~1/2 to derivation under 6 = 6.

Assumption (68) includes that the sequence \/n(T,, — p(fy)) converges in distribution to
N(0,02%(0)) under 6 = y. Thus, the tests that reject the null hypothesis Hy : 0 = g if
V(T — p(6p)) exceeds o(6p)z, are asymptotically of level a. The power functions of these

tests can be written

Tn(0) = Po, (VT = 1(60)) > 0(600) 20 — V(ja(80) = 1(60)) )

For 6,, = 6 + hn~1/2, the sequence /n(u(6,) — 1(f)) converges to hy'(fo) if p is differen-
tiable at 6p. If o(6,,) — o(6p), then under (68),

o+ hn V) 51— @ <za _ hf(é§§)> | (69)

Thus, we have essentially proved the following result.

Theorem 2.32. Let 1 and o be functions of 6 such that (68) holds for every sequence
0,, = 0o+ hn~'/2. Suppose that y is differentiable and that o is continuous at @ = 6y. Then
the power functions 7, of the tests that reject Hy : 8 = 60y for large values of T;, and are

asymptotically of level « satisfy (69) for every h.

The limiting power function depends on the test statistics only through the quantity
w'(00)/c(6p). This is called the slope of the sequence of tests. Two sequences of tests

49 As the convergence (68) is under a law indexed by 6, that changes with n, the convergence is not implied
by

W A N(0,1), for every 6. (67)
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can be asymptotically compared by just comparing the sizes of their slopes®. The bigger
the slope, the better the test. The size of the slope depends on the rate /(6p) of change of

the asymptotic mean of the test statistics relative to their asymptotic dispersion o (fy).

Let us now compare the sign test with the t¢-test.

Example 2.33 (One-sample t-test). The t-test for (65) rejects for large values of v/nX,, /s,

where X,, and s2 are the sample mean and (unbiased) sample variance. The sample variance

2
n

lemma we get, for 6, = hn=1/2,

52 converges in probability to the variance o2 of a single observation. By CLT and Slutsky’s

Sn o Sn Sp O

o ~1/2 G —1/2 pn
\/E<X”hn ) Xn = +h(11> 2 N(0,1).

Thus Theorem 2.32 applies with p(6) = 6/0 and o() = 1. Thus the slope of the t-test
equals 1/o.

Example 2.34 (Sign test versus t-test). We can now compare the sign test with the ¢-test.
It suffices to compare the slopes of the two tests. By the preceding examples these are 2f(0)
and ([ 22 f (z)dx)~'/2, respectively. Clearly the outcome of the comparison depends on the
shape f. It is interesting that the two slopes depend on the underlying shape in an almost
orthogonal manner. The slope of the sign test depends only on the height of f at zero; the
slope of the t-test depends mainly on the tails of f. For the standard normal distribution
the slopes are \/2/7 and 1. The superiority of the t-test in this case is not surprising,
because the t-test is uniformly most powerful for every n. For the Laplace distribution, the
ordering is reversed: The slopes are 1 and 1/v/2. The superiority of the sign test has much

to do with the “unsmooth” character of the Laplace density at its mode.

The simplicity of comparing slopes is attractive on the one hand, but indicates the potential
weakness of asymptotics on the other. For instance, the slope of the sign test was seen to
be 2f(0), but it is clear that this value alone cannot always give an accurate indication of
the quality of the sign test. Consider a density that is basically a normal density, but a tiny
proportion of 1071°% of its total mass is located under an extremely thin but enormously
high peak at zero. The large value f(0) would strongly favor the sign test. However, at
moderate sample sizes the observations would not differ significantly from a sample from a
normal distribution, so that the ¢-test is preferable. In this situation the asymptotics are

only valid for unrealistically large sample sizes.

Even though asymptotic approximations should always be interpreted with care, in the

50If 0 is the only unknown parameter in the problem, then the available tests can be ranked in asymptotic
quality simply by the value of their slopes. In many problems there are also nuisance parameters (for instance
the shape of a density), and the slope is a function of the nuisance parameter rather than a number. This
complicates the comparison considerably. For every value of the nuisance parameter a different test may be

best, and additional criteria are needed to choose a particular test.
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present situation there is actually little to worry about. Even for n = 20, the comparison of
slopes of the sign test and the t-test gives the right message for the standard distributions;
see van der Vaart [15, Table 14.1].

2.5.1 Asymptotic relative efficiency

In the previous examples, the slopes of the sequence of tests helped us compare the se-
quences. A more general measure of comparing two tests is given below. This quantity is
called the asymptotic relative efficiency (ARE). In the above problems this measure reduces

to comparing the square of the quotient of two slopes.

Definition 2.35 (Asymptotic relative efficiency). Consider a sequence of testing problems

consisting of testing a null hypothesis
Hy: 0 =6 versus Hi:0=290,.

We use the parameter v to describe the asymptotics; thus v — oco. We require a priori
that our tests attain asymptotically level o and power v € («,1). Usually we can meet
this requirement by choosing an appropriate number of observations at “time” v. A larger
number of observations allows smaller level and higher power. If 7, is the power function
of a test if n observations are available, then we define n, to be the minimal number of

observations such that both
T, (00) < @, and Ty, (01) > 7. (70)

If two sequences of tests are available, then we prefer the sequence for which the numbers
n, are smallest. Suppose that n, 1 and n, 2 observations are needed for two given sequences
of tests. Then, if it exists, the limit

. Ny 2
lim
vV—r00 TI,V’ 1

is called the asymptotic relative efficiency (ARE) or Pitman efficiency of the first with

respect to the second sequence of tests.

A relative efficiency larger than 1 indicates that fewer observations are needed with the first

sequence of tests, which may then be considered the better one.

In principle, the relative efficiency may depend on «a,y and the sequence of alternatives 6,,.
The concept is mostly of interest if the relative efficiency is the same for all possible choices
of these parameters. This is often the case. In particular, in the situations considered

previously, the relative efficiency turns out to be the square of the quotient of the slopes.

Suppose that in a given sequence of models (X;,,Cy,, Py : 6 € O) it is desired to test the
null hypothesis Hy : 6 = 6 versus the alternatives Hy : 6 = 0,,.
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Theorem 2.36. Consider statistical models (X},,Cy, P9 : 0 € ©) such that [P, —
Poll — 0°! as # — 6, for every n. Let T,1 and T, 2 be sequences of statistics that
satisfy (68) for every sequence 6, | 6y and functions p; and o; such that y; is differentiable
at 0y and o; is continuous at 6y, with p(6p) > 0 and 0;(6p) > 0. Then the ARE of the tests
that reject the null hypothesis Hy : 8 = 6y for large values of T;,; is equal to

11(60)/1(60) |
<M’2(90)/U2(90)>

for every sequence of alternatives 6,, | 0, irrespective of & > 0 and v € (a, 1). If the power

functions of the tests based on T}, ; are nondecreasing for every n, then the assumption of

asymptotic normality of T}, ; can be relaxed to asymptotic normality under every sequence

0, = O(n='/2) only.

Proof. The condition that Py approaches P, in total variation distance as 6§ — 6y implies
that the minimal numbers n,; must go to infinity as v — 00®?. Further, the convergence
to a continuous distribution implies that the asymptotic level and power attained for the
minimal numbers of observations (minimal for obtaining at most level a and at least power

) is exactly o and ~.

In order to obtain asymptotic level a the tests must reject Hy if \/ny3(Th,, ;i — pi(6o)) >

0i(00)za- The powers of these tests are equal to
Trna(00) = o, (Vi (T i = 1(0)) > 0(00)20 — /iwa(i(6,) = pi(600)))

= — VA o — Ny IUI;(QO) o o
~ 1 q>< @ 0(1) = ity g1+ (1)))+ (1).

This sequence of powers tends to v < 1 if and only if the argument of ® tends to z,, i.e.,

g (%) o ai(fo)
2y R Zq ,/ny,zﬁyai(eo) & Vi 0y = (24 ZV)H;(QO).

Thus the ARE of the two sequences of tests equals

omwe o muef2 i (00)(2a — 29)202(00) ([ 14(00)/01(60)\*
lim = lim = = .
vooon, vooen, 102 ph(00)(2a — 2y)201(60)

This proves the first assertion of the theorem.

The second assertion follows from the discussion in van der Vaart [15, Section 14.2]. O

51 This refers to the L; distance between P, g and P, g,; see Section 2.5.2.
52We show this using the concepts introduced in Section 2.5.2. The sum of the error probabilities of the

first and second kind of any test, using Lemma 2.39, is
1
1- 7T'n(gu) + 7Tn(00) Z 1- §||Pn,9,, - Pn,GOH-

By assumption, the right-hand side converges to 1 as ¥ — oo uniformly in every finite set of n. Thus, for
every bounded sequence n = n, and any sequence of tests, the sum of the error probabilities is asymptotically
bounded below by 1. But, from (70), we are given that the sum of the error probabilities is bounded above
by a+ 1 — v < 1, leading to a contradiction.

52



Example 2.37 (ARE of sign test versus t-test). From the above result and Example 2.34
we can see that the ARE of the sign test versus the ¢-test is equal to

4£%(0) /:ch(x)daz

For the uniform distribution, the relative efficiency of the sign test with respect to the t-test
equals 1/3%3. It can be shown that this is the minimal possible value over all densities with
mode zero. On the other hand, it is possible to construct distributions for which this relative
efficiency is arbitrarily large, by shifting mass into the tails of the distribution. Thus, the

sign test is “robust” against heavy tails, the ¢-test is not.

2.5.2 [L;-distance and power

Definition 2.38 (L;-distance). The L;-distance between two distributions P and @ with
densities p = dP/du and ¢ = dQ/du is

I1P-Q| = / ip— ql du. (71)

Lemma 2.39. For a sequence of models P,, with null hypothesis Hy : § = 8y and alterna-

tives Hy : 0 = 0, the power function of any test satisfies

1
7"'n(en) - 7Tn(90) < §||Pn,9n - Pn,eo ” (72)

Furthermore, there is a test for which equality holds.

Proof. If m, is the power function of the test ¢,, then the difference on the left side in (72)
can be written as [ ¢n(pn.o — Pn.go,)din (here we assume that P, is dominated by p,, for
all n). This expression is maximized for the test function ¢, = 1{p, 9 > png,}. Thus,

1
7"'n(en) - 7Tn(00) = /an(pnﬂ - pn,Go)dﬂn < / (pn,@ _pnﬁo)dﬂn = §||Pn,0n - Pn,90H7

Pn,o >pn,90

where in the last equality we have used the fact that: For any pair of probability densities
p and ¢ we have | >p (g—p)du =1 [|p—qldu’, since [(p— q)du = 0. O

2.6 Exercises

11. Lehmann and Romano [8, Problem 12.6].

*Exercise 19 (HW2): Show that 4£%(0) [ #*f(z)dz > 1/3 for every unimodal probability density f that
has its mode at 0. (Hint: Use the invariance to scaling to reduce the problem to that of finding the minimum
of4 [ y? f(y)dy over all probability densities f that are bounded by 1.)

*!Note that [ [p—qldu = [ . (p—a)du+ [, (¢—p)dp = [f(p— a)dp — [, (p - du} + [ o a—p)dp =
0+2f o>p(@— P)dp.
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12.

13.

14.

15.

16.

17.

18.

Lehmann and Romano [8, Problem 12.15].
Lehmann and Romano [8, Problem 12.46].
Lehmann and Romano [8, Problem 12.54].
Lehmann and Romano [8, Problem 12.64].
Lehmann and Romano [8, Problem 12.66].
Lehmann and Romano [8, Problem 13.20].

Lehmann and Romano [8, Problem 13.21].
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3 Kernel density estimation

Let Xi,..., X, beii.d. random variables having a probability density p (with respect to the
Lebesgue measure on R) and distribution function F(z) := [*__ p(t)dt (for # € R). Here F

and p are unknown.

Question: Can we estimate F' and p nonparametrically, making minimal assumptions?

Definition 3.1 (Empirical distribution function). A natural estimator of F' is the empirical
cumulative distribution function (ECDF):

1 1<
Fa(@) =3 I(Xi<2)= =3 lom(Xi),  for 2 €R, (73)
i=1 i=1
where I(-) denotes the indicator function.

The ECDF is the distribution function of the empirical distribution P,, the probability
distribution that puts mass 1/n at each of the data points X;, i.e., P,, = % >, dx,, where
d; denotes the Dirac measure (i.e., 6,(A) = 1 if x € A, and 0 otherwise). The following
figure shows the ECDF obtained from n = 10 samples from a standard normal distribution
overlaid with the true DF of N(0,1) (in red).

ecdf(x)

1.0

0.8

Fn(x)
0.6

0.4

0.2
1

0.0
|

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0

The Glivenko-Cantelli theorem shows that
sup |F,,(z) — F(z)| “5 0, as n — 00",
zeR

Further we know that for every x € R,

VA(Fa(x) = F(z)) % N(0, F(z)(1 - F(x))).

SExercise 1 (HW3): Prove this.
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Exercise 2 (HW3): Consider testing Hy : F' = Fy versus Hy : F' # Fy where Fj is a known
continuous strictly increasing distribution function (e.g., standard normal) when we observe
iid. data Xq,...,X, from F. The Kolmogorov-Smirnov (KS) test statistic is to consider
D,, :=sup |F,(z) — Fy(z)],
zeR
and reject Hy when D,, > ¢,, for a suitable ¢, > 0 (where « is the level of the test). Show
that, under Hy, D,, is distribution-free, i.e., the distribution of D,, does not depend on Fj
(as long as it is continuous and strictly increasing). How would you compute (approxi-

mate/simulate) the critical value ¢4, for every n.

ecdf(x) ecdf(x)

1.0

Fn(x)
Fn(x)
0.6
1

0.4
I

0.2

As F(x) & F(x) for all z € R, we can also say that

VAF() = F()) 4 oo
VER@A =@ o

for every x € R.

Thus, an asymptotic (1 — «) CI for F(x) is

‘”WF Fu(2)), F “/WF Fu(2))

Likewise, we can also test the hypothesis Hy : F'(z) = Fy(x) versus Hy : F(z) # Fy(x) for
some known fixed c.d.f Fp, and z € R.

Let us come back to the estimation of p. As p is the derivative of F, for small h > 0, we

can write the approximation

F(a:—l—h)—F(:c—h).

p(z) ~ o7

AsTF,, is a natural estimator of F, it is intuitive to define the following (Rosenblatt) estimator

of p:
R F,(x +h)—F,(x—h
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We can rewrite pZ as

)

where Ky(u) = %I (—1,1(u). A simple generalization of the Rosenblatt estimator is given by

ala) = nthK (F5) (74)

where K : R — R is an integrable function satisfying [ K(u)du = 1. Such a function K
is called a kernel and the parameter h is called the bandwidth of the estimator (74). The

function p,, is called the kernel density estimator (KDE) or the Parzen-Rosenblatt estimator.

AR
Dy (x) = 2nhZI:L‘—h<X <x+h)= ZK0<

Some classical examples of kernels are the following:

K(u) = 3I(jul<1) (the rectangular kernel)

1
K(u) = exp(—u?/2) (the Gaussian kernel)

=
&
I
[
9
3

(1 —u?)I(jul <1) (the Epanechnikov kernel).
Note that if the kernel K takes only nonnegative values and if Xi,...,X,, are fixed, then
Dr, is a probability density.

The Parzen-Rosenblatt estimator can be generalized to the multidimensional case easily.
Suppose that (X1,Y7),...,(Xn, Ys) are i.i.d. with (joint) density p(-,-). A kernel estimator
of p is then given by

n(,7) h22K< )K(Yhy> (75)

where K : R — R is a kernel defined as above and A > 0 is the bandwidth.

3.1 The choice of the bandwidth and the kernel

It turns out that the choice of the bandwidth A is far more crucial for the quality of p, as
an estimator of p than the choice of the kernel K. We can view the KDE (for unimodal,
nonnegative kernels) as the sum of n small “mountains” given by the functions

1 Xi—l'
K .
T < h >

Every small mountain is centered around an observation X; and has area 1/n under it,
for any bandwidth h. For a small bandwidth the mountain is very concentrated (peaked),
while for a large bandwidth the mountain is low and fat. If the bandwidth is small, then the

mountains remain separated and their sum is peaky. On the other hand, if the bandwidth
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Figure 1: KDE with different bandwidths of a random sample of 100 points from a standard normal
distribution. Grey: true density (standard normal). Red: KDE with h=0.05. Black:
KDE with h=0.337. Green: KDE with h=2.

is large, then the sum of the individual mountains is too flat. Intermediate values of the
bandwidth should give the best results.

For a fixed h, the KDE p,,(z¢) is not consistent in estimating p(xo), where xg € R. However,
if the bandwidth decreases with sample size at an appropriate rate, then it is, regardless of

which kernel is used.

Exercise 3 (HW3): Suppose that p is continuous at xg, that h, — 0, and that nh, — oo
as n — oo. Then, p,(xo) — p(zp) in probability under the following assumptions on
the kernel K: (i) [ K(u)du = 1, (ii) supyep |[K(u)| < oo, (iii) [|K(u)|du < oo, and (iv)
limy o0 [uK (u)| = 0. (Hint: Study the bias and variance of the estimator separately;

see Parzen [9])].

3.2 Mean squared error of kernel density estimator (KDE)

A basic measure of the accuracy of p, is its mean squared risk (or mean squared error) at

an arbitrary fixed point x¢ € R:
MSE = MSE(a0) = Ey | (#n(20) — pl0))?].

Here E, denotes the expectation with respect to the distribution of (Xi,...,X,,):

MSE(xg) := / . / (ﬁn(xo; Z1yeney2n) —p(xo))2 {ﬁp(zz)} dzy ...dzp.
i=1

Of course,
MSE(I()) = b2($0) + 0'2(I0)
where

b(wo) == Ep[pn(z0)] — p(z0), (bias)
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and
o*(xo) :=E, [(ﬁn(xg) -E, [ﬁn(xo)]>2} (variance).

To evaluate the mean squared risk of p,, we will analyze separately its variance and bias.

3.2.1 Variance of KDE

Proposition 3.2 (Variance of p,,). Suppose that the density p satisfies p(x) < ppax < 00
for all z € R. Let K : R — R be a kernel function such that

/KQ(u)du < 0.
Then for any zg € R, h > 0, and n > 1 we have
Ch

2
< 2L
(o) < nh’

where C1 = pax [ K2(u)du.

Proof. Observe that p,(xo) is an average of n i.i.d. random variables and so

2(a0) = Var(iu(ao)) = Vor (8 (T2 ) ) = Loy |2 (2

Now, observe that

E, [KZ (Xl >] /K2 ( Io)p(z)dz Spmaxh/KZ(u)du

Combining the above two displays we get the desired result. O

Thus, we conclude that if the bandwidth A = h,, is such that nh — oo as n — oo, then the

variance of 02(g) goes to 0 as n — oo.

3.2.2 Bias of KDE

To analyze the bias of the KDE (as a function of h) we need certain conditions on the
density p and on the kernel K. In what follows, for 8 > 0 we let || denote the greatest
integer strictly less than .

Definition 3.3. Let 7" be an interval in R and let 8 and L be two positive numbers. The
Hélder class X(,L) on T is defined as the set of ¢ = || times differentiable functions
f: T — R whose derivative f(*) satisfies

1fO(z) — fO(a')] < Llz — 2P, forall z,2’ € T.
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The special case 8 = 1 is sometimes called the Lipschitz space®®. If § = 2 then we have
|f'(z) — f'(2")| < L|z — 2], forall z,2’' € T.

Roughly speaking, this means that the functions have bounded “second” derivative (f has

second derivative a.e.).

Definition 3.4. Let ¢ > 1 be an integer. We say that K : R — R is a kernel of order ¢ if
the functions u + w/K(u), j =0,1,..., £, are integrable and satisfy

/K(u)duzl, /qu(u)du:Q j=1,...,¢

Does bounded kernels of order ¢ exist? See Tsybakov [14, Section 1.2.2] for constructing

such kernels.

Observe that when ¢ > 2 then the kernel has to take negative values which may lead to
negative values of p,,. This is sometimes mentioned as a drawback of using higher order

kernels (¢ > 2). However, observe that we can always define the estimator

Pry () = max{0, pn (x) }

whose risk is smaller than or equal to the risk of p,(x):

Ep | (55 (20) = p(20))*] < Bp|(Bn(w0) ~ p(a0))?], Ve €R
Suppose now that p belong to a class of densities P = P (8, L) defined as follows:

P(B,L) := {p :p >0, /p(aj)dm = 1l,and p € X(8, L) on ]R} .

Proposition 3.5 (Bias of p,). Assume that p € P(f,L) and let K be a kernel of order
¢ = | 3] satisfying

/|uyﬂyK(u)ydu < .
Then for any zg € R, h > 0, and n > 1 we have

|b()| < Coh?, (76)

where Cy = %f |u|?| K (u)|du.

56 A Lipschitz function g : R — R is absolutely continuous and therefore is differentiable a.e., that is,

differentiable at every point outside a set of Lebesgue measure zero. Its derivative is essentially bounded in
magnitude by the Lipschitz constant, and for a < b, the difference g(b)?g(a) is equal to the integral of the

derivative ¢’ on the interval [a, b].
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Proof. We have

woo) = 3 [ K (z;x)mz)dz—p(xo)

= /K p(zo +uh) — p(z 0)}du.

57

Next, using Taylor’s theorem®’, we get

h ¢
p(zo + uh) = p(xo) + p'(zo)uh + ... + (ue‘)p(g)(xo + Tuh),

where 0 < 7 < 1. Since K has order £ = ||, we obtain

b(zo) = /K

LG (“}f) (0 o + Tuh) — pO (o)),

(2o + Tuh)du

14

and

[b(z0)]

IN

u Z

h
< /\K |’“ ‘ ruh)?~tdu < CohP.
O

From Propositions 3.2 and 3.5, we see that the upper bounds on the bias and variance
behave in opposite ways as the bandwidth h varies. The variance decreases as h grows,
whereas the bound on the bias increases. The choice of a small h corresponds to a large
variance and leads to undersmoothing. Alternatively, with a large h the bias cannot be

reasonably controlled, which leads to oversmoothing. An optimal value of h that balances

5"Taylor’s theorem: Let k > 1 be an integer and let the function f : R — R be k times differentiable at
the point a € R. Then there exists a function Ry : R — R such that

*®) (g .
- + rue),

f(x):f(a)+f/(a)($*a)+%(xfa)2+...+

where Ry (z) = o(|z — a|*) as z — a.
Mean-value forms of the remainder: Let f: R — R be k4 1 times differentiable on the open interval with

f (®) continuous on the closed interval between a and z. Then

(k1)
Ry (z) = 7f(k T (lg)f) (z —a)kt?

for some real number &1, between a and z. This is the Lagrange form of the remainder.

Integral form of the remainder: Let f*) be absolutely continuous on the closed interval between a and .

Then . f<k+1>(t)
x):/ T(xft)kdt. (77)

Due to absolute continuity of £, on the closed interval between a and z, f*+1) exists a.e.
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bias and variance is located between these two extremes. To get an insight into the optimal
choice of h, we can minimize in h the upper bound on the MSE obtained from the above

results.

If p and K satisfy the assumptions of Propositions 3.2 and 3.5, we obtain
%
nh’
The minimum with respect to h of the right hand side of the above display is attained at

e (O Y s
" \2603 '

MSE < C2h2% + (78)

Therefore, the choice h = h}, gives
__28
MSE(z9) = O(n 25“), as n — 0o,

uniformly in xzg. Thus, we have the following result.

Theorem 3.6. Assume that the conditions of Proposition 3.5 hold and that [ K?(u)du <
0. Fix a > 0 and take h = an~1/2f+1)_ Then for n > 1, the KDE p,, satisfies

B
sup sup By [(Bu(w0) — p(a0))?] < Cn P,
zo€ER peP(B,L)

where C' > 0 is a constant depending only on 3, L, o and on the kernel K.

Proof. We apply (78) to derive the result. To justify the application of Proposition 3.2, it

remains to prove that there exists a constant ppax < co satisfying

sup sup p(x)gpmax~ (79)
zeR peP(B,L)

To show that (79) holds, consider K* which is a bounded kernel of order ¢ (not necessarily
equal to K). Applying Proposition 3.5 with A = 1 we get that, for any z € R and any
peP(B, L),

[ 5 G-npe—pw)| <05 ¢ [1aPIE Wl

Therefore, for any z € R and any p € P(8, L),
pa) < G5+ [ 1K= ) p(e)ds < C5 4 K

where K*

max

= sup,er [K*(u)]. Thus, we get (79) with ppax = C5 + K O

max-*

Under the assumptions of Theorem 3.6, the rate of convergence of the estimator p,(zo) is

__B_
¥y, =n 28+ which means that for a finite constant C' and for all n > 1 we have

sup By (n(w0) — p(20))?] < Cu2.
pEP(B,L)
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Now the following two questions arise. Can we improve the rate v,, by using other density
estimators? What is the best possible rate of convergence? To answer these questions it is

useful to consider the minimax risk R} associated to the class P(8, L):

R,(P(8,L) =inf sup E,|(Tu(xo) —p(ao))?].
n pEP(B,L)

where the infimum is over all estimators. One can prove a lower bound on the minimax risk
of the form R} (P(B,L)) > C'2 = C'n™ %47 with some constant C' > 0. This implies that
under the assumptions of Theorem 3.6 the KDE attains the optimal rate of convergence
n_Qﬁ‘ﬁ associated with the class of densities P(8, L). Exact definitions and discussions of

the notion of optimal rate of convergence will be given later.

Remark 3.1. Quite often in practice it is assumed that 3 = 2 and that p” is continuous
at zg. Also, the kernel is taken to be of order one and symmetric around 0. Then it can be
shown that (Exercise 4 (HW3))

2
MSE(zg) = % /Kg(u)dup(aso) + %h‘l </ uzK(u)du> P (20)* + o((nh) ™! + h%).

You may assume that p is bounded from above.

Remark 3.2. Since 2/3/(2(5+1) approaches 1 as 8 becomes large, Theorem 3.6 implies that,
for sufficiently smooth densities, the convergence rate can be made arbitrarily close to the

I convergence rate. The fact that higher-order kernels can achieve improved

parametric n~
rates of convergence means that they will eventually dominate first-order kernel estimators
for large n. However, this does not mean that a higher-order kernel will necessarily improve
the error for sample sizes usually encountered in practice, and in many cases, unless the
sample size is very large there may actually be an increase in the error due to using a

higher-order kernel.

3.3 Pointwise asymptotic distribution

Whereas the results from the previous subsection have shown us that p,(xg) converges to
p(zo) in probability under certain assumptions, we cannot straightforwardly use this for
statistical inference. Ideally, if we want to estimate p(xo) at the point xg, we would like to

have exact confidence statements of the form
P (p(l'()) S [ﬁn(x()) - C(“v , X0, K)vﬁn(xo) - C(na &, X0, K)]) 2 1-— «,

where « is the significance level and ¢(n, «, xy, K) sequence of constants that one would like

to be as small as possible (given «).
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Theorem 3.7. Assume that p € P(f3, L) and let K be a kernel of order ¢ = | 3] satisfying
/ lulP| K (u)|du < oo.

Suppose that p also satisfies p(z) < pmax < 00 for all z € R. Let K further satisfy (a)

= u < 00, 0o 1= Sup < 00. duppose that the sequence o
I3 = [ K2 (u)du < oo, (b) K] wer K(u) < . S hat th f
bandwidths {h,}>2, satisfy h,, — 0, nh, — oo, and nl/2pa T2

Vih (Bal0) = plz0)) 4 N (0, p(z0) 1K),

— 0 as n — oco. Then, as

n — oo,

Proof. We first find the limit for the ‘variance term’. We use the Lindeberg-Feller central

limit theorem for triangular arrays of independent random variables®® with

Ve Vi (X T0) o L e (R oy,
nh h nh

so that Y,1,...,Y,, are i.i.d. and we have
Vil (n(@0) = Byl (20)]) = (Yo — E(Yai)):
=1

Thus, we only need to show that the two conditions in the Lindeberg-Feller CLT hold.

Clearly,
nE(Y,2) = 1/K2 (z xO)p(z)dz

= /K2 p(xo + uh)du — p(xg) /K as n — 0o,

by the dominated convergence theorem (DCT), since p(+) is continuous at 2y and bounded
on R. Now,

nE(Y,)? = % (/ K <Z h“) p(z)dz>2 =h (/ K (u)p(zo + uh)du>2

< A|K||3 pmax — 0, as n — 0o,

which shows that Y"1 | E[(Yni — E(Ya:))?] — p(o) [ K?(u)du. Furthermore,

|Yoi| < as n — oo,

FIIK loo =0,

58Lindeberg-Feller CLT (see e.g., van der Vaart [15, p.20]): For each n let Y,1,...,Y,, be indepen-
dent random variables with finite variances. If, as n — oo, (i) Y7 E[Y;51(|Yai| > €)] — 0, for every € > 0,
and (ii) Y7 E[(Yni — E(Yi))?] — o2, then

Z(Ym- —E(Yn)) N N(O,U2), as n — 00.

i=1
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by the assumption on the sequence of bandwidths. Thus, I(|Y,;| > €) — 0, for every € > 0
and by the DCT

n
ZE[YfiI(|Yn¢| > €)] = EnY A I(|Y1| > €)] = 0.
=1

By (76) we see that the bias term can be bounded above as
Vnh|b(zo)| < Vnhh? — 0, as n — 0o.

Therefore, we have the desired result. O

Exercise 5 (HW3): Suppose that you are given an i.i.d. sample from a bounded density
p with bounded derivatives at z¢. Suppose that c(a,z¢) is such that P(—c(a,z9) < Z <
c(a,z0)) = 1 — a where Z ~ N(0,p(z9)). Use a kernel density estimator (with a suitable
kernel) to obtain a 95 percent confidence interval (CI) for p(zg) in such a way that the size
of the interval shrinks at rate 1/v/nh, as n — oo, and that h,, can be chosen so that this

rate is ‘almost’ (say, up to a logn term) of order n=1/3,

Exercise 6 (HW3): Under the setup of Remark 3.1 and the assumption that h = an=1/5,
where o > 0, find the asymptotic distribution of vnh(pn(zo) — p(zg)). Can this be used
to construct a CI for p(zp)? What are the advantages/disadvantages of using this result
versus the setup of Theorem 6.16 with 5 = 2 to construct a CI for p(zg)?

3.4 Introduction to kernel regression

Regression models are used to study how a dependent or response variable depends on a
predictor variable. Let (X,Y’) be a pair of real-valued jointly distributed random variables
such that E|Y| < oo. The regression function f : R — R of Y on X is defined as

f(z) :=E}Y|X = z].

Suppose that we have a sample (X1,Y1),...,(Xy,Y,) of n iid. pairs of random variables
having the same distribution as (X,Y).

Question: How to estimate f nonparametrically from the data?

Classically, the regression function f is assumed to lie in a class of functions specified by
a finite number of parameters (e.g., linear regression). The nonparametric approach only
assumes that f € F, where F is a given nonparametric class of functions. The set of values

{X1,...,X,} is called the design. Here the design is random.

The conditional residual £ :=Y — E[Y|X] has mean zero, i.e., E({) = 0 (by definition), and
we may write
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where &; are i.i.d. random variables with the same distribution as £. In particular, E(&;) =0

for all ¢ = 1,...,n. The variables & can therefore be interpreted as “errors”.

Idea: The key idea we use in estimating f nonparametrically in this section is called “local
averaging”. Given a kernel K and a bandwidth h, one can construct kernel estimators for
nonparametric regression. There exist different types of kernel estimators of the regression

function f. The most celebrated one is the Nadaraya-Watson estimator defined as follows:

Xi—
Y, Vil (X5

n
) X
£V (@) = (YT o
Z?:1 K ( lh_x> =1
and f¥W(z) = 0 otherwise. This estimator was proposed separately in two papers by

Nadaraya and Watson in the year 1964.

Example: If we choose K (u) = $I(Ju| < 1), then f’W(z) is the average of ¥; such that
X; € [x — hyx + h]. Thus, for estimating f(z) we define the “local” neighborhood as
[x — h,x + h| and consider the average of the observations in that neighborhood. For fixed

n, the two extreme cases for the bandwidth are:

(i) h — oo. Then fYW(z) tends to n=1 3" | Y; which is a constant independent of z.

The systematic error (bias) can be too large. This is a situation of oversmoothing.

(ii) A — 0. Then fNW(X;) = Y; whenever h < min; ; |X; — X;| and limy,_,o fYV(z) = 0,
if z # X;. The estimator V"V is therefore too oscillating: it reproduces the data Y;
at the points X; and vanishes elsewhere. This makes the stochastic error (variance)

too large. In other words, undersmoothing occurs.

Thus, the bandwidth h defines the “width” of the local neighborhood and the kernel K
defines the “weights” used in averaging the response values in the local neighborhood. As
we saw in density estimation, an appropriate choice of the bandwidth h is more important
than the choice of the kernel K.

The Nadaraya-Watson estimator can be represented as a weighted sum of the Y;:

fa V(@) = Zn: YW (x)

i=1

where the weights are

WNW (z) = Zfig{z(x) )I ZH:K< >7€O

Definition 3.8. An estimator f,(z) of f(z) is called a linear nonparametric regression

estimator if it can be written in the form
n
= YiWyi(x)
i=1
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where the weights Wy(x) = Why(x, X1,...,X,) depend only on n,i,x and the values
X1, X

Typically, the weights W, () of linear regression estimators satisfy the equality ;" | Wy;(z) =

1 for all x (or for almost all x with respect to the Lebesgue measure).

Another intuitive motivation of f¥W is given below. Suppose that the distribution of (X,Y")
has density p(z,y) with respect to the Lebesgue measure and pX(z) = [ p(z,y)dy > 0.

Then,

f(z) = E[Y|X = 1] = W.

If we replace here p(x,y) by the KDE p,(z,y) of the density of (X,Y’) and use the corre-
sponding KDE pX () to estimate pX (z), we obtain fNW in view of the following result.

Exercise 7 (HW3): Let p:X (z) and p,,(z,y) be the KDEs of pX and p respectively (as defined

in the previous lecture) with a kernel K of order 1. Then

Ny _ J yPa(;y)dy
I 0 =)

if Y (z) # 0.
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4 U-statistics

Let X1,...,X, be a random sample from an unknown distribution P on R%. Given a known

function h : R — R, consider estimation of the “parameter”
0 =0(P) =Ep[h(Xy,..., Xy)] (81)

(here we assume that n > r). We will assume that the function h is permutation symmet-
ric/invariant in its r arguments®, i.e., h(wx) = h(x) for every x € R” and 7 € II,., the set

of all permutations of {1,...,r}% (here 72 = (Tr(1)s - Tr(p)) for @ = (21,...,2:)).

Question: Why should we study estimation of € as in (81)? The following examples show
that many interesting parameters arising in statistics can be expressed in the form (81). In
fact, a parameter §(P) admits an unbiased estimator if and only if for some r there is an h
such that (81) holds.

Example 4.1 (Population variance). If Xi,..., X, are i.i.d. random variables with mean

E(X7) = p then the population variance is defined as

Var(X1) = (X1 — ] = B [(X1— ) + (X2 — )’
— SO ) - (- W] =B |50 - o7

Thus, § = Var(X;) can be expressed in the form (81) with § = E[h(X1, X2)] where
h(zxy,x9) = %(azl —19)%.
Example 4.2 (Gini mean difference). When h(z1,x2) = |21 — 22|, § = E[| X1 — X2|] is the

mean pairwise deviation or Gini mean difference.

Question: What is a natural estimator of 6 in (81)7?

A natural unbiased estimator of ¢ in (81) is h(Xy,...,X,). Since n observations (with
n > r) are available, this simple estimator can be improved: By Rao-Blackwell theorem, the
new unbiased estimator formed by computing the conditional expectation given a sufficient
statistic has smaller variance. Here, for X;’s with values in R, the vector of order statistics
(X(1),---»X(n)) is sufficient; and for i.i.d. X;’s more generally, the empirical measure P, =
%Z;;l dx, is sufficient (see e.g., Dudley [2, Theorem 5.1.9, page 177]).

Definition 4.3 (U-statistics). A U-statistic of order r with kernel h is defined as

Un 1=(le) > h(Xiy,. Xe,) (82)
)

ilvw:i'r)

1

59A given h could always be replaced by a symmetric one as 6 = @] Z(il iy BlR(Xiy, - XG,))

50Thus, h is permutation invariant if the value of h(z) does not change if we permute the components

~~~~~

of z, i.e., for instance, when r = 3: h((z1,z2,23)) = h((z2,21,23)) = h((zs,21,22)) = h((z1,23,71)) =
h((w2, 23, x1)) = h((23, z2, 21)).
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where (i1, .. .,14,) denotes one of the (7:) collections of unordered subsets of r distinct integers

chosen from {1,...,n}.

Here “U” stands for “unbiased”. The theory of U-statistics was introduced by Wassily
Hoeffding in the 1940s.

Exercise 8 (HW3): Show that if X(j),..., X(,) denote the values Xi,..., X, stripped
from their order (the order statistics in the case of real-valued variables), then U, =
E[h(Xy,. .., X:)| X1, -+ X(n)]- Now, using the Rao-Blackwell theorem show that Uy, has

smaller variance than h(Xy,..., X,).

Example 4.4 (Sample variance). Let Xi,..., X, be i.i.d. random variables and consider

the (unbiased) sample variance:

=1
Observe that
Un :%Z (XZ_XJ)2 = ! zn:znzl(Xl_XJ)2—5n
(2) i<j n(n —1) i=1 j=1 2

by a simplification as in Example 4.16%.

We will study many properties of U-statistics: Unbiasedness, lower variance, asymptotic

variance, asymptotic distribution, etc.

Example 4.5 (U-statistic of degree r = 1). U-statistic of degree r = 1 is a mean U =
nt >oi1 h(X;). The asymptotic normality of U is then just a consequence of the CLT.

4.1 Projection

Although the asymptotic distribution of a U-statistic of degree r = 1 can be easily obtained
by the CLT, i is not immediate how we can handle U-statistics of degree r > 1. The idea

of a projection®? of a random variables becomes important in this regard.

More generally, a common method to derive the limit distribution of a sequence of statistics

T, is to show that it is asymptotically equivalent to a sequence S, of which the limit

“'Note that U = o130 50 [(Xi—X.)—(X;-X)]" = A5hSi, (X — Xa)?
- ;:l(Xi — X,,)(X; — X»)] which yields the desired result.

52In mathematics, the Hilbert projection theorem is a famous result of convex analysis that says that
for every vector x in a Hilbert space H and every nonempty closed convex C' C H, there exists a unique
vector y € C for which ||z — z|| is minimized over the vectors z € C. This is, in particular, true for any
closed subspace M of H. In that case, a necessary and sufficient condition for y is that the vector x — y be

orthogonal to M.
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behavior is known. The basis of this method is Slutsky’s lemma, which shows that the

sequence 1), = T,, — S, + S, converges in distribution to S if both 7}, — S,, — 0 and .S, 4.
Question: How do we find a suitable sequence S,,7

First, the variables S,, must be of a simple form, because the limit properties of the sequence
S, must be known. Second, S, must be close enough. One solution is to search for the
closest S, of a certain predetermined form. In this chapter, “closest” is taken as closest in

square expectation.

Example 4.6 (Hajek projection). Suppose that Xi,...,X,, are independent random vec-
tors on R?, and let S denote the set of all variables of the form >, g;(X;), for for ar-
bitrary measurable functions g; : R? — R with E[g?(X;)] < oo for i € {1,...,n}. Let
T=T(Xy,...,X,) be a statistic with finite second moment. The projection of T" onto S is
called the Héjek projection of T onto §. What is the form the Héjek projection? We will

answer this question below.

Definition 4.7 (Projection). Let 7" and {S : S € S} be random variables (defined on
the same probability space) with finite second-moments. A random variable S is called a

projection of T onto S (or Lo-projection) if S € S and minimizes
S — E[(T - S)?], over Se€S.
Often S is a linear space in the sense that a1.51 + asSy € S for every ag, s € R, whenever

51,95 € 8. In this case S is the projection of T if and only if T'— S is orthogonal to S for
the inner product (S, S2) = E[S1S2]. This is the content of the following theorem.

Theorem 4.8 (Projection onto a linear space). Let S be a linear space of random variables

with finite second moments. Then S is the projection of T onto S if and only if S € S and
E[(T — S)S] =0, for every S € S. (83)
Every two projections of 7" onto S are almost surely (a.s.) equal. If the linear space S
contains the constant variables, then E[T] = E[S] and Cov(T — §,5) = 0 for every S € S.
Proof. For any S and S € S,
E[(T — )% = E[(T — $)%] + 2E[(T — $)(§ — $)] +E[(S — S)2].

If S satisfies the orthogonality condition, then the middle term is zero (by (83) as S—S € S),
and we conclude that E[(T—S)?] > E[(T —S)?], with strict inequality unless E[(S—5)?] = 0
(ie., S = S a.s.). Thus, the orthogonality condition implies that Sisa projection, and also

that it is unique a.s.

Conversely, for any number @ € R and S € S,

E[(T — S — aS)?] —E[(T — 5)%] = —2aE[(T — 5)5] + o*E[S?].
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If Sis a projection, then this expression is nonnegative for every «. But the parabola
o — —20E[(T — 5)S] + o?E[S?] is nonnegative if and only if the orthogonality condition
E[(T — $)S] = 0 is satisfied.

If the constants are in S, then the orthogonality condition implies E[(T — §)1] = 0, whence

the last assertions of the theorem follow. O

The orthogonality of T' — S and S yields the Pythagorean rule

E[T? = E[(T — 5)?] + E[5?]. (84)

Now suppose a sequence of statistics T, and linear spaces S,, is given. For each n, let
S, be the projection of T,, on S,. Then, as shown by the following result, the limiting
behavior of the sequence T;, follows from that of S, and vice versa, provided the quotient

Var(T,,)/Var(S,) converges to 1.

Theorem 4.9 (Asymptotic equivalence). Let S,, be linear spaces of random variables with
finite second moments that contain the constants. Let T;, be random variables with projec-

tions S, onto S,. If Var(T},)/Var(S,) — 193, then
_ T —E[L] S —E[S] »

fin = \/Var(T,) \/Var

Proof. First note that E(R,,) = 0. We will show that Var(R,,) — 0 as n — oo, which will

complete the proof.

(85)

As S, contain all constants, applying (83) with the constant random variable 1 we get
E[(T,,— S,)1] = 0, which implies E[T}, — S,,] = 0. Thus, Cov(T},,—Sn, S,) = E[(T),—Sn)Sn] =
0 where the last equality follows from ( 3). Thus,

Cov(Ty, Sp) = Cov(T}, — S, Sp) + Var(Sy,) = Var(S,).

Therefore,
2Cov (T, S 2Var(S G
Var(R,) Cov(T,, Sy) _9_ Var(S),) o1 Var(Sy,) N
\/ Var (T, )Var(Sy,) \/Var(T,,)Var(S,) Var(T},)
as n — 0o, which completes the proof. ]

In the preceding theorem it is essential that the S, are the projections of the variables
Ty, because the condition Var(7T},)/Var(S,) — 1 for general sequences S, and T}, does not

imply anything.

%3The condition Var(T},)/Var(S,) — 1 in the theorem implies that the projections S, are asymptotically

of the same size as the original T,.
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4.1.1 The Hajek projection

Recall the setting of Example 4.6, in particular the definition of 7" and S. The following
result gives the form of the of T onto S.

Lemma 4.10. The projection of an arbitrary random variable T' = T'(X,..., X,) with

finite second moment onto S is given by

S:=> E[T|Xi] - (n— DE[T]. (86)
i=1

S is called the Hdjek projection of T onto S.
Proof. Note that S € S. Thus it suffices to show that (83) holds. But,

E(T - S)S] = E[(T-5) igz‘(Xz')] = iE[(T — 9)gi(X;)]
- ZE[ (T = §)gi(X3)|X,]] = ZE[gi JE[T ~ 51X;]
- ZE[gZ ) (BITIX) - E[S1X)]) |

where for each i € {1,...,n}, by (86),
E[5|X] = ZE (T1X,)|X1] — (n — 1E(T)
= (n — DE(T) + E[T[Xi] — (n — DE(T) = E[TX;]

This completes the proof. ]

Note that if X;,..., X, are ii.d. and T = T(Xy,...,X,) is permutation symmetric, then
for all i € {1,...,n} which does not depend on i (as T' is permutation invariant).

Exercise 9 (HW3): Show that in this case S is also the projection of T' onto the smaller set
So consisting of all variables of the form ) ;" | g(X;) for an arbitrary measurable function

g (with finite second moment).

4.2 U-statistics and Hajek’s projection

Recall the estimation problem (81) and our estimator (82) — the U-statistic U,,. The Hajek
projection of U, is U, (see (86)) which leads to

n r n
Up—0="> E[U,|X;] —nf = - D hi(X;) (88)
=1 =1
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where

hi(z) := Elh(x, Xo,..., X,)] — 0.

The first equality in (88) is the consequence of the Hajek projection principle. The second
equality is established in the proof below. The sequence \/ﬁ(Un—H) is asymptotically normal
by the CLT, provided E[h?(X})] < co. The difference between U,, and U,, is asymptotically
negligible.

Theorem 4.11 (Asymptotic normality of U-statistics). If E[h?(Xy,...,X,)] < oo and
& = Var(h1(X1)) > 0, then
VU, —U,) 5 0. (89)

Hence
V(U = 0) = v/n(Uy, — 0) + 0,(1 Zhl )+ o0p(1) -5 N (0,rVar(hi (X))

where & = Var(hy(X1)) = Cov(h(X1, Xo, ..., X;), h(X1, X5, ..., X])). Here X}, ..., X/ are
i.i.d. having the same distribution of X; and independent of Xy,..., X,,.

Proof. The first task is to prove that the form of the H&jek projection U, is as claimed

n (88). Since the X;’s are independent and h is permutation symmetric,

hl(.%'), if 7€ {il,.. .,ir}
0, if ¢ {iy,... i),

E[h(X“, . .,XZ'T) —G‘XZ = CE] =

Thus,

E[U, — 0|X;] = Z hi(Xi)lg,,. iy (0) =

(11 yeeslr)

Now summing these over i yields (88). We can calculate Var(U,) casily as

2
Var(Un) = — ZVar (hi(X. & (90)

Since the random variables Y; := hj(X;) are i.i.d. with mean zero and finite variance, by
the CLT, we have
(U, — 0) % N(0,7%€,).

To show (89) we will apply Theorem 4.9, and thus it is enough to show%*

Var(U,,) R
Var(U,,)

S4Exercise 10 (HW3): Show that (91) indeed yields (89).
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Calculating Var(Un) is a bit more involved which we do now. Note that

Var(U, Z 3 Cov( Xil,XiQ,...,Xir),h(Xixl,Xifz,...,Xi/T)>.

(T (1150 )(17 A )

Let k be the number of indices in common between {iy,...,%,} and {i},...,i.}. Then,
since there are (Z) ways of choosing {i1,...,i,}, (;) ways of choosing k common indices
from the choice of {i1,...,i,}, and then (f:,:) ways of choosing the rest of the second block
{#},...,i.}, we find that

VarU) = 53 ()0 e - Z(’“)(()’“)fk (92)

where% for k € {1,...,r},

& = Cov (R(X1, ., Xpy Xt 1+ X0 )y h(X1, ooy Xy Xy, X))

The expression of Var(U,,) in (92) can be rewritten as

: r! (n—r)! (n—r)lr!
;k!(r—k)!'(r_k)!(n—2r+k>!' ol ok

r rl2 (n—r)--(n—2r+k+1) 1 .
~ — f
Zk!r— 2 nn—1)--(n—r+1) &k 7’51” if & >0,

as in the above sum the first term is O(1/n), the second term is O(1/n?), and so forth.
Putting this together with (92) yields (91) and completes the proof. O

Example 4.12 (Asymptotic normality of sample variance). Recall the setting in Exam-
ple 4.4. Here the parameter of interest is § = 0> = Var(X;) and the U-statistic is the
(unbiased) sample variance U,, = s2. Let us find the asymptotic distribution of s2 (where
r =2). In this case hi(z) = E[3(z — X2)?] — 02 = £(2? + E[X3]) — 2E[X>] — 0. Thus,

22¢1 = 4Var(hi(X1)) = Var(X7 — 2X1p) = E[(X] — 2X1p)%] — (E[X7] — 24%)?
B - AXP o+ AX 22 — (B[X2)? — 4t + AR[XE]
= E[X{] - 4pE[X7] + 4E[XT]p? — (0 + pi?)? — dp’ + 4(0” + p?)p?
= E[X}] — 4uE[X}] — o + 3u* + 60%p* = pg — ot
where g = E[(X1 — u)?] is the 4th central moment. So nVar(U,) — us — o*. Thus,
ViU = 0%) % N(0, s — o*).

%Note that from the right hand term in (92) can be expressed as E[¢x] where & = 0 and K ~

Hypergeometric(n,r) (sampling without replacement from an urn containing n balls, r of which are red

and n — r of which are blue), i.e.,

P(K =k)= 22"~ for ke {1,...,r}.
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If £, = 0, we say that U, is degenerate’S.

4.3 Exercises

12. Suppose we have bivariate data (X1,Y1),...,(Xp,Y,). The Kendall’s T-statistic is

7= n(n4_ 5 Z L{(Y; - V})(X; — X;) > 0} — L.
1<)
This statistic is a measure of dependence between X and Y and counts the number of
concordant pairs (X;,Y;) and (Xj;,Y;) in the observations. Two pairs are concordant
if the indicator in the definition of 7 is equal to 1. Large values of 7 indicate posi-
tive dependence (or concordance), whereas small values indicate negative dependence.
Under independence of X and Y and continuity of their distributions, the distribution
of 7 is centered about zero, and in the extreme cases that all or none of the pairs are

concordant 7 is identically 1 or -1, respectively.

Show that 7 + 1 is a U-statistic of order 2, and find it’s asymptotic distribution.
Use this to develop an asymptotic level « test for “independence” (describe the test

explicitly).

56Exercise 11 (HW3): Suppose that Xi,...,X, are i.i.d. P, an unknown distribution on R, with mean
E(X1) = p and variance o = Var(X;) > 0. How would one estimate the square of the mean, (P) = u??
Find the limiting distribution of the estimator. Suppose next that 4 = E(X1) = 0. Find a nondegenerate
limiting distribution of the estimator in this case. [Hint: As E(X;X2) = p?, it is an estimable parameter

with degree at most 2.]
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5 General linear model

The general linear model incorporates many of the most popular and useful models that arise
in applied statistics, including models for multiple regression and the analysis of variance.

The basic model can be written succinctly in matrix form as
Y=Xp+¢ (93)

where Y € R" is the observed response vector, X is an n x p matrix of known constants (also
known as the design matrix) consisting of the predictor variables, 5 € R? is an unknown
parameter, and ¢ is a random vector in R™ of unobserved errors. We will first assume (the

less stringent assumption) that the error vector € = (€1, ..., €,) satisfies
Ele;] =0, Var(e) =02 (for all i) and Cov(ej, ej) =0 for all i # j. (94)

Example 5.1 (Quadratic regression). In quadratic regression, the response variable is mod-
eled as a quadratic function of some explanatory variable plus a random error. Specifically,

we model the observed data {(z;,Y;)}" ; as
Y; = b1+ Bowi + B3} + €, (95)

Here the explanatory variables x1,...,x, are taken to be known constants, 51,32, and
B3 are the unknown parameters, and ¢;’s are unobserved errors satisfying (94). We can

succinctly express (95) in the form (93) with

U1 1 = :17% €1
Y2 1 29 :c% s €2
Y = . ) X=1. . . ) =151, €=
: S .2 B,
Un 1 z, =z €n
It is often more convenient to view the unknown mean of Y, namely,
ji=E[Y] = X3 (96)

in R" as the unknown parameter. If ¢y, ..., ¢, are the columns of X, then

pw=Xp=pci+ ...+ Bpcp,

which shows that g must be a linear combination of the columns of X. So p must lie in the

vector (sub)-space
w = span{ci,...,c,} = {Xp: 5 € R} (97)

Using p instead of 3, the vector of unknown parameter is 6 = (u,o) taking values in
© =w x (0,00).
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5.1 Estimation

To estimate 5 € RP it is natural to project the response vector Y € R™ onto the column
space of X and define
3= arg min ||Y — X 98
3= g min |V - X5 (98)

Here B is called the least squares estimator (LSE) of 8. Of course, when the rank r of X is
less than p, B will not be unique®”. The following fundamental result from convex analysis
can be used to characterize the LSE B

Theorem 5.2 (Hilbert projection theorem). For every vector x in a Hilbert space (H, (-, -))%®

and every nonempty closed convex C' C H, there exists a unique vector y € C such that
y = argmin ||z — z||%. (99)
zeC
This is, in particular, true for any closed subspace M C H. In that case, a necessary and

sufficient condition for y to satisfy (99) is that the vector  — y be orthogonal to M, i.e.,
(x —y,z) =0 for all z € M. This closest point y (to x) is called the projection of x onto C.

Applying Theorem 5.2 with H = R™ (with the usual inner product) and M = w, we see
that

Y :=argmin||Y —z||> = arg min ||V — z|?
ZEW z2=XpB:BERP

is the projection of Y onto w. The mapping Y +— Y is linear and can be represented by an
n X n matrix P, i.e.,

Y = PY,

with P called the (orthogonal) projection matriz®® onto w. Since Y € w, PY = Y, and so
P?Y = P(PY) = PY =Y = PY. Because Y can take arbitrary values in R", this shows
that P2 = P (and thus the eigenvalues of P are either 0 or 1; why?). Matrices that satisfy

the equation P? = P are called idempotent.

Once we obtain Y, we may find B € RP? such that Y = X3. If X has full column rank p,

then 3 is also unique.

57Since Y has mean p, it is fairly intuitive that our data must provide some information distinguishing
between any two values for p, since the distributions for Y under two different values for p must be different.
Whether this also holds for 8 depends on the rank r of X. Since X has p columns, this rank r is at most p.
If the rank of X equals p then the mapping S +— X is one-to-one, and each value p € w is the image of a
unique value 8 € RP. But if the columns of X are linearly dependent, then a nontrivial linear combination
of the columns of X will equal zero, so Xv = 0 for some v # 0. But then X(8 +v) = X8 + Xv = Xg,
and parameters 8 and 8" := 8+ v both give the same mean p. Here our data Y provides no information to

distinguish between parameter values 8 and 8.
58See Appendix A.1 for a brief review and examples of Hilbert spaces.
59Tukey coined the term “hat matrix” for P because it puts the hat on Y.
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A convenient way to calculate B and then Y using calculus is to realize that all partial
derivatives of the least squares criterion ||Y — X 3|2 must vanish at 8 = 7. Another
approach to characterizing /3’ and Y proceeds via geometric considerations which we describe

below. Since the columns ¢;, for i = 1,...,p, of X lie in w, the residual vector

=Y -V (100)

T

must be orthogonal to every element in w, i.e., we must have ¢; e =0, for all i = 1,...,p,

which implies
XTe=0.

Since Y =Y + e,
XY=XT(V+e)=X"V+XTe=X"Y = XTX5.

If XX is invertible”" then this gives

B=XTX)"'XxTy.
In this case

PY =Y =XB=X(X"X)"'XTy,

and so the projection matrix P onto w can be written as

P=XX"x)"1xT.

Thus P is symmetric.

5.2 Gauss-Markov theorem

Recall the setting (93) where e satisfies (94). One of the most famous results in statistics
asserts that the LSE of 8 have the smallest variance among all linear unbiased estimates.
We will make this precise here”™. We focus on estimation of any linear combination of the
parameter [3, e.g.,

£:=0'p

"Exercise 13 (HW3): Using this approach find expressions for B and then Y.
"'The matrix X ' X is invertible iff X has full column rank, i.e., 7 = p (here rank(X) = r). In fact, X ' X

is positive definite in this case. To see this, let v € R” be an eigenvector of X ' X with [lv|| = 1 and eigenvalue
A. Then

[Xv))?=0v" X" Xv=2"v=A),

which must be strictly positive since Xv = civ1 + ... 4+ ¢pvp cannot be zero if X has full column rank (as

v #0).

"2We should also make clear that the restriction to unbiased estimates is not necessarily a wise one. This

observation will lead to considering biased estimates of 8 such as ridge regression.
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with b € RP being a fixed vector. For example, when b is the j’th unit vector (i.e., b =
0,...,0,1,0,...,0) € RP with 1 being in the j’th place) we are interested in estimating 3;,
for j € {1,...,p}.

It is natural to estimate & by an estimator of the form a'Y = Y1 +...+a,Y,, for some

a € R". Such an estimator is called a linear estimate (as the estimator is a linear function
of Y).

Question: Among all linear unbiased estimators of £ which one has the smallest variance?

The following result answers this questions.

Theorem 5.3 (Gauss-Markov theorem). Suppose that X ' X is invertible, and
E[Y]=XB and  Var(Y) = o’L,.

Then bTB =b"(XTX) !X TY is unbiased and has uniformly minimum variance among all

linear unbiased estimators of 7.

Proof. Let § = a'Y be a competing linear unbiased estimator. Observe that if § = a'Y is

an unbiased estimator of 7, then we must have
b B=n=Ela'Y]=a"X3 forall BeRP. (101)
Therefore, a' X = b. Note that

Var(a'Y) = Var(b"B+ (@'Y —b'p))
= Var(b'B) + Var(a'Y —b"3) +2Cov(b' B,a"Y —b' ).

Now,
Cov(b"3,aTY —bT8) = Cov (bT(XTX)—leY fa” — bT(XTX)—le]Y)
= PpIUXTX)IXT] (621, [a — X (X TX)710]
= o (XTX)L [XTa - XTX(XTX)*%}
— o2 (XTXx) [XTa - b} =0
as a' X = b (from (101)). Therefore,
Var(a'Y) = Var(b' ) + Var(a'Y —b' ) > Var(b' ),

which completes the proof. O

In fact, the above idea generalizes to estimating w'u for any fixed w € R™ (recall that

1 =E[Y] = XB). A natural linear unbiased estimator of w! yu is w'Y, as
Ew'Y]=w E[PY]=w P(XB)=w X =wp.
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Exercise 14 (HW3): Consider estimating w 'y, where w € R” is a known vector. Show
that w'Y has the smallest variance among all linear unbiased estimators of w'u. As a

consequence of the above (re)-derive Theorem 5.3.

Although w'Y is the “best” linear unbiased estimate (BLUE), in nonlinear estimates can

be more precise at times. The following exercise demonstrates this.

Exercise 15 (HW3): Suppose that Y; = § + ¢ for ¢ = 1,...,n where €1,...,€, are i.i.d.

—V2|z|/o ..
%, for z € R. Shows that the conditions of the Gauss-

Markov theorem are satisfied. Further, show that the sample median has roughly (for large

with common density f(z) =

n) half the variance of §.

5.3 Normal linear model

In the last subsection we saw that just assuming uncorrelatedness and homoscedasticity of
the errors (i.e., (94)) was enough to make § the BLUE of 3. However, for exact inference
(i.e., hypothesis testing and confidence intervals) we need to make distributional assump-
tions on £. We usually assume that €1, ..., €, are i.i.d. N(0,02), with ¢ > 0 an unknown
parameter, so that

e~ N(0,0°1,).

This leads to the normal linear model

Y ~ N(XB,0°1,). (102)

5.3.1 Canonical form

Many results about testing (and estimation) in the general linear model follow easily once
the data are expressed in a canonical form. Let vi,...,v, be an orthonormal basis for
R™, chosen so that vy,...,v, span w (as defined in (97)). Then, the data vector Y can be

expressed as

Y =Ziv1+ ...+ Zyvp. (103)
Algebraically, Z = (Z1,...,Zy,) can be found introducing an n x n orthogonal matrix A
with columns v1,...,v,. Then A is an orthogonal matrix, i.e., ATA = AAT =1, and YV’

and Z are related by
Y=A4Z o Z=A"Y.

Since Y =p+e, Z=AT(u+e)=A"pu+ ATe. If we define

n:=A"p and e :=ATg,
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then
Z=n+¢e" = Z ~ N(n,o%I,),

as e* ~ N(0,0%I,). Next, recalling that c1,...,c, are the columns of the design matrix X,
we have p = X =>" | Bic; and

o\, 1 Biv] ¢i
n=A"p=|: Bic; =
'U;l: = le IBZ"UICZ'
Since cy,...,¢p all lie in w, and v,41,...,v, all lie in wt, we have vl;rci =0 for k > r and

i=1,...,p, and thus

Mr4+1 ::nnzo
Now, using n = AT,
,
p=An=[vy--vp],...,m,0...0]" = vaz‘- (104)
i=1
This establishes a one-to-one relation between points p € w and (n1,...,7n,) € R". Since
Z ~ N(n,0%l,), the variables Z1, ..., Z, are independent with Z; ~ N(n;, 0?). The density
of Z, taking advantage of the fact that 9,11 =... =1, =0, is
12( ) ! LS - L 3 2 (105)
Z1yeees 2 = exp | ——= Zi— 1) — —5 %
Z\ <1 ) AN (27'('0'2)2 P 20_2 : 1 i 20_2 ' i
=1 i=r+1

I =, 1 Il &~ , n )
= exp [_W;Zi + 02;%‘77@' - W;m - 510g(27‘1’0‘ )| . (106)

These densities form a full rank (r41)-parameter exponential family with complete sufficient

(Zl,...,ZT, znj Zf).

1=r+1

statistic

Exploiting the canonical form, many parameters are easy to estimate. Because E[Z;] =
ni,i=1,...,7r, Z; is the UMVU estimator of n;, for i =1,...,r.

Exercise 16 (HW3): Find the UMVU estimator of w' i, where w € R is a fixed vector. In
particular, find the UMVU estimator of b' 3, where b € RP is a fixed vector (assuming X

has full column rank).

5.3.2 Estimating o2

From the above discussion, Z,11,...,Z, are ii.d. from N(0,02). Thus E[Z?] = o2, for
i=r+1,...,n, and the average of these variables,
1 n
S? = 72
— Z : (107)
1=r+1
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is an unbiased estimator of 2. But S? is a function of the complete sufficient statistic
(Z1y... Zp,> % 1 Z2), and so S? is the UMVU estimator of o2. The estimator S? can be
computed from the length of the residual vector e = Y — Y in (100). To see this, first
observe that, from (103)

Y = PY = PAZ = [Puvyi--1Pv,)Z = [v1i -+ 0,00 012 = Y Ziwy (108)
=1

and from (104), we have

le]* =e'e = ( Zn: ZwiT> < Zn: sz’) = Zn: Zn: Z;Zjv vy = Zn: zZ¢  (109)

i=r+1 i=r+1 i=r+1i=r+1 i=r+1
as vy, ..., Uy, is an orthonormal basis, U,LT vj = &;; (where §;; equals 0if 7 # j and equals 1

when i = j).

Asp = Y is a function of Z1, ..., Z,, and the residual e is a function of Zyity- -y 2y, S? and

i1 are independent. Also, using the above, and the definition of the chi-square distribution,

n-—r 2 "
UESALE o A s oI

i=r+1
since Z;/o ~ N(0,1), fori=r+1,...,n.

The distribution theory just presented can be used to set confidence intervals for linear
estimators. If @ is a constant vector in R™, then the variance of (unbiased) LSE a'fi of a'p

is 02| Pal|?, which is naturally estimated as 6ot = S||Pal|.

Exercise 17 (HW3): Show that in the general linear model with Y ~ N(u,02l,), p € w,
and o2 > 0,

(GT[L - a-aTﬂta/Z,n—'r’a aTﬂ + a-aT/lta/Zn—'r)
is a 1 — « confidence interval for ¢ . In particular, when X has full column rank, find a

1 — « confidence interval for 3;, for i =1,...,p.

5.3.3 Noncentral F' and chi-square distributions

Distribution theory for testing in the general linear model relies on noncentral F' and chi-

square distributions.

Definition 5.4 (Noncentral chi-square distribution). If Zi,...,Z) are independent and
0 > 0 with
Zy ~ N(4,1) and Zj~N(0,1), j=2,...,k,

then W := Zle Zi2 has the noncentral chi-square distribution with noncentrality parameter

62 and k degrees of freedom, denoted by
W~ X3 (6%).
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Lemma 5.5. If Z ~ N(v,I;), then Z"Z ~ x2(|[7]?).

Proof. Let B be an k x k orthogonal matrix where the first row is ' /|||, so that 7 :=
By = (l,0,...,0) € RE. Then, Z = BZ ~ N(3,1y). As 277 = 55, 22 ~ (1),
the lemma follows as Z' Z = Z'B'BZ = Z"Z. ]

The next lemma shows that certain quadratic forms for multivariate normal vectors have

noncentral chi-square distributions.

Lemma 5.6. If ¥ is a k x k positive definite matrix and if Z ~ N(~, %), then
ZTS7Z ~ X3 (TS ).

Proof. Let A := ©~1/2 the symmetric square root of X1 [This can be found by writing
Y = VDV where V is an orthogonal matrix (so that VV'T = I) and D is diagonal, and
defining ¥1/2 = VDY2VT, where D'/? is diagonal with entries the square roots of the
diagonal entries of D. Then $'/2 is symmetric and $1/2%1/2 = 2.

Then AZ ~ N(Av, i), and so
Z'v71Z = (AZ)(AZ) ~ g (1 47]%).

The lemma now follows as ||Ay||? = (A7) T (Ay) = yTAAy =y T8 1y, O

Definition 5.7 (Noncentral F-distribution). If V' and W are independent variables with
V ~ x3(6%) and W ~ x?2,, then

the noncentral F-distribution with degrees of freedom k£ and m and noncentrality parameter
52. When 6% = 0 this distribution is simply called the F-distribution, From.

5.4 Testing in the general linear model

In the general linear model, Y ~ N (p, 021,,) with the mean u = X3 = P | Bic; in a linear

subspace w with dimension r. In this subsection we consider testing
Hy:p€wy versus Hy:pew\w

with wp being a ¢-dimensional linear subspace of w, with 0 < ¢ < 7. Null hypotheses
of this form arise when [ satisfies linear constraints. For instance we might want to test
Hy : p1 = By or Hy : 1 = 0. Note that Hy : 1 = (2 is equivalent to pu € span{c; +
€2,€3,...,¢p} = wo C w and Hy : f1 = 0 is equivalent to p € span{ea, c3,...,¢p}.
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Let i and jig denote LSEs for p under the full model and under Hy. Specifically,
p=Y =PY and o = RY,

where P and Py are the projection matrices onto w and wg. The test statistic of interest
is based on ||Y — fi]|, the distance between Y and w, and ||Y — fig|, the distance between
Y and wg. Because wg C w, the former distance must be smaller, but if the distances are

comparable, then at least qualitatively Hy may seem adequate. The test statistic is

_n—r Y — ol — |IY — af?
r—q 1Y = flf? ’

(110)

and Hy will be rejected if T exceeds a suitable constant. Noting that Y — i € w' and
i — fig € w, the vectors Y — i and 1 — [ip are orthogonal, and the squared length of their

sum, by the Pythagorean theorem, is
1Y = fwoll® = 1Y = All* + [l — fol*.
Using this, the formula for T can be rewritten as

n—r lia—fol?® _ ll&— il
r—q Y —p* (r—q)8*

T =

where we have used (107) and (109)". For level and power calculations we need the distri-

bution of T which is given in the next result.

Theorem 5.8. Under the normal linear model,
T ~ FT_Q?’H‘_T((sQ)’

where
62 = || — Poul[2/ o (111)

Proof. Write Y = Z?:l Z;v;, where vq,...,v, is an orthonormal basis chosen so that

U1,...,V span wp and vq,...,v, span w. Then, as in (108),

q T
ﬂ() = Z Zi’UZ' and /l = Z Zﬂ]i.
=1 =1

We know that Z ~ N(n,021,,) with 5,41 = --- =1, = 0. Since v, v; is zero when i # j and

i

one when 7 = j,

n n
Iy —al?=| 3zl = 3 22

i=r+1 i=r+1

TExercise 18 (HW3): Show that this test statistic is equivalent to the generalized likelihood ratio test
statistic. Show that when r — g = 1 the test is UMPU.
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Similarly,

n 2 n
I =l =|| Yz = Y 22,

i=q+1 i=q+1

and so,

ﬁ Zf:qﬂ (Zi/0)2

ﬁ Z?:r+1(zi/a)2 '

The variables Z; are independent, and so the numerator and denominator in this formula for
T are independent. Because Z;/o ~ N(n;/o,1), by Lemma 5.5, zg:qH(Zi/o)Q ~ X2, (6%)

where

T =

r

6% = Z n?/o?. (112)
i=q+1
Also, sincen; = 0fori =r+1,...,n, Zi/o ~ N(0,1),i =r+1,...,n,andso 31" ., (Z;/0)* ~
X%_,. So by Definition 5.7 for the noncentral F-distribution, T' ~ F,_,,—(6?). To com-
plete the proof we must show that (111) and (112) agree, or that > 3i_ ., n? = |lp— Poul®.
Since u = E[Y] = iy mivi, and Pop = E[PyY] = E[f] = Y7, nivi, we have

T
p— Pop = Z 1;Vi.
i=q+1

The result now follows as ||u — Pyul|* = dimgr1 ne. O

5.5 Exercises

19. Consider a general linear model Y ~ N(p,0%l,),u € w,0? > 0 with dim(w) = 7.
Define v = Ap € R? where ¢ < r, and assume A = AP where P is the projection
onto w, so that ¢ := Aji = AY, and that A has full rank q. The F-test derived in
Section 5.4 allows us to test ¢» = 0 versus ¢ # 0. Modify that theory and give a
level « test of Hy : ¢ = g versus Hy : ¢ # 1y with 1y some constant vector in RY.
[Hint: Let Y* :=Y — uo with po € w and Apg = 9. Then the null hypothesis will
be Hy : Ap* = 0 where u* = p — po.]
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6 M-estimation (or empirical risk minimization)

Suppose that we are interested in a parameter (or “functional”) 6 attached to the distribu-

tion of the observations Xji,..., X, ii.d. P taking values in some space X (e.g., a metric
space). A popular method (in statistics and machine learning) for finding an estimator
0, = é(Xl, ..., Xp) is to mazimize a criterion function of the type
1 n
0, = M., (60 h M, (0) =P =— X;). 113
i wEEI0)  whae M(0)=Falma] = > mX). (1)

where P,, denotes the empirical measure™. Here © denotes the parameter space and, for
each 6 € ©, my denotes the a real-valued function on X (usually —my is thought of as a
“loss” function). Such a quantity 6, is called an M -estimator as it is obtained by maximizing

(or minimizing) an objective function. The map

n

0 — Pn[—mg] = %Z[—me(Xi)]

i=1

can be thought of as the “empirical risk” and én denotes the empirical risk minimizer over

6 € ©. Here are some examples:
1. Maximum likelihood estimators: These correspond to my(x) = logpg(z).
2. Location estimators:
(a) Median: corresponds to my(z) = |z — 6|.
(b) Mode: may correspond to mg(z) = 1{|z — 0| < 1}.

3. Nonparametric maximum likelihood: Suppose Xj,...,X,, are i.i.d. from a den-
sity 6(-) on [0, 00) that is known to be nonincreasing. Then take © to be the collection
of all nonincreasing densities on [0, 00) and my(z) = log§(z). The corresponding M-
estimator is the MLE over all non-increasing densities. It can be shown that 0,, exists

and is unique; 6, is usually known as the Grenander estimator.

4. Regression estimators: Let {X; = (Z;,Y;)}_; denote i.i.d. from a regression model
and let

me(x) = mg(z,y) = —(y — 0(2))?,

"Suppose now that Xi,..., X, are i.i.d. P on X. Then the empirical measure P, is defined by P, :=
1 n
n Lai=1

probability measure which puts mass 1/n at each of the n data points Xi,..., X,. Thus, for any Borel set
AC X, Pu(A) =137 14(X0) = M For a real-valued function f on X, we write

0x,;, where 0, denotes the Dirac measure at . For each n > 1, P, denotes the random discrete

Bu(f)i= [ dPu =57 FX0).
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for a class @ € © of real-valued functions from the domain of Z7. This gives the usual
least squares estimator over the class ©. The choice my(z,y) = —|y — 6(z)| gives the

least absolute deviation estimator over ©.
In these problems, the (true value of the) parameter of interest is

0y = arg max M(0) where M (0) := Plmy| = Exp[ms(X)]. (114)

Perhaps the simplest general way to see that 0, (in (113)) is a reasonable estimator of 6y is
to reason as follows. By the law of large numbers, we can approximate the ‘risk’ for a fixed

parameter 6 by the empirical risk which depends only on the data, i.e.,
P, [mg] = P[mg], ie., M,(0) ~ M(0).

However, the pointwise convergence M, (0) % M(0), for all § € ©, is too weak to ensure

the convergence of their maximizers (see e.g., Figure 2).

If M,,(0) and M, (0) are uniformly close, then maybe their argmax’s 0, and 6 are close.
This naturally leads to the investigation of quantities such as the uniform deviation

sup [M.,(6) — M(9)] = sup |(B,, — P)[my]]. (115)
0cO 0cO

The study of such deviations, uniformly over finite/infinite dimensional parameter spaces ©,
is the main topic of the subject empirical process theory, a full study of which is beyond the
scope of the current course. However, in this chapter we will develop some basic tools and
work under (slightly) restrictive assumptions (on the functions M, M) to try to provide

some intuition for the main ideas. Here is the motivation example.

Example 6.1 (Sample median). Suppose X1, ..., X,, are i.i.d. observations from a contin-

uous density f with median 6y and variance 1 (such that f(6y) > 0). Let 6, be a sample

median based on X7,..., X, that is defined as any minimizer of
1 n
M (0) ==~ |Xi — 6] = Pn[| - 0] (116)
i=1

over § € R. Here are a few questions about 6,, that we would like to answer in this chapter:
(i) Is 0, consistent for estimating 67 (ii) What is the asymptotic distribution of 6,7 (iii)
Can we develop a theory to study such M-estimators where the objective function M, (-) is

not differentiable everywhere?

Remark 6.1 (Z-estimators). Often the maximizing value of M,, is sought by setting a

derivative (or the set of partial derivatives in the multidimensional case) equal to zero, i.e.,

U, (0) = Puthg] = 0, (117)

"In the simplest setting we could parametrize 8(-) as 83(z) := ' z, for B € R?, in which case © = {5(") :
B e R4,

87



where Yy(z) := Vgmg(x). These are estimating equations (and need not correspond to a
maximization problem) and the corresponding estimator is called a Z-estimator (as it solves
the ‘zero’ of an equation). We can also develop a theory of Z-estimators, although we will

be more concerned with M-estimators in this chapter.

6.1 Consistency of M-estimators
If 6, (as defined in (113)) is used to estimate the parameter 6y (in (139)), then it is certainly
desirable that the sequence 0,, converges in probability to 6y, i.e., 0,, be consistent.

Here we assume that © is a metric space with the metric d(-,-). We want to show that
d(0,,00) 20 (118)

As we have seen in (115), to study the consistency of 6,, we have to deal will the uniform
convergence of the empirical measure for the class of functions F := {my(-) : € O}, or a

subset thereof.

6.1.1 Glivenko-Cantelli (GC) classes of functions

Suppose that Xi,..., X, are i.i.d. random variables taking values in the space X with
probability measure P. Let F be a class of measurable functions from & to R. The main

object of study in this section is to obtain probability estimates of the random quantity

IPn — P||F := sup [Pnf — Pf].
feF

The law of large numbers says that P, f — Pf almost surely, as soon as the expectation
Pf exists. A class of functions is called Glivenko-Cantelli if this convergence is uniform in

the functions belonging to the class.

Definition 6.2. A class F of measurable functions f : X — R with P|f| < oo for every
f € F is called Glivenko-Cantelli’® (GC) if

|Pn, — P||7 :=sup |P,f — Pf| — 0, in probability.
feFr

However, uniform convergence of M,, to M is not enough to guarantee (118). We will

further need to assume that 6y is a well separated maximizer”” of M(-) (see Figure 2), i.e.,

"6 As the Glivenko-Cantelli property depends on the distribution P of the observations, we also say, more

precisely, P-Glivenko-Cantelli.
""This is an identifiability condition which says that approximately maximizing M () unambiguously

specifies fy. This condition holds if M () has a unique maximizer, © is compact, and M (-) is continuous.

88



Figure 2: An example of a function whose point of maximum is not well separated.

for every 6 > 0, M(0o) > suppceo.4(9,00)>5 M (0)- Fix § > 0 and let
P(0) == M(6y) — sup  M(9) > 0.
0cO:d(0,00)>6

Observe that,

{d(0n,00) > 6} = M@, < sup  M(0)
0€0:d(0,00)>5
& M(b,) — M(6p) < —9(9)
M (6,) — M (6) + (M (60) — My (0,)) < —35(3)

= 231618 M (6) — M(0)] = ¥(9). (119)

4

Therefore,

P (d(én, 6o) > 5) <P <328 ML, (8) — M(0)] > W)/z) =0

if F is P-Glivenko Cantelli.

However, as we will see later, showing that F is GC is not always easy when O is not a
compact set’®. When O is not a compact set, the following lemma may be used to reduce
the problem to showing GC property only over a compact subset of ©, by using a concavity

assumption.

Lemma 6.3 (When my is concave). Suppose that © is a convex subset of R¥, and that
6 — mg(z), is concave™, for all z € X. We assume that 6y (as defined in (139)) exists and

is unique. Suppose that for some € > 0,

sup  |M,(9) — M(8)] & 0. (120)
0€0:||0—6p||<e

Then 6,, 5 6.

"We can get around the problem by restricting to a compact set where most of the mass of P lies, and

showing that this does not affect the asymptotics. However, this needs techniques that are problem specific.
™A function g : © — R is concave if for any u,v € © and «a € [0,1],

glau+ (1 — a)v) > ag(u) + (1 — a)g(v).
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Proof. Let us define

a=——°" ¢ (0,1] and 0, == b, + (1 — a)by. (121)
€+ [0n — 6ol

The idea of the proof is to compare M, (f,,) (instead of M, (6,)) with M,,(6p).

Note that by (121), 6, — 6 = a(én —6p), and thus, for any § > 0, using arguments similar
to in (119), we have

{16 — 6ol =6} = M(0,) <  sup  M(6)

0€0:]|0—0o||>5
& M(0,) — M(6p) < —1(9)
= M(0n) — M(60) + (M (60) — My, (0,)) < —(9)

= 2 sup IM, (0) — M(8)] > (6)
0€O:||0—0p||<e

where we have used the facts: (i) M, (6o) — M., (6,) < 0 and (ii) [|0,, — 6o|| < e. Note that (i)
follows from the observation that M,,(-) is a concave function (as a sum of concave functions

is also concave), and thus,
M, (0) = My, (af, + (1 — @)fp) > oM, (6,) + (1 — )M, (6o)

which implies that

as 0, maximizes M, (-).
To show (ii), observe that, if |6, — || # 0, then

€
16n, — 6oll = |6 — 80| < ————|16n — b0l < e.
[0 — o]
Therefore,

P (10, -0l 20) < P< sup |Mn<e>—M<e>rz¢(‘”>%o

0€0:]10—00|<c 2

by the assumption in the lemma. Thus, 6,, 2 6y. But then also,

ellfn — b0ll 5,

16 — 6ol = =
— 116 — 6ol
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6.1.2 Bracketing numbers

Let (F,|| - ||) be a subset of a normed space of real functions f : X — R on some set X.

We are mostly thinking of L,(Q)-spaces for probability measures @, i.e., the L,(Q)-norm
. 1
is [ fllor = (17174Q)""

Recall that a cover of a set F is a collection of sets whose union includes F as a subset.
Formally, if C' = {U, : @ € A} is an indexed family of sets Uy, then C is a cover of F if
F g UaGA Ua'

Definition 6.4 (e-bracket). Given two functions I(-) and u(-), the bracket [I,u] is the set

of all functions f € F with l(z) < f(z) < u(x), for all x € X. An e-bracket is a bracket
[, u] with ||[u — 1| <e.

Definition 6.5 (Bracketing numbers). The bracketing number Nj)(e, F, || - ||) is the mini-

mum number of e-brackets needed to cover F.

In the definition of the bracketing number, the upper and lower bounds » and [ of the

brackets need not belong to F themselves but are assumed to have finite norms.

Example 6.6. (Distribution function). Suppose that Xi,..., X, are i.i.d. P on R with
c.d.f. F. When F is equal to the collection of all indicator functions of the form f;(-) =
1(_oo(+), with t ranging over R, then

IPrn = PllF := sup [P f — Pf| = sup [Fn(t) — F(t)|
feF teR

where [F,, is the empirical distribution function.

Consider brackets of the form [1(_o s, ], 1(—oo,)] for grid points —oco =#p < t; < -+ <
tr = oo with the property F(t;—) — F(t;—1) < ¢ for each i (points at which F' jumps more
than e are points of the partition). These brackets have L (P)-size . Their total number

k can be chosen smaller than 3/¢ (for e small)®.

6.1.3 GC by bracketing

Theorem 6.7. Let F be a class of measurable functions such that Nj,(e, F, L1(P)) < oo
for every € > 0. Then F is Glivenko-Cantelli.

Proof. Fix € > 0. Choose finitely many e-brackets [l;, ;] whose union contains F and such
that P(u; — ;) < ¢, for every i. Then, for every f € F, there is a bracket such that

(P, — P)f < (P, — P)u; + P(u; — f) < (P, — P)u; +e¢.

80Fxercise 1 (HW4): Show this.
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Consequently,

sup(P,, — P)f < max(P,, — P)u; + €.
feF i

The right side converges almost surely (a.s.) to € by the strong law of large numbers for

real variables. Thus, limsup,,_,, supsc (P, — P)f < e a.s. A similar argument also yields

(Pn_P)fZ(Pn_P)li+P(li_f)2(Pn_P)li_E
= inf (P, — P)f > min(P,, — P)l; —e.
feFr i

Thus, by SLLN we can show that limsup,,_,,[—infrer (P, — P)f] < € a.s. As,

sup |(P,, — P)f| = max ¢ sup(P,, — P)f,— inf (P,, — P)f 7,
feF feF feFr
we see that limsup ||P, — P||z < € a.s., for every € > 0. This is true for every e and hence

the limit superior is zero, yielding the desired result. O

Example 6.8. (Distribution function). The previous proof generalizes a well-known proof
of the classical GC theorem for the empirical distribution function on the real line. Indeed,
the set of indicator functions of cells (—oo, ¢] possesses finite bracketing numbers for any
underlying distribution; simply use the brackets [1(700’%71], 1(7007,51,)] for a grid of points
—00 =1ty < t; < ...<tp = +oo with the property P(t;_1,t;) < € for each i =1,...,k.

Example 6.9 (Pointwise compact class). Let F = {my(:) : 6§ € O} be a collection of
measurable functions with integrable envelope®' function F indexed by a compact metric
space © such that the map 6 — my(x) is continuous for every z. Then the bracketing

numbers of F are finite and hence F is Glivenko-Cantelli.

We can construct the brackets in the obvious way in the form [mp, m®”], where B C © is
an open ball and mp and m? are the infimum and supremum of my for 6 € B, respectively

(i.e., mp(z) = infoep mg(z), and mP(x) = suppe g mo(7)).

Given a sequence of balls By with common center a given # € © and radii decreasing to 0,

we have mBr —

mp, 4 mg —mg = 0 by the continuity, pointwise in x, and hence also in L
by the dominated convergence theorem and the integrability of the envelope. Thus, given
€ > 0, for every 0 € © there exists a ball B around 6 such that the bracket [mp, m?] has
size at most €. By the compactness of ©%2, the collection of balls constructed in this way
has a finite subcover. The corresponding brackets cover F. This construction shows that

the bracketing numbers are finite, but it gives no control on their sizes.

An example of such a class would be the log-likelihood function of a parametric model
{po(x) : 6 € O}, where © C R¥ is assumed to be compact and 0 + pg(z) is assumed to be

continuous in @, for every zx.

81 An envelope function of a class F is any function x ~ F(x) such that |f(z)| < F(z), Vo € X, f € F.
82 A topological space O is said to be compact if every open cover has a finite subcover.
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Example 6.10 (Back to Example 6.1). We can now use Lemma 6.3, coupled with Exam-
ple 6.9 and Theorem 6.7, to show that the sample median én, defined as the minimizer
of (116), converges in probability to the population median 6y := argming.p E[|X — 6]

(which is assumed to be unique).

To use Lemma 6.3 to show 6, = 6y we only need to verify (120). Here, we can take
mg(z) == —(|z — 6] — |z|), for & € [y — 1,00 + 1]. Note that 6, = argmaxycp P,[me]
and 6y = argmaxgycg P[mg]. As F = {my : |0 — 6p| < 1} is a collection of functions with
integrable envelope G(z) := supjg_g,|<1 [mo(z)| < 0o + 1 such that 6 — my(x) is continuous
for every x, by Example 6.9, Nj|(e, F, L1(P)) < oo, and thus Theorem 6.7 yields (120).

6.2 Asymptotic normality of Z-estimators

Suppose that 0, is consistent for fy. The next question of interest concerns the order
at which the discrepancy 6, — 6 converges to zero. The answer depends on the specific
situation, but for estimators based on n replications of an experiment the order is often
n~1/2. Then multiplication with the inverse of this rate creates a proper balance, and the
sequence n/2(6,,—6g) converges in distribution, most often to a normal distribution. This is
interesting from a theoretical point of view. It also makes it possible to obtain approximate

confidence sets.

In this section we derive the asymptotic normality of Z-estimators. We can use a charac-
terization of M-estimators either by maximization or by solving estimating equations (as
in Remark 6.1). Consider the second possibility first. For 6 € ©, let

a(0) = - S Go(X) =Bl and  W(8) = Pl
=1

where ¥y(x) := Vgmeg(x).

6.2.1 Heuristic proof of asymptotic normality of Z-estimators

Assume that 6, is a zero of U,, and converges in probability to 6y, a zero of W. As 0, 2 0,

it makes sense to expand ¥, (6,) in a Taylor series around 6. Assume for simplicity that

O C R, i.e., 0 is one-dimensional. Then,
. . . 1 - .
0= \I/n(gn) = \I/n(eo) -+ (Gn — 90)111,1(00) + 5(9,1 — 00)2\1’71(071)7

where 6, is a point between 0,, and fy. This can be rewritten as

—\/ﬁ\pn(e())
\Pn(eo) + %(én - 60)q}n(~n) ‘

\/ﬁ(én - 90) =
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If P[q/)go] is finite, then the numerator
—/nW, () = 1/221/19 x;) L N(0, P[¢3,])

by the CLT (as Pig,] = ¥ () = 0). Next consider the denominator. The first term ¥, (6y)
is an average and can be analyzed by the law of large numbers: ¥, () RN P[lbgo], provided
the expectation exists. The second term in the denominator is a product of 8, — 6y = op(1)
and ¥,,(6,,) and converges in probability to zero under the reasonable condition that W,,(6,,)

(which is also an average) is Op(1). Together with Slutsky’s lemma, these observations yield
A d, ; —
V0 — 00) 5 N (0, Plg, | (Pldu])2) (122)

The preceding derivation can be made rigorous by imposing appropriate conditions; one
challenge is to show that ¥, (6,,) = O,(1).

The derivation can be extended to higher-dimensional parameters. For a k-dimensional
parameter, we use k estimating equations. Then the criterion functions are maps ¥,
R* — R* and the derivatives \Pn(ﬁo) are k x k-matrices that converge to the k& x k matrix
P[)g,] with entries P[(0/86,)1g,:]. The final statement becomes

V0 = 00) 5 N (0, (Pltq)) ™ Pltoy g (Pl )) ) (123)

See van der Vaart [15, Theorem 5.41] for a formal statement and a proof of the above result.

In the preceding derivation it is implicitly understood that the function 6 — g(z) possesses
two continuous derivatives with respect to 6, for every x. This is true in many examples
but fails, for instance in Example 6.1, where 1g(z) = sign(x — 6), which yields the median.
Nevertheless, the median is asymptotically normal. That such a simple, but important,
example cannot be treated by the preceding approach has motivated much effort to derive

the asymptotic normality of Z/M-estimators by more refined methods.

The following result (which we state without proof), taken from van der Vaart [15, Chapter
5], gives some sufficient (less stringent) conditions for a Z-estimator to be asymptotically
normal. Compare this with Theorem 2.22 where we gave a similar result for the asymptotic
normality of MLEs.

Theorem 6.11 (Asymptotic normality of Z-estimators). For each 6 in an open subset of
Euclidean space, let x — 1y(x) be a measurable vector-valued function such that, for every
61 and 6 in a neighborhood of §y and a measurable function M (-) with P[M?] < oo,

140, () — o, () || < M (2)[|01 — a]|.

Assume that P||tg,||* < oo and that the map 6 — P[] is differentiable at a zero 6y, with
nonsingular derivative matrix Vy,. If Pp[1)y | = op(n~1/2), and 6, 5 6y, then

V(0 — 00) = —Vy.! Z Yo, (Xi) + op(1).
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In particular, the sequence \/ﬁ(én — 6y) is asymptotically normal with mean zero and co-
variance matrix %glP[wgow(;Z](V@;l)T.

Example 6.12 (Location estimators). Let Xi,..., X, be a random sample of real-valued
observations and suppose we want to estimate the location of their distribution. “Location”
is a vague term; it could be made precise by defining it as the mean or median, or the center
of symmetry of the distribution if this happens to be symmetric. Two examples of location
estimators are the sample mean and the sample median. Both can be thought of as Z-

estimators, because they solve the equations

n

Z(XZ- —0)=0, and isign(Xi —0)=0,
i=1

=1

respectively®®. It seems reasonable to study estimators that solve a general equation of the

type
D (X —0)=0
i=1

Popular examples are the Huber estimators corresponding to the functions

-k if < -k
Yr(z) =¢(@) =z if |of <k
k if x>k.

Exercise 2 (HW4): Find the asymptotic distribution of the Huber’s location estimator O,
using g, when we have i.i.d. data Xi,..., X, from P on R (state clearly the assumptions
you need on the model P). Notice that 0, is asymptotically normal regardless of whether

P has a finite variance or not. This is an attractive property of O,.

Example 6.13 (Robust regression). Suppose that (X,Y) € R* x R satisfy the following
linear regression model:
Y =0] X +¢ (124)

where e, the unobserved error, is assumed to be independent of X. Suppose that we
have i.id. data (X1,Y1),...,(Xy,Y,) from model (124). The classical estimator for the
regression parameter 6 is the LSE, which minimizes Y"1, (Y; — 0" X;)2. Outlying values of
X; (“leverage points”) or extreme values of (X;,Y;) jointly (“influence points”) can have an

arbitrarily large influence on the value of the LSE, which therefore is nonrobust.

As in the case of location estimators, a more robust estimator for # can be obtained by

replacing the square by a function m(z) that grows less rapidly as x — oo, for instance

83The sign-function is defined as sign(z) = —1,0,1 if < 0, z = 0 or = > 0, respectively. For the median

we assume that there are no tied observations.
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m(z) = |x| or m(x) equal to the primitive function of Huber’s 1. Usually, minimizing an

expression of the type > 1" m(Y; — 0T X;) is equivalent to solving a system of equations
Z Y(Y; — 0T X)) X; = 0. (125)

As E[y(Y — 6 X)X] = E[1(¢)]E[X], we can expect the resulting estimator to be consistent
provided E[¢)(g)] = 0. Furthermore, we should expect that, for Vp, = E[¢)/() X X ],

V0, — ) = —V91§:¢ T — 0T X)X, + 0,(1).

6.3 Asymptotic normality of M-estimators

In this section we present one result that gives the asymptotic distribution of M-estimators
for the case of i.i.d. observations. To motivate our high-level approach to deriving the
asymptotic distribution of M-estimators, it is probably instructive to study MLEs in para-

metric models.

Example 6.14 (Parametric maximum likelihood estimators). Suppose Xi,..., X, are
ii.d. from an unknown density pg, belonging to a known class {pp : § € © C R*}. Let
6,, denote the MLE of 6. A classical result is that, under some smoothness assumptions,
Vn(6, — 6p) converges in distribution to Ny(0,17(6p)) where I(6y) denotes the Fisher

information matrix.

The first step is to observe that if 8 — py(x) is sufficiently smooth at 6y (e.g., if Py is QMD
at 6 = 6y; see (33)), then, for any h € R,

12(X;)

Doy hn L 1
Z log % - > Wl (X5) - 5hUr(eO)h +opy, (1) (126)
i=1 i=1

where £, (x) := Vglogpg(z) denotes the score function. Condition (126) is known as the

LAN (local asymptotic normality) condition. Let us now define the “local” processes:

~ Pog+hn—1/2(Xi) k
M, (h Jog —tothn_Z 20 for h e R 127
; P (X0) (127)
and .
M(h) :=h'A - 5hUr(oo)h, for h e R, (128)

where A ~ N(0,1(6p)). By LAN we know that (see e.g., Theorem 2.10)
My(h) < M (h)
for every h € R*. Observe that

hy, := argmax M, (h) = v/n(6, — 6o)
heRk
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is the maximizer of the process (127), and if h is the maximizer of M(-), over R¥, then
h=T"Y6)A ~ Ni(0,17(6p)).

We shall prove the asymptotic normality of b assuming the marginal convergence of (126)

(for every fixed h) can be suitably strengthened to a process level result, for every K C R*
compact84.
The next big idea is: “As M, (-) ~ M(-) it is reasonable to expect that their maximizers

785 This is formalized

by the a class of results that go by the name of the argmaz continuous mapping theorem®S.

are also close, i.e., h, = h, i.e., the argmax functional is “continuous

The argmax theorem (Theorem 6.15) will then imply
Vb, — 00) = by % b~ N0, 171(60)),

provided the conditions of the argmax theorem hold. The main condition is tightness of
1/2

{iln} which means that the rate of convergence of én to Oy is n™
The above idea can be easily extended to derive the asymptotic distributions of other /n-
consistent estimators, e.g., non-linear regression, robust regression, etc. (see van der Vaart
[15, Chapter 5] for more details).

Theorem 6.16 (Asymptotic normality of M-estimators). Suppose that = — my(x) is a
measurable function for each § € © C R* for an open set O, that 6 — mg(z) is differentiable
at g € © for P-almost every x with derivative g, (x), and that

mo, (2) — me, ()| < F(2)][61 — 62| (130)

84Formalizing this is a bit technical and we will not get into this in the course.

85Note that here both h, and h are random, as opposed to the situation when proving the consistency of
M-estimators.

86Tn the following result, by £°°(K) we mean the space of all bounded functions on K. Also, recall the
definition of upper semicontinuity: f is upper semicontinuous (u.s.c.) at xo if limsup,, . f(zn) < f(z0)

whenever z,, — xg as n — 00.
Theorem 6.15 (Argmax continuous mapping theorem). Let {M, (h) : h € R¥} and {M(h) : h € R*} be
stochastic processes indexed by R¥. Suppose that the following conditions hold:

1. M, L M in £ (K) for every compact subset K C R* (think of this assumption as being a strength-
ening of pointwise weak convergence M, (h) 4, M (h) for every h € RF).

2. Almost all sample paths h — M (h) are u.s.c. and possess a unique maximum at a random point h.
3. For each n, let h, be a random element of R* such that M, (h,) > supp,epk Mn(h) — op(1).

4. The following tightness condition holds: For every e > 0, there exists a compact set K. C R* such
that
limsupIP’(iLn ¢ Ke) <e and ]P’(fz ¢ KE) <e. (129)

Tn—00
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holds for all 61,6, in a neighborhood of 6y, where F' € Ly(P). Also suppose that M(0) =

P[my] has a second order Taylor expansion
1
Plmg] — Plmg,] = 50 — 00) "V (0 — o) + o([|0 — bo|*)

where 6 is a point of maximum of M and V is symmetric and nonsingular (negative definite
since M is a maximum at ). If M, (6,,) > supy M., (6) — o,(n~") and 8, 2 6y, then

il — 00) = —v—l\}ﬁ Sty (X) + 0p(1) —L5 N(0, V=1 Plingyring VL),
=1

Proof. (Sketch) We can show that, for A ~ N/(0, P[mgomgo]),

My(h) = n[My (0 — hn~ %) = My (60)] = nPulmg,pm-1/2 — ma,]
1 -

4 hTA Gh Vh=:M(h) (131)
as a stochastic “process”®’. Here Mn() is called the localized, centered and rescaled stochas-
tic process. Then the conclusion will follow from the argmax continuous mapping theorem
(see Theorem 6.15) upon noticing that

hy := argmax M, (h) = /n(6, — 6y),
heRF
and

= argmax M (h) = —V"'A ~ Np(0, V=" Pling, g [V ).
heRk

One may wonder how does (131) follow. Observe that

nPp[Mg, 4 p—1/2 — Mey) = Vn(P, — P) [\/ﬁ(mewhn,l/g — mg,)] + nPmg, | pp-1/2 — Me,].
By the second order Taylor expansion of M () := P[my| about 6y, the second term of
the right side of the last display converges to (1/2)h'Vh (uniformly on compacta, i.e., for
|Ih|| < K, for any K > 0). To handle the first term in the above display we need the notion
of weak convergence of stochastic processes which we will avoid. We will just show that for
every fixed h € R¥,
My (k) < M (h),

which can be strengthened to show weak convergence of the stochastic processes on com-
pacta. Define f,,, : X — R as

fon(x) = \/ﬁ(mGOJrhn*l/Q — mg, ) ().
Then
~ d L
Vo (R) = v/(Bp = P) /(g y-1/2—=100)] = V(B = P) fap] 5 N (0,27 Plingyring,Jh) -
by the Lindeberg-Feller CLT (see the next subsections for an complete illustration of these

ideas). We conclude that M, (h) converges weakly to h' A, and the desired result holds

(here we have also assumed that the tightness condition in Theorem 6.15 holds). O

8"Note the connection with LAN given in Example 6.14 when mg(x) = logpe(x).
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6.4 Limiting distribution of the sample median

Suppose X1, ..., X, are i.i.d. observations from a distribution P on R. Assume that P has
distribution function F' which is differentiable at its median 6y (i.e., F(6p) = 1/2) with
positive derivative f(6p). Let 6,, denote a sample median based on X1,..., X, defined as

any maximizer of

1 n
My () = —— > 1X -9
=1

over § € R. Also let M (0) := —E|X; — 0| and note that 6y uniquely maximizes®® M () over
6 € R. As seen in Example 6.10 we can also work with M (0) = —E[|X — 6| — | X|] which

avoids moment assumptions.

We have already shown that 0,, converges to y in probability, i.e., 0,, is a consistent estimator
of 6. Here we will assume that én — 0y = Op(n_l/Q), i.e., the rate of convergence of 9n to
0y is n~1/2.

We shall now address the question of finding the asymptotic distribution of \/ﬁ(én —0p).
There are many approaches for finding this limiting distribution but we shall follow the
standard empirical processes approach which easily generalizes to other M-estimators. This

approach also highlights the need to study convergence of stochastic processes.

Our approach for finding the limiting distribution of \/ﬁ(én — ) is based on the following

localized, centered and rescaled stochastic process:
My (h) :=n (Mn(eo Fnl2p) - Mn(eo)) for h € R.

This is a stochastic process that is indexed by h € R. Its important property (easy to see)
is that hy, := /n(0, — 0p) maximizes M,(h),h € R, i..,

\/ﬁ(én —bp) = hy, = argmax Mn(h)
heR
This suggests the following approach to find the limiting distribution of \/ﬁ(én —6y). We
study the process ]\an(h), h € R, and argue that it converges as n — 0o to some limit process

M(h),h € R, in an appropriate sense. If this process convergence is ‘strong’ enough, then

88Indeed, first write
fM(0)2E|X170|:/7 (9fw)f(x)d:v+/eoo(a:70)f(x)dx:0(2F(0)71)+/000:Ef(x)d:v7/7 zf(x)dz.
This gives
—M'(0) = 20f(0) + 2(F(0) — 1) — 20f(0) = 2(F(9) — 1)

and M"(0) = —2f(6). Note that M’ () = 0 implies F(§) = 1/2 which shows that 6y is the unique maximizer
of M(-) (as M"(80) < 0 and M is concave on R).
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we can hopefully argue that

(6, — 0y) = argmax M,,(h) LN argmax M (h).
heR heR

It is actually not too hard to understand the behavior of M, (h) as n — oo for each fixed

h € R. For this, we can write
N (k) = n (M (0 +n™2h) = M (6))

= (M = M) (6 + 0™ 2h) — (M, — M)(60) ) +n (M (8 +n~"/h) — M(60))

= Vn(Pn — P)[Vn(mg, 4 pp-1/2 — ma,)] + nPmg  j,—1/2 — ma,) (132)
=: Ap(h) + By(h). (133)
where
Mgy hn-s/2(2) = moy (@) = = (lo = b — hn ™2 — |z = ] ).

Let us now analyze A, and B, separately. Clearly, B, (h) is a deterministic sequence (or
every h). To understand this, we shall use a second order Taylor expansion for M (6y +
n~1/2h) around ). Note that M(6) := —E|X; — 6] is a smooth function. Also note that
M'(6p) = 0 because 6y maximizes M (6),60 € R. We thus get

Bu(h) = n (M(8y +n~"/h) — M(6)) = %M"(eo)iﬁ +o(1)
so that
B,(h) — %M”(Qo)h2 as n — oo.

Let us now come to the mean zero random variable A, (h). To understand it, let us first

compute its variance:

2 IS fx ~1/2 4
Var(An(h))—nVar(nZ{DQ—HO—n h|—\XZ—00\}

=1
—=n Var (|X1 — 0y — n_1/2h| —1X; - 90|)

~n Var (I{X1 < Ooyn~V2h — I{X; > Ho}n_1/2h>

where I have ignored the contribution from X lying between 6y and 6y + n~/2h (should

not matter for large n; verify this). This gives
Var(An (h)) ~ h2Var(1{X1 < 6o} — I{X; > eo}).

Now because P(X; < 6p) = P(X1 > 0p) = 1/2 (as 6 is a population median), it is easy to
check that the variance of I{X; < 6p} — I{X; > 6y} appearing above equals 1. We have

therefore obtained

Var(A,(h)) — h? as n — oo.
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It is actually possible to prove that

An(h) -5 N(0,h2) = hN(0,1)  asn — occ. (134)

For this, we can use the Lindeberg-Feller CLT (stated next).

6.4.1 Lindeberg-Feller Central Limit Theorem

Theorem 6.17 (Lindeberg-Feller CLT). For each n, let Yp1,..., Y.k, be k, independent
random vectors with E HYmH2 < oo for each i = 1,...,k,. Suppose the following two

conditions hold:

kn
Y Var(Y) = £ asn— oo (135)
=1

where Var(Y,,;) denotes the covariance matrix of the random vector Y,,; and

kn
S E <||Ym\|21{|]Ym|| > e}) 50 asn — oo for every e > 0. (136)
i=1
Then
kn
Z (Yo — EYy) LN N(0,%) as n — oo. (137)
i=1

For a proof of this result, see, for example, van der Vaart [15, Proposition 2.27]. It is easy
to see that this result generalizes the usual CLT. Indeed, the usual CLT states that for i.i.d
random variables X1, Xo, ... with EX; = u, E || X;|® < oo and Var(X;) = ¥, we have

;(5%_55> 4, NO0,%)  asn — o

Indeed this can be proved by applying Theorem 6.17 to

The condition (135) is obvious while for (136) note that

nIE Youil? T{||YVoni —lnE X\ 1{| X > Vet ) =E (|| X112 I{)|1 X vn
D E(IYaill® H{Ynill > €}) = ~ > B (I1XG]° I{I.X:]l > Vne} ) =E (1X0]* I{|[ Xal| > v/ne}
i=1 =1

which clearly converges to zero by the DCT (under the assumption E || X;? < o0).
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6.4.2 Back to the limiting distribution of the sample median

Recall the random variables A,, from (133). The Lindeberg-Feller CLT can be used to
show (134). Note first that

Ap(h) = (Yoi —EYp)  where Yo :=|X; — 6 —n~'/?h[ — | Xi — 6.
=1

We have already checked that Var(A4,(h)) = Y Var(Yy;) — h% as n — oco. To check
(136), note that

SB[l IVt > €}

=1

- Zn:E [(|Xi — 00 —n~ 2| - |Xi—90|)21{\|XZ. Gy — n 2] — X, — 6| > 6}]
=1

2
=nkE I:(’Xl — 0y — nil/Qh’ — |X1 — 90’) [{HXl — 0y — nil/Zh‘ — ’Xl - QQH > 6}]
Using the trivial inequality
’\Xl Gy —n V2R — Xy — 90\‘ <n12|p),

and the fact that the function y + y2I{y > €} is nondecreasing, we obtain
S E (HYMHQI{HYMH > e}) <2IH{n V2R > €} -0 asn — oo
i=1

The conditions of Theorem 6.17 therefore hold and we obtain (134). Thus if we define
~ 1
M(h) == hZ + 5h?M”(eo), for h € R

where Z ~ N(0,1), then we have shown that

M, (h) N M(h) for every h € R.
It turns out that the process M, converges to M in a stronger sense than convergence in
distribution for each fixed h € R. We shall see this later. This stronger convergence allows
us to deduce that
-7

. . . d - 1
n(0, — 0g) = hy, := argmax M,,(h) — argmaxM(h)= ———~ ~N (0, ————= | .
vt o) g 0 5 axgmas 500) = 05 N (0. (s )

We can simplify this slightly by writing M”(6y) in terms of f(6p). We thus have

Vil =) = N<0’4fgl(90)>

To make this argument rigorous, we have to prove that the stochastic process M, converges

to M in a strong enough sense so that their argmaxs also converge.
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Example 6.18 (Asymptotic normality of the sample median using Theorem 6.16). Recall
that the sample median maximizes the criterion function 6 — — > " | |X; — 0]. We take
mg(x) := —(|Jz — | — |z|) (as in Example 6.10). We can apply Theorem 6.16 to find the
asymptotic distribution of \/n(6, — ). We can show that (130) holds with F(z) = 1.
Furthermore, the map 6 — mg(x) is differentiable at 6y except if x = 6y, with g, (z) =
—sign(x — 0p). Under the minimal condition that F' is differentiable at 6y, P[mg] has a
two-term Taylor expansion (around 6) as P[mg] = P[mg,] — 3(60 —00)?2f(60) +o((6 — 60)?),
so that we can set Vp, = —2f(0p). As P[mgo] = E[1] = 1, the asymptotic variance of the
median is 1/(2f(6o))>.

Example 6.19 (Nonlinear least squares). Suppose that we observe a random sample
(X1,Y7),...,(X,,Y,) from the distribution of a vector (X,Y") that follows the regression

model
Y = fo,(X) +e¢, E(e] X) = 0.

Here fg is a parametric family of regression functions, for instance fy(z) = 61 + 62¢%%, and

we aim at estimating the unknown vector 6. The least squares estimator that minimizes

0> (Vi — fo(Xy))?
i=1

2

is an M-estimator for my(z,y) = (y — fo(z))*. It should be expected to converge to the

minimizer of the limit criterion function
0 — P[mg] = P[(fo, — fo)*] + E[¢*].

Thus the LSE should be consistent if 6, is identifiable from the model, in the sense that
0 # 6p implies that fo(X) # fp,(X) with positive probability. For sufficiently regular

regression models, we have
Plmg) ~ P [{(0 = 00)" fa,}?| +E%].

This suggests that the conditions of Theorem 6.16 are satisfied with Vy, = 2P] fgo feTU | and
me,(z,y) = —2(y — fo,(x))fo,(xz). If € and X are independent, then this leads to the

asymptotic covariance matrix VGEIZE[Q].

Exercise 3 (HW4): Suppose that {(X;,Y;)}"; are ii.d. from a joint distribution P on
[0,1] x R. Suppose that we postulate a model of the form

Y = ao(Xi — bo)+ + €&,

where ¢;’s are i.i.d. with mean 0 and unknown constant variance o2 (here . = max(0,)).
Let (G, Bn) be the least squares estimator of the unknown parameter (ag,p). Under
appropriate conditions (state clearly the conditions you need on the distribution P) and

assuming the consistency of (&, Bn), find its asymptotic distribution.
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6.5 Asymptotics for minimizers of convex processes

To study the asymptotic for M-estimators (here we consider minimizers instead of maxi-
mizers) it is more convenient to first consider minimizers of convez processes. In this case
the proofs are simpler and the main ideas become more transparent (also a comparison can
be drawn easily with the approach of QDM, as in Section 2.1.2)%.

6.5.1 Preliminaries

= Our main result will crucially use the fact that M,,(0) (as in (113)) is a convex function of
6 and is reliant on the following convexity lemma (we will not be proving the lemma here;

you may see Pollard [11, Section 6] if you are interested in its proof).

Lemma 6.20 (Uniform convergence on compacta). Let {\,(h) : h € S C R¥} be a sequence
of random convex functions defined on a convex, open subset S of R¥. Suppose A(-) is a
real-valued function on S for which A,(h) 2 A(h) as n — oo, for each h € S. Then for
every compact subset K of §, we have

sup [An(R) — A(h)| 5 0.

heK
Qualitatively, the convexity lemma states that, under the assumption of convexity, pointwise

convergence can be turned into uniform convergence on compacta.

Lemma 6.21 (Nearness of argmins). Suppose A,(-) is convex as in Lemma 6.20 and is
approximated by A,(-). Let a, be the argmin of A, (-)° and let 3, be the unique minimizer
of Ap(+) over 8. Then, for each § > 0,

Ap(d) == sup  |[M(h) = A(h)|  and v, (8):= inf  Au(h) — Au(Ba).
hi|h—Bn| <68 hi|h—Bn|=06

Proof. The lemma as stated has nothing to do with convergence or indeed with the ‘n’

subscript at all; but it is stated in that form so that it can be useful for later purposes. To

prove it, let h be an arbitrary point outside the ball around f,, with radius ¢, say h = 8, +lu

for a unit vector u € R¥, where [ > §. Convexity of ), implies

An(Bn +0u) = An (1= 6/1)Bn + (0/1)h) < (1 = 6/D)An(Bn) + (6/1) An(h).

89Moreover, this approach avoids relying on weak convergence of processes and the argmin continuous

mapping theorems; see e.g. van der Vaart and Wellner [16, Chapter 3.2].
99 A convex function is continuous and attains it minimum on compact sets, but it can be flat at its bottom

and have several minima. For simplicity we speak about ‘the argmin’ when referring to any of the possible

minimizers.
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Writing for convenience 7y, (h) := A, (h) — A\ (k) (for all h € S), we deduce that

G/DAA(h) = M(Br)} > Aa(Br + 6u) — Ma(Bn)
= [Ma(Bn + 0u) — Mu(Bn)] + 70 (Bn + 0u) — 10 (By)
un () — 28 (6). (138)

\%

Thus, if |, — Bn| > §, then by taking h = «,, we have \,(h) — \(5n) < 0 (as a5, is an
argmin of A, (+)), which implies that (by (138)) v, (d) — 2A,(0) < 0, thereby yielding the

desired result. O

The above results gives a probabilistic bound on how far a,, can be from S,.

We record a couple of useful implications of Lemma 6.21. If A, — A\, goes to zero uniformly
on bounded sets in probability and £, is stochastically bounded, then A, (¢) 20 by a
simple argument?’. It follows that a,, — 3, = 0 provided only that 1 /vn(9) is stochastically
bounded for each fixed §. This last requirement says that A, shouldn’t flatten out around

its minimum as n increases.

Corollary 6.22. Suppose M,(+) is convex (random) function such that
1
M, (h) = 5hTVh + U h+Cp4rn(h), for heS,

where V' is a symmetric and positive definite matrix, U, is stochastically bounded, C,, is
arbitrary, and r,(h) goes to zero in probability for each h € S. Then «,,, the argmin of \,,,
is only o0,(1) away from 8, = —V U, the argmin of M,(-), where

1
My, (h) := 5hTVh +Uh+C,.
If also U, % U then a,, % —V~1U.

Proof. The function A, (h) := M,(h) — U] h — C, is convex and goes to (1/2)h"Vh in
probability for each h. By Lemma 6.20 the convergence is uniform on bounded sets. Let
A, (6) be the supremum of |r,(h)| over {h € S : |h — (,| < d}. Then, by Lemma 6.21,

1
an = -V7U, + €, where P(le,| >0) <P (An(é) > §cmm (52) — 0.
where ¢y, is the smallest eigenvalue of V', and A, (9) 2o, by the arguments used above. [J

A useful slight extension of this is when M,,(h) = (1/2)h"V,,h+U,] h+C,, 47, (h) is convex,
with a nonnegative definite symmetric matrix V,, that converges in probability to a positive
definite V. Writing V,, = V +n,, the remainder 7,, can be absorbed into 7, (h) and the result
above holds.

'Exercise 4 (HW4): Show this.
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6.5.2 Asymptotic normality of M-estimators for convex processes

Recall the M-estimation setup: Given X;i,...,X,, i.i.d. P taking values in some space X

(e.g., a metric space) the M-estimator of interest is

~

. RS
0y, := arg ggéan(Q) where M, (0) = P,[mg] = - ;me(Xi),

for © C R¥, and my : X — R is a “loss” function. Here we assume that mg(z) is a convez

function in @, for every x € X. The (true value of the) parameter of interest is

Oy := arg gélél M(0) where M (0) := P[my] = Ex~p[me(X)]. (139)

We can obtain the consistency of ,, the argmin of M,,(6) (over § € ©) by appealing to
Lemma 6.21 with A(0) = M (0) and 8, = 6y. Compare this with Lemma 6.3.

To study the asymptotic normality of 6, we need some ‘weak’ expansion of mg (z) around
the value 6y is needed, but we avoid explicitly requiring pointwise derivatives to exist. With
this in mind, write

Mo+ (x) — Mo, (x) = hgy () "h + Rp (), (140)

for a function rhg, : X — R with mean zero under P. If E[R,(X)?] is of order o(|h|?) as
h — 0, as we will usually require, then g, (x) is nothing but the derivative in quadratic

mean of the function mg,4p(z) at h = 0.

Theorem 6.23. Suppose that mg(x) is convex in € (for every x) and that (140) holds with
1
M (6o + h) = M(6o) = E[Ry(X)] = Sh"Vh+o([h[?) (141)

where 6 is a point of minimum of M and V is symmetric and nonsingular (positive definite
since M is a maximum at ). Suppose also that Var(Rp(X)) = o(|h|?), and that 1, (X)

has a finite covariance matrix J := P [meom;g}. Then
V(b — 00) = =V P[] + 0p(1) - N (0,VLIV ). (142)

Proof. Consider the convex function

A(h) 2= (Mo (B + ™) M (00)] = 3 [, 172 (X0) — o, (X)),
i=1
This random process is minimized at /7(6, — ). Also, note that by taking 6 = 6+ hn =1/
in (141), we get
n [ M(8 + hn %) = M(80)| = TV + ga (),
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where g, (h) = no(|h|?/n) — 0, for fixed h. Accordingly, by (140),

A(h) = Z[meo(xi)Thn*W+Rhn,1/2(xi)
=1

= 3 [ (X0) T2 - Ropya(Xs) — Bl Ry172 (X0)] |+ 0E[Ryo1/2(X0)]
=1

1
= U h+r(h)+ 5hTVh + gn(h)

where
Up=n""2Y "1ng,(Xs), and  ru(h) =Y {Rpy,12(Xi) = E[Ry,-12(Xi)]}.
=1 =1

Now 7, (h) tends to zero in probability for each h, since its mean is zero and its variance is
Yoy Var(Ry,,-1/2(X;)) = no(1/n). This, together with Corollary 6.22, proves (142) and the
limit distribution result, since U,, goes to a N (0, J) by the CLT. Note that both consistency

and asymptotic normality followed from the same approximation argument. O
This convexity based argument can be used to prove asymptotics of many other M-estimators
that are based on convex optimization (see Hjort and Pollard [7]).

Exercise 5 (HW4): (Asymptotic distribution of sample median) Recall Example 6.1. The
goal of this problem is to find the asymptotic distribution of the sample median (properly
normalized). For h € R, let

An(h) == n (Mn(eo +n2h) — Mn(00)> .

Also let

)\n(h) = h,2f(90) + ;ﬁ ZT;’L@O(XZ') where ThaO(XZ‘) = I{XZ' < 90} — I{XZ' > (90}
=1

1. For every h € R, prove that A,(h) — A, (h) converges in probability to zero as n — co.

2. Use Lemma 6.20 to prove that, for every L > 0, supp,p<p, [An(h) — An(R)] 5 0.

~

3. Note that oy, := /n(6, — 6y) minimizes \,(h) over h € R. Combine the results of
the two parts above to argue that «,, — 3,, converges to zero in probability, where (3,

(uniquely) minimizes A, (h) over h € R.

4. Deduce the asymptotic distribution of a, = \/ﬁ(én —6p).
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7 Bootstrap methods

Suppose that we have data X ~ P, and # = 0(P) is a parameter of interest. Think of
X = (Xy,...,X,), where n is the sample size. Let 6 = é(X) be an estimator of 6. Suppose
that we would want to construct a level-(1 — 2av) confidence interval (CI) for 6, i.e., find k4
and k1_, such that

PO — ko <O <0+ rK1_q) =1— 20 (143)

Question: How do we find (estimate) ko and kj_, in such a general setting?

Problem: To solve the above problem we need to find (estimate) the distribution of 0—0.
However, the distribution of 6—0 depends on P and might be unknown. Even if we know its
asymptotic distribution (e.g., 06— 0 is asymptotically normal), we may want more accurate
quantiles for a fixed sample size. In some situations, the asymptotic limiting distribution

can depend on nuisance parameters that can be hard to estimate.

Example 7.1. Let Xq,...,X,, be a random sample from a univariate distribution with
distribution function F' having a density f continuous and positive in a neighborhood of it
median 6y := inf{t : F(t) > 1/2}. The sample median may be defined as

0, = 1inf{t : F,(t) > 1/2} (144)

or, using Example 6.1 it is any minimizer of (116) (Note that F,(¢) :== 2 > | I(X; < t),
for t € R is the empirical distribution function of the data). Suppose the goal is now to
construct a confidence interval for the population median 6y. Under the above conditions,

it can be shown that
Vb, —6) 5 N(0,72), as n — 0o,

where 72 = 1/(4f2(6p)). Although, the above limit distribution can be used to construct a
CI for 6y, it would involve the estimation of f(6p), which is tricky to estimate. A natural
question that arises now: Can we find a CI for 6 that avoids the estimation of the nuisance

parameter f(6y)?

Example 7.2. Let Xq,...,X,, be a random sample from a univariate distribution with
finite first and second moments. Suppose that the goal is to construct a CI for u = E(X1).

Of course, we can use the CLT directly to construct a CI for u:

- s S s
Xp— 20—, Xp+ 20—
n

NG vnl’
where z, is the upper a-th quantile of the standard normal distribution, X, = n~! Yo Xi,
and s := Y7 | (X; — X,)?/(n — 1) is the (unbiased) sample variance. However, we may

ask the following question: Can we get a more accurate CI?

We will see in the following that bootstrap can be a useful technique in these two problems

and beyond.
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7.1 Bootstrap: Introduction

To motivate the bootstrap method, let us consider the following simple scenario. Suppose
that we model our data X = (Xi,...,X,) as a random sample from some distribution
P € P, where P is a class of probability distributions. Let n(X, P) be a root, i.e., a random
variable that possibly depends on both the distribution P and the sample X drawn from
P (e.g., think of n(X, P) as v/n(X,, — u), where X,, = 3% | X;/n and p = E(X})). In fact,

0 — 0 (as described above) is a root.

In general, we may wish to estimate the mean or a quantile or some other probabilistic
feature or the entire distribution of n(X, P). As mentioned above, the distribution of § — 6
depends on P and is thus unknown. Let H,(z, P) denote the c.d.f. of n(X, P), i.e.,

Hy(z,P) :=Px.p(n(X,P) < x). (145)

Of course, if we can estimate H,, (-, P) then we can use this to construct CIs, test hypotheses;
e.g., if n(X,P) = 6 — 0 then being able to estimate H, (-, P) immediately yields estimates
of kq and Kj_, as defined in (143).

Question: What if we knew P and could draw unlimited samples from P?

In that case we could approximate H,(x, P) as follows: Draw repeated samples (of size n)
from P resulting in a series of values for the root 7(X, P), then we could form an estimate

of H,(x, P) by counting how many of the n(X, P)’s are < z.

But, of course, we do not know P. However we can estimate P by P, and use the above

idea. This is the notion of bootstrap.

Definition 7.3 (Bootstrap). The bootstrap is a method of replacing (plugging in) the
unknown distribution P with P, (estimated from the data) in probability/expectation cal-

culations.

The bootstrap approximation of H,(-, P) is Hy(, f’n), where P, is an estimator of P ob-

tained from the observed data (that we think is close to P), i.e.,
Ho(r) = Hu(a,B) = Py, _p (n(x*, By < g;|x) —p (n(x*, B,) < x\X) . (146)

where P7 . (:|X) is the conditional probability given the observed data X (under the

N[Dn
estimated P,). Thus, bootstrap estimates the distribution of (X, P) by that of n(X*, B,),
where X* is a random sample drawn from the distribution P, (conditional on the data).
The idea is that

A

if B,~ P, then Hy(-,P,)~ Hy(-,P).

Question: How do we find H,(-, P,), the distribution of 7(X*, P,)?
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Answer: In most cases, the distribution of n(X*, Pn) is difficult to analytically compute,

but it can always be approximated easily by Monte Carlo simulations.
Thus, the bootstrap can thus be broken down in the following simple steps:
e Find a “good” estimator P, of P.

e Draw a large number (say, B) of random samples XM, X*B) from the distribu-
tion P, and then compute T*) := n(X*(j),Pn), for j=1,...,B.

e Finally, compute the desired feature of n(X*, P,) using the empirical c.d.f. HZ(-, B,)
of the values 7% ... T*B) je.,

H,} (x,

I(T*0) < 2) for z € R. (147)

||Moo

Intuitively,
I;T v (" P 'n)

n

Hn(apn) ~ Hn('aP)7

Q

where the first approximation is from Monte Carlo error (and can be as small as we would
like, by taking B as large as we want) and the second approximation is due to the bootstrap
method. If P, is a good approximation of P, then the bootstrap can yield a very useful

approximation of Hy(-, P).

Example 7.4 (Bootstrapping the sample mean). Suppose X1, Xo,..., X, are i.i.d. F' and
that 02 := Var(X;) < oo. Let n(X,F) := /n(X, — p), where u := E(X;) and X,, :=
>, Xi/n. A natural estimator of F' is IF,,, the e.d.f. of the data. Thus, we approximate the
distribution of n(X, F') by that of n(X*,F,) where X* = (X7,..., X}") are drawn i.i.d. from
IF,,. Note that

Ve % % 1 : *
n(X*F,) = vn(X: —X,),  where X ::EZX,

We may approximate the distribution of n(X*,F,) by drawing many Monte Carlo samples
from F,, and computing n(X*,F,) again and again, as in (147). Question: How does one

draw Monte Carlo samples from F,,?

7.2 Parametric bootstrap

In parametric models it is more natural to take B, as the fitted parametric model.

Example 7.5 (Estimating the standard deviation of a statistic). Suppose that Xi,..., X,

is random sample from N (p,0?). Suppose that we are interested in the parameter

azp(ch):<1><c_“>,

(2
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where c¢ is a given known constant. A natural estimator of 6 is its MLE 0:

é:(I) <C—AXn)’
(o

where 6% = 13" | (X; — X,)? and X,, = 1377 | X,

Question: How do we estimate the standard deviation of 6? There is no easy closed form

expression for this.
Solution: We can bootstrap! Draw many (say B) bootstrap samples of size n from
N(X,6%) = P,.

For the j-th bootstrap sample we compute a sample average X *(7) | a sample standard devi-

_ )
() _ [ =X
0 —‘I’< 5+0) )

We can estimate the mean of § by §* = 5 ZB 0*(). The standard deviation of f can then

be estimated by the bootstrap standard deviation of the 6*() values, i.e.,

ation 6*(9). Finally, we compute

1/2

Example 7.6 (Comparing means when variances are unequal). Suppose that we have
two independent samples Xi,...,X,, and Y7,...,Y, from two possibly different normal

populations. Suppose that

Xi,..., X, are iid. N(up,0?) and Yi,...,Y, are i.id. N(ug,03).

Suppose that we want to test

Hoy :py = po versus  Hy: g # po.

We can use the test statistic

(- 22X, V)
5+ )P (5% + s

where X, = % Z:Zl Xi, Y = %Z?:l Yi, SX = Z;n:l(Xi_me and 5’12, = Z?:l(Yi_Yn)Z‘

Note that as 02 # 03, U does not necessarily follow a ¢-distribution.
Question: How do we find the critical value of this test?
The parametric bootstrap can proceed as follows:

First choose a large number B, and for j = 1,..., B, simulate (X;z(j),fﬁf(j), S_?;(j), S?,*(j)),

where all four random variables are independent with the following distributions:
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~2 2
~ GX Xm—1>

Y ~ 612/ X?L717
where 6% = 5% /(m — 1) and 6% = S%/(n — 1). Then we compute
(m+n— 2)1/2(X:rL(j) . Y:(j))

(i—i-l)l/? (Sg(*(j) +S§2/*(j))1/2

m n

U —

for each j. We approximate the null distribution of U by the empirical distribution of
the {U*(j)}JBZI. Let ¢}, be the (1 — )-quantile of the empirical distribution of {U*(j)}le.
Then, we can reject Hy if

\U| > cj,.

7.3 The nonparametric bootstrap

In problems where the distribution P is not indexed by a parametric family, a natural
estimator of P is the empirical distribution b, given by the distribution that puts 1/n-mass

at each of the observed data points.

Example 7.7. Let X = (X1,...,X,,) be an i.i.d. sample from a distribution F' on R.
Suppose that we want a CI for the median 6y of F'. We can base a CI on the sample median
0, (see (144)).

We want to estimate the distribution of ,, — 6. Let n(X, F) := 0, — 6y. We may choose
F =T, the empirical distribution function of the observed data. Thus, our method can be

broken in the following steps:

e Choose a large number B and simulate many samples X*() | for j=1,...,B, (con-
ditionally i.i.d. given the data) from IFF,,. This reduces to drawing with replacement

sampling from X.

e For each bootstrap sample we compute the sample median é;(j ) and then find the

appropriate sample quantiles of {éfl(j ) én}le. Observe that n(X*, P,) = 0% — 0,,.

7.4 Consistency of the bootstrap

Suppose that F,, and F are the corresponding c.d.f.’s for B, and P respectively. Suppose

that P, is a consistent estimator of P. This means that at each x in the support of X
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where F(z) is continuous, Fy,(z) — F(x) in probability or a.s. as n — 00%2. If, in addition,
H,(z, P), considered as a functional of P, is continuous in an appropriate sense, it can be

expected that Hy,(z, P,) will be close to Hy,(x, P), when n is large.

Observe that H,(z) = Hy,(x, P,) is a random distribution function (as it depends on the
observed data). Let p be any notion of distance between two probability distributions that

metrizes weak convergence, i.e., for any sequence of c.d.f.’s {Gy, }n>1, we have

Go 3G ifandonlyif  p(Gn,G) — 0 as n — oo.
In particular, we can take p to be the Levy metric?®. For simplicity, we can also use the
uniform distance (Kolmogorov metric) between G,, and G (which metrizes weak convergence

if G is a continuous c.d.f.).

Definition 7.8. We say that the bootstrap is weakly consistent under p for n(X,, P) if
p(H,, Hy) 20 as n — oo,

where H,, and H,, are defined in (145) and (146) respectively. We say that the bootstrap is
strongly consistent under p for n(X,, P) if

2 a.s.

p(H,, Hy,) = 0 as n — oo.

In many problems, it can be shown that H,, (-, P) converges in distribution to a limit H(-, P).
In such situations, it is much easier to prove that the bootstrap is consistent by showing
that

p(H,, H) “{P g as n — oo.

In applications, e.g., for construction of Cls, we are quite often interested in approximating
the quantiles of H,, by that of H, (as opposed to the actual c.d.f.). The following simple
result shows that weak convergence, under some mild conditions, implies the convergence

of the quantiles.

Exercise 6 (HW4): Let {Gy}n>1 be a sequence of distribution functions on the real line
converging weakly to a distribution function G, i.e., G, (z) — G(x) at all continuity points

x of G. Assume that G is continuous and strictly increasing at y = G~1(1 — a). Then,

Gll—a):=inf{z eR:Gu(z)>1-0a} »y=G"11-a).

92If F' is a continuous c.d.f., then it follows from Polya’s theorem that F, > Fin probability or a.s. uni-

formly over xz. Thus, F, and F are uniformly close to one another if n is large.
SLet F,G : R — [0,1] be two cumulative distribution functions. Define the Lévy distance between them

to be
L(F,G):=inf{e > 0|F(z —¢) —e < G(z) < F(z 4+ ¢) + eforallz € R}.
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7.4.1 Bootstrapping the sample mean

Theorem 7.9 (Bootstrapping the sample mean). Suppose X1, Xo,..., X, are i.i.d. F' and
that 02 := Var(X1) < oo. Let n(X,F) = /n(X,, — p), where u := E(X;) and X,, :=
>y Xi/n. Then,

p(H,, Hy,) := sup |Hy,(x) — H,(z)| “3 0 as n — 0o,
z€eR

where ﬁn(x) = H,(z,F,) and F,, is the empirical c.d.f. of the sample X1, Xo,..., X,,.

Proof. For a fixed sequence X1, Xs,..., the variable X is the average of n observations
X7,..., X} sampled from the empirical distribution. The (conditional) mean and variance

of these observations are

E(X7[F,) = Xi =X,

S|

@
I
-

Var(X/|F,) =

&M:
S

_ 1 <& _
(X, — X,)2 == § X2 - X2
n
=1

=1

By the strong law of large numbers, the conditional variance converges to o2 for almost

every sequence X1, Xo,....

The asymptotic distribution of X can be established by the Lindeberg-Feller CLT (see
Theorem 6.17). Note that as the observations X7,..., X} are sampled from a different
distribution F,, for every n, a CLT for a triangular array is necessary. In this setup we take
kn =mn,Y,; = X /y/n. It suffices to show that, for every e > 0,

. . 1 5.
Er, [| X7 P11 X7 > ev/n)] = - > OXPI(Xi| > ev/n) “3 0.
=1

The left side is smaller than n=1 " | X2I(|X;| > M) as soon as ey/n > M. By the strong
law of large numbers, the latter average converges to E[|X;|?I(|X;| > M)] for almost every
sequence X1, Xo,.... For sufficiently large M, this expression is arbitrarily small. Conclude
that the limit superior of the left side of the preceding display is smaller than any number
0 > 0 almost surely and hence the left side converges to zero for almost every sequence
X1, Xo,. ...

Exercise 7 (HW4): Complete the proof now. O

Remark 7.1. The proof of Theorem 7.10 shows that to prove the consistency of the boot-
strap it is enough to try to understand the limiting behavior of H, (-, P,), where P, is any
sequence of distributions “converging” (in some appropriate sense) to P. Thus, quite often,

showing the consistency of the bootstrap boils down to showing the weak convergence of
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n(Xy, P,,) under a triangular array setup, as X,, is now an i.i.d. sample from P,. For ex-
ample, if the CLT plays a crucial role in proving that H, (-, P) converges weakly to a limit
H(-, P), the Lindeberg-Feller CLT theorem can be used to show that H,(-, P,) converges
weakly to H(-, P).

Exercise 8 (HW4): What do you think would be the limiting behavior of /n(X} — pu),
conditional on the data X7 [Hint: You may use the law of the iterated logarithm]

7.5 Second-order accuracy of the bootstrap

One philosophical question about the use of the bootstrap is whether the bootstrap has any
advantages at all when a CLT is already available. To be specific, suppose that n(X, F) =
Vn(X, — p). If 0% := Var(X1) < oo, then

Vn(X, — ) LN N(0,0?) and p(H,, Hy) 50 as n — oo.

So two competitive approximations to Hy(z) are ®(2/6,) (where 62 := 1 3™ (X; — X,,)?)
and H, = H,(z,F,). It turns out that, for certain types of statistics, the bootstrap ap-
proximation is (theoretically) more accurate than the approximation provided by the CLT.
Because any normal distribution is symmetric, the CLT cannot capture information about
the skewness in the finite sample distribution of n(X, F'). The bootstrap approximation
does so. So the bootstrap succeeds in correcting for skewness, just as an Edgeworth expan-
sion®* would do. This is called Edgeworth correction by the bootstrap, and the property is

called second-order accuracy of the bootstrap.

Theorem 7.10 (Second-order accuracy). Suppose X1, Xo,..., X, are i.i.d. F' and that
0? := Var(Xy) < co. Let n(X,F) = n(X, — p)/o, where p := E(X;) and X,, :=
S Xi/n. If E[|X;1|?] < oo and F is continuous, then,

p(Hy,, H,) = op(nfl/Q) as n — oo, (148)

where H,(z) = H,(x;F,) is the c.d.f. of n(X*,F,) := V(X — X,,)/6 (6% = LS (X —
X,)?) and F,, is the empirical c.d.f. of the sample X1, Xo, ..., X,.

Compare (148) with the usual CLT approximation of H,, which states that p(H,,®) =
O(n~'/2), where ®(.) is the standard normal c.d.f. Thus, the bootstrap approximation is

more accurate than that by the CLT. In fact, under certain assumptions it can be shown
that p(H,, H,) = Op(n~"); sce e.g., Hall [5)].

94We note that T := /n(X, — p)/o admits the following Edgeworth expansion:

p1(z|F)
NG

where p1(z|F) and p2(z|F) are polynomials in = with coefficients depending on F' (here ¢(-) is the standard

P(T <z)=o(z)+ o(z) + pz(Z|F) ¢(z) + smaller order terms,

normal density function).
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Remark 7.2 (Rule of thumb). Let X, X»,..., X, are i.id. F and n(X, F') be a root. If
n(X, F) AN (0,72), where 7 does not dependent of F', then second-order accuracy is likely.
Proving it will depend on the availability of an Edgeworth expansion for n(X, F). If 7
depends on F' (i.e., 7 = 7(F)), then the bootstrap should be just first-order accurate.

7.6 Bootstrapping regression models

Regression models are among the key ones that differ from the i.i.d. setup and are also
among the most widely used. Bootstrap for regression cannot be model-free; the particular
choice of the bootstrap scheme depends on whether the errors are i.i.d. or not. We will only
talk about the linear model with deterministic «’s and i.i.d. errors. Additional moment
conditions will be necessary depending on the specific problem to which the bootstrap will

be applied; see e.g., Freedman [4]. First let us introduce some notation.

We consider the model
yi =B i + e,
where 8 is a p x 1 (p < n) vector and so is z;, and ¢;’s are i.i.d. F with mean 0 and

variance 02 < 0o. Let X be the n x p design matrix with the i’th row equal to z; and let

Y :=(y1,...,yn) € R™. The least squares estimator of § is defined as

n
B = argmin Y (y; — 2] )* = (X' X)7'X Y,
PER? i
where we assume that (X X)~! is nonsingular. We may be interested in the sampling

distribution of
(XTX)™(Bn = B) ~ Hu(:, F).

First observe that H,, only depends on F'. The residual bootstrap scheme is described below.

Compute the residual vector
s T._ 5
e=(e1,...,en) =Y — X0,

We consider the centered residuals:

n

N 1
~ T .
fi:yi—l’iﬁn—gg €5, for ¢=1,...,n.
J=1

The bootstrap estimator of the distribution H, (-, F) is H,(-, Fj,), where F, is the empirical

c.d.f. of é1,...,¢é,.

We can show that, under appropriate conditions”, by an application of the Lindeberg-Feller

CLT, the above bootstrap scheme is consistent.

%We may assume that: (i) p is fixed (as n grows); (i) £ X, X, — %, where ¥ is positive definite; (iii)
%|m”n| — 0 as n — oo, where X = X,, = (x4j,n)-
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7.7 Failure of the bootstrap

In spite of the many consistency theorems in the previous sections, there are instances where
the usual (nonparametric) bootstrap based on sampling with replacement from the original
data actually does not work. Typically, these are instances where the root n(X, F') fails
to admit a CLT. Before seeing a few examples, we list a few situations where the ordinary

bootstrap fails to estimate the c.d.f. of n(X, F') consistently:
(a‘) U(Xv F) = \/E(Xn - ,U) when VarF(Xl) = 00.

(b) 0(X, F) = yii(g(Xn) — g(u)) and Vg(ss) = 0.
(c) n(X, F) = vn(g(X,) — g(p)) and g is not differentiable at pu.

(d) The underlying population Fy is indexed by a parameter #, and the support of Fy

depends on the value of 6.

(e) The underlying population Fj is indexed by a parameter 6, and the true value 6

belongs to the boundary of the parameter space O.

Exercise 9 (HW4): Let X = (X1, Xa,...,X,) be an iid. sample from F and o? =
Varp(X1) = 1. Let g(x) = |z| and let n(X, F) = /n(g9(X,) — g(u)). If the true value
of u1 is 0, then by the CLT for X,, and the continuous mapping theorem, n(X, F') “ |Z]
with Z ~ N(0,02). Simulate the distribution of 7(X*,F,) and empirically compare it with
that of n(X, F) (you may take F' to be standard normal). Does the usual bootstrap work

in this case?

Exercise 10 (HW4): Let X = (Xi,...,X,) be a sample of size n from the uniform dis-
tribution on [0,6], ¢ > 0 unknown. Let X(,) be the maximum of the observations, and
suppose that the goal is to estimate the distribution of n(X(,) — ). Let X(,) be the
maximum of a sample of size n from the empirical distribution of the sample. Show that
IP’(XE"n) =Xl X) = 1- e~ as n — co. What does this mean regarding the consistency of

the empirical bootstrap estimator of the distribution of the maximum?

Remark 7.3 (Subsampling). A remedy when the usual bootstrap fails is to use subsam-
pling. The basic idea of subsampling is to approximate the sampling distribution of a
statistic based on the values of the statistic computed over smaller subsets of the data. For
example, in the case where the data are n observations that are i.i.d., a statistic is com-
puted based on the entire data set and is recomputed over all (Z) data sets of size b (b < n).
These recomputed values of the statistic are suitably normalized to approximate the true
sampling distribution. Typically, if b/n — 0 and b — oo as n — oo, and there exists a
limiting non-degenerate c.d.f. H(-, P) such that H,(-, P) converges weakly to H(-, P) (as
n — o0) the resulting subsampling approximation is consistent; see Politis et al. [10] for a

detailed study of subsampling and its various applications in statistics.
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8 Multiple hypothesis testing

8.1 Motivation

In the multiple hypothesis testing’® problem we wish to test many hypotheses simultaneously.
The null hypotheses are denoted by Hy;,% = 1,...,n, where n denotes the total number of
hypotheses. Consider the following example.

Example 8.1 (Prostate cancer study). DNA microarrays measure expression levels of tens
of thousands of genes. The data consist of levels of mRNA, which are thought to measure

how much of a protein the gene produces. A larger number implies a more active gene.

Suppose that we have n genes and data on the expression levels for each gene among healthy
individuals and those with prostate cancer. In the example considered in [3], n = 6033
genes were measured on 50 control patients and 52 patients with prostate cancer. The data

obtained are (X;;) where
X;; = gene expression level on gene i for the j’th individual.
We want to test the effect of the i’th gene, i.e.,
Hy; : i’th gene has same expression level for both control and cancer patients,

whereas the alternative for the ¢’th hypothesis is that the gene expression for the cancer
patients is more than that of the control patients. For the ¢’th gene, we use the following

test statistic: _ _
xXP _ x¢

v ¢ under Hp;
Sd(,,') 100, O,Z’

where )_(f denotes the average expression level for the i’th gene for the 52 cancer patients
and X denotes the corresponding value for the control patients and sd(...) denotes the
standard error of the difference. We reject the null Hy ; for gene i if the test statistic exceeds
the critical value ¢5(1 — @), for a € (0,1).

Consider the above prototypical example where we test n &~ 6000 null hypotheses at level
0.05 (say). In general, the task is how do we detect the true non-null effects (hypotheses
where the null is not true) when a majority of the null hypotheses are true? The problem
is that even when none of the genes have a significant effect (i.e., all the null hypotheses
are true), even then on an average we expect 6000 x 0.05 = 300 rejections, which is a lot of

rejection for scientists to do follow-up studies.

96Much of the material here is taken from the lecture notes by Emmanuel Candes (Stanford U; see https://
statweb.stanford.edu/~candes/teaching/stats300c/) and Rina Foygel Barber’s (U Chicago) lectures on

‘Topics in Selective Inference’ (see https://sites.google.com/view/topics-in-selective-inference/).
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Thus, a natural first question is: “Are there any significant genes”? If we reject this
global testing problem, we may focus on each hypothesis and try to decide about accept-

ing/rejecting the i’th hypothesis. The two main questions that we will address here are:

e Global testing. Here our primary interest is not on the individual hypotheses Hy,

but instead on the global hypothesis Hy : Ni; Ho;, the intersection of Hy;’s.

o Multiple testing. In this scenario we are concerned with the individual hypotheses

Hy; and want to say something about each hypothesis.

8.2 Global testing

Consider the following prototypical (Gaussian sequence model) example:
i =i + €, for i=1,...,n, (149)

where ¢;’s are i.i.d. N(0,1), the u;’s are unknown constants and we only observe the y;’s.
We want to test

Hy;:pi=0 versus Hi;:pi #0 (or g >0).
In global testing, the goal is to test the hypothesis:
Hy:pi =0, for alli (no signal), versus Hy : at least one p; is non-zero.

The complication is that if we do each of these tests Hp; at level a, and then want to
combine them, the global null hypothesis Hy might not have level a. This is the first
hurdle.

Data: p1,p2,...,pn: p-values for the n hypotheses.

We will assume that under Hy;, p; ~ Unif(0,1). (we are not assuming independence among

the p;’s yet.)

8.2.1 Bonferroni procedure

Suppose that « € (0,1) is given. The Bonferroni procedure can be described as:
o Test Hy; at level a/n, foralli=1,...,n.
e Reject the global null hypothesis Hy if we reject Hy; for some 7.

This can be succinctly expressed as looking at the minimum of the p-values, i.e.,

Q
Reject Hy if  min p; < —.

i=1,....,n n
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?
Question: Is this a valid level-a test, i.e., is Py, (Type I error) < a?

Answer: Yes. Observe that

Py, (Rejecting Hy) = Pp, <i1111in pi < a/n>

A

= Pu, (Uit {pi < a/n})

< ZPHO,i(pi < a/n), (crude upper bound)
i=1

=n-a/n, since p; ~ Unif([0, 1]) under null

= a.
So this is a valid level-« test, whatever the p;’s are (the p;’s could be dependent).

Question: Are we being too conservative (the above is an upper bound)? As we are testing
each hypothesis using a very small level o/n most of the p-values would fail to be significant.
The feeling is that we need a wvery strong signal for some i to detect the global null using

the Bonferroni method.

Answer: We are not doing something very crude, if all the p-values are independent. This
can be seen by directly calculating the exact level of the test. If the p;’s are independent,

then observe that
By (minp, < a/n ) =1~ Pay (Wl > a/n)

n
=1- HPHM (pi > a/n) (using independence)
i=1

n
:1—(1—9) B xa (for a small).
n
Thus, the Bonferroni approach is not a bad thing to do, especially when we have independent

p-values?”. Note that, under independence to obtain an exact level a test we can use the

Sidak correction, i.e., instead of a/n (in the above) we can take & := [1 — (1 — a)'/"].

8.2.2 Power of the Bonferroni procedure

Let us now focus on the power of the Bonferroni method. To discuss power we need a model

for the alternative.

Question: Consider the example of the Gaussian sequence model mentioned previously.

Under what scenario for the u;’s do we expect the Bonferroni test to do well?

970n the other extreme, if the p-values are very dependent the Bonferroni method can be quite conserva-

tive. The Type I error of the Bonferroni method when p1 = ... = p, is a/n.
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Answer: If we have (a few) strong signals, then the Bonferroni procedure is good. We will

try to formalize this now.

In the Gaussian sequence model the Bonferroni procedure reduces to: Reject Ho; (Ho; :
i =0vs. Hy;:p; >0)if
Yi > Zafns

where z, /,, is the (1 — a/n)th quantile of the standard normal distribution.
Question: How does z,/, behave? Do we know its order (when « is fixed and n is large)?

Answer: As first approximation, z,, is like v/2logn (an important number for Gaussian
random variables)“®.
Fact 1. Here is a fact from extreme value theory about the order of the maximum of the

9 3 .
€; S, 1.6., MaX;=1,... n €
maXxi—=i,..n € a.s.

— 1,
v2logn

i.e., if we have a bunch of n independent standard normals, the maximum is like /2 log n.

The mean of max;—i ., €; is like 1/2logn and the fluctuations around the mean is of order

0,(1).

To study the power of the Bonferroni procedure, we consider the following stylistic regimes

(in the following the superscript (n) is to allow the variables to vary with n):

(i) ,ugn) =(14n)v2logn and ps = ... = p, =0,
(ii) ,u,gn) =1 —-n)v2lognand g =... = p, =0,

where 17 > 0. So, in both settings, we have one strong signal, and everything else is 0.

In case (i), the signal is slightly stronger than \/2log n; and in case (ii), the signal is slightly
weaker than /2logn. We will show that Bonferroni actually works for case (i) (by that we
mean the power of the test actually goes to 1). Meanwhile, the Bonferroni procedure fails

for case (ii) — the power of the test converges to .

9We can bound 1 — ®(t) as:

@(1_$)§1—¢(t)§@ = 1—¢(t)%@ for t large.

Here is a heuristics proof of the fact that z,,, ~ v/2logn:

2
e~ 0 P _a
t n V2t n

2
& —% = logtx/2al) + log(a/n)  (as log(v/2mt) is a smaller order term)

t* = —2log(a/n) = 2logn —2loga ~ +/2logn.

Q
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This is not only a problem with the Bonferroni procedure — it can be shown that no test

can detect the signal in case (ii).

Case (i):

P(maxy; > 24/5) = P <{y1 > Za/mt U {._Igax Yyi > Za/n}>
2 P({yl > za/n})

~P <61 > \/2logn — (1 +77)\/210gn> — 1.

In this regime, just by looking at y;, we will be able to detect that Hy is not true.

Case (ii):

P(maxyi > Za/n) < IP>(yl > Za/n) +P < IIQlaX Yi > Za/n) :

1=2,...,n

Note that the first term is equal to P(e; > ny/2logn) — 0 as n — oo; whereas the second
term converges to 1 — e~ “. Hence, we have shown that in this case the power of the test is

less than or equal to the level of the test. So the test does as well as just plain guesswork.

This shows the dichotomy in the Bonferroni procedure; that by just changing the signal

strength you can always recover or you can fail (1 — «) of the time.

Whenever we have a hypothesis testing procedure, there has to be an effort in trying to
understand the power of the procedure. And it is quite often the case that different tests
(using different test statistics) are usually geared towards detecting different kinds of de-
partures from the null. Here, the Bonferroni procedure is geared towards detecting sparse,

strong signals.

8.2.3 Chi-squared test

Consider the Gaussian sequence model described in (149) and suppose that we want to test

the global null hypothesis:
Hy : p; =0, for all 4, (no signal) versus H; : at least one p; is non-zero.
Letting Y = (y1,...,Yn), the chi-squared test can be expressed as:
Reject Ho if T :=||Y]]* > x2(1 — a).

Note that under Hy,
T ~x;,
and under Hi,

T ~ X (llull?),
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where p1 = (p1,...,u,) € R® and x2(||u]|?) denotes the non-central x2 distribution with

non-centrality parameter ||u|?.

This test is going to have high power when ||u||? is large. So, this test would have high
power when there are many weak signals (even if each p; is slightly different from zero
as we square it and add these up we can get a substantially large ||u|?). The Bonferroni
procedure may not be able to detect a scenario like this — given a/n to each hypothesis
if the signal strengths are weak all of the p-values (for the different hypotheses) might be

considerably large.

Remark 8.1 (Fisher’s combination test). Suppose that pi,...,p, are the n p-values ob-
tained from the n hypotheses tests. We assume that the p;’s are independent. The Fisher’s

combination test rejects the global null hypothesis if

n
T:= Z —2log p;
i=1

is large. Observe that, under Hy, T := —2Y 7, logp; ~ X3,. This follows from the fact
that under Ho,
—log p; ~ Exp(1) = Gamma(1,1).

Again, as this test is aggregating the p-values, it will hopefully be able to detect the presence

of many weak signals.

8.3 Simultaneous inference

In simultaneous inference, we have a long list of hypotheses we are interested in testing (it
could be a finite list or even an infinite list) and our requirement is that with probability
at least 1 — a all of these hypotheses tests have to be simultaneously correct (i.e., the
probability of making any error is at most «). We can alternatively be in the setting where
our goal is to construct a CI for each parameter in a list of parameters and we would like
to ensure that all the Cls cover the respective parameters simultaneously with probability

at least 1 — a.

Let us illustrate this using the Gaussian sequence setting (149)”. We may be interested in

the following questions:

(a) We could ask questions about each p;, e.g., can we test the hypothesis Ho; : p; =
0 simultaneously for all i. Correspondingly, we can ask if we can form confidence

intervals for the p;’s that have simultaneous coverage, i.e.,
P(u; € Cl; Vi) >1—a

where CI; is a confidence interval for u;, for all i.

99Sometimes also called as the one-way layout with Gaussian noise.
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(b) We can also ask if p; and p; are the same, i.e., test Ho;; : pi = p; simultaneously
for all 4,j € {1,...,n}? What can we do to obtain simultaneously valid inference for
these (g) hypotheses? Similarly, we can ask, if we can construct Cls for each of these

(g) parameters p; — p; that are simultaneously valid.

To solve (a) we can use the Siddk correction, i.e., by taking & := [I — (1 — )"/"], we can

ensure that
P (,Uq, € [y’b - Zd/Q,yi + Zd/2] VZ) =P (‘61’ S Zd/2 Vl) = (1 — d)n =1-oa.
Now, to solve (b), observe that the above display implies that

P (i — 115 € lyi — yj — 22a/2,yi — Yj + 22as2] Vi) > 1—a.
This is our option (i) for solving (a). However the above approach could be conservative.

In option (ii), we can apply Bonferroni directly to the following (g) data points:

(i — ) = (i — pg) + (& — €5),

where € — €; ~ N(0,2). This will lead to the following CIs which are simultaneously valid
with probability at least 1 — «:

(yi —y;) £ ﬂza/(g(g)y
Again, this approach is likely to be a bit conservative because of the dependence between

the variables.

Yet another approach is the Tukey’s honest significant difference test (HSD) which avoids
the union bound and the overly conservative nature of the Bonferroni procedure. The idea

is to look at ¢y, the (1 — «)’th quantile of the distribution of

max € — min ¢,
1=1,....,n i=1,...,n
where €1, ..., €, are i.i.d. N(0,1) (the quantiles of this distribution can be easily simulated).

We can now show that
CLj == (¥i — ¥j) £ Gma

is a valid level a simultaneously valid confidence interval for (p; — ;) (and unlike Bonferroni,

Tukey’s HSD is not conservative):

P(ui —pj € Cliy Yi# ) = P(l(ui— 1) = ¥ = 9)| < dna Vi # J)
= P(les — ¢ <qna Vi#j) = P(HgE;XIei—ejléqn,a)

:P<maxei—mjnei§qn7a> = 1—a.
1 1
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8.4 Multiple testing/comparison problem: False discovery rate

Until now, we have been considering tests of the global null Hy = N;Hp; or simultaneous
inference. For some testing problems, however, our goal is to accept or reject each individual
Hy;, for i € {1,...,n} =: [n]. Let Ho C [n] (here [n] denotes all the hypotheses being
tested) denote the true nulls with |Ho| = no and the remaining hypotheses are non-null.

Let R C {1,...,n} denote the rejections by any multiple testing procedure.

We have four types of outcomes for a multiple testing proecure:

Accept Hy; Reject Ho;
Hy; true U \%4 no
Hy; false T S n — ng
n—R R n

where R = number of rejections (an observed random variable) and U, V, S, T are unobserved

random variables. Note that

V = number of false discoveries.

8.4.1 Family-wise error rate

Ideally, we would not like to make false discoveries (i.e., reject the null when the null is
true). But if you are not willing to make any false discoveries, which basically translates
to our threshold/cutoff being really large for each test, then we will not be able make any

discoveries at all.

Traditionally, statisticians want to control the family-wise error rate (FWER):
FWER :=P(V > 1).

It is very easy to design a test whose FWER is controlled by a predetermined level a: reject
or accept each hypothesis Hy; according to a test whose type I error is at most a/n. Indeed,
this is the Bonferroni method. By the union bound, one then has

% S .

n

FWER = P (Ui, {Reject Hoi}) < > P (Reject Ho,;) <
i€Ho
In modern theory of hypothesis testing, control of the FWER is considered too stringent

mainly because it leads to tests that fail to reject many non-null hypotheses as well.

8.4.2 False discovery rate

The false discovery rate (FDR) is an error control criterion developed in the 1990s as an

alternative to the FWER. When the number of tests is in the tens of thousands or even
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higher, FWER control is so stringent a criterion that individual departures from the null
have little chance of being detected. In such cases, it may be unreasonable to control the
probability of having any false rejections. Attempting to do so would leave us with virtually

no power to reject individual non-nulls.

A new point of view advanced by Benjamini and Hochberg [1] proposes controlling the
(expected) proportion of errors among the rejected hypotheses. The false discovery (or

rejection) proportion (FDP) is defined as

# false discoveries |[HoNR| V 0
FDP = = == here 3 is taken to be 0). 150
# discoveries IR| R (here 5 is taken to be 0) (150)

Intuitively, FDP reflects the “cost” of following up on discoveries, i.e., if FDP < 0.1, then
approximately 90% of discoveries are expected to be “real”. It seems perfectly reasonable

to try to develop multiple testing procedures with small FDP.

But FDP is an unobserved random variable, so the criterion we propose to control is its

expectation, which we refer to as the false discovery rate (FDR), i.e.,

FDR := E(FDP). (151)

Question: What if we reject all Hy; with p; < o (for some fixed a € (0,1))?

Answer: In this case we expect around «-|Ho| many false positives (discoveries/rejections);
this will be the numerator in (150). When the number of true signals (i.e., hypotheses
where the null is false) is (extremely) small, then most of our discoveries are going to be
false discoveries, and thus FDP ~ 1, which is not necessarily good for follow-up studies.
However, if the number of true signals is large, then « - |Ho| many false positives is quite a
reasonable number of false discoveries in the context a very large number of true discoveries

(we expect R to be large here).

So until we know how many signals there are we will not know whether we have a high or
low FDP. Thus, we would want to choose a p-value threshold adaptively to the data which

may ensure that FDR is controlled.

8.4.3 Benjamini-Hochberg procedure

The Benjamini-Hochberg (BH) procedure controls FDR at any desired level (e.g., suppose
we take ¢ = 0.2), i.e., FDR < ¢ = 0.2; thus out of all of the rejections we make we are

willing to have 20% of them be false, on an average.

The BH procedure can be described as: suppose that p1,...,p, are the p-values from the

n hypotheses tests. Let
P1) SPe) < - S D)

126



be the sorted p-values. Let
i
io::max{ign:p(i)gqn}, 0<qg<l.

We reject all hypotheses Hy ;) for 1 <4 < ig (reject those hypotheses with p-values from
pa) to p(io)). Pictorially this can be easily expressed as: draw the line with slope ¢ passing
through the origin and plot the ordered p-values {(%, P(i)) }ie1, and accept all the hypotheses

whose p-values lie above the line after the last time it was below the line.

Another way to view the BH procedure is via the following sequential description: start
with {i = n} and keep accepting the hypothesis corresponding to p(;) as long as pg;y > qi/n.
As soon as p(;) < iq/n, stop and reject all the hypotheses corresponding to p;) for j <.

We can also think of the BH procedure as finding the maximum £ such that at least £ many

pi’s are < gk/n and then rejecting all p;’s such that p; < gk/n.

Theorem 8.2. Suppose that the p-values py, ..., p, are independent. Suppose further that
the BH procedure (at level ¢) is used to accept/reject the hypotheses. Then
Vv ng
FDR =E(—F—— ) =q¢—.
(maX(R, 1)> T
Remark 8.2. Note that the above result states that the BH procedure controls FDR for

all configurations of {Hy;}? ;.

Proof. This proof can be found in the recent paper by Heesen and Janssen [6]!°. Although
there are many ways to prove this result, we will use the so-called leave-one-out technique'°.

Another useful technique uses martingale ideas; see Storey et al. [13].

We may assume that Hg is nonempty for otherwise V' = 0 and there will be nothing to
prove. Let p := (p1,...,pn) and let R = R(p) denote the number of rejections made by
the BH procedure. From the description, it should be clear that R(p) is exactly equal to
ig. We can therefore write the FDP as

PV _ 3 I{p; < qR(p)/n}

Rp)vl & Rlp)V1

We now fix j € Ho andlet p := (p1,...,pj—1,0,pj41,-..,Pn), i.e., the j'th p-value is replaced
by 0 and the rest of the p-values are unchanged. Let R(p) denote the number of rejections

1007 came to know of this proof from the blog https://statpacking.wordpress.com/
101The intuition behind the leave-one-out proof technique is as follows:

FDR:E{%]: ZE{M}% ZE[%}: > %=q%,

j€Ho Jj€EHo j€Ho

where the & step may hold if R were independent of p; (which is not true).
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of the BH procedure for p. It should be noted that R(p) > 1 because of the presence of a

zero p-value in p. The key observation now is

I{p; < qR(p)/n} _ I{p; < qR(P)/n}
R(p) V1 R(p)

(152)

To see this, first observe that when p; < ¢R(p)/n, then the j'th hypothesis is rejected
and R(p) = R(P), and thus I {p; < ¢R(p)/n} = I{p; < qR(pP)/n}. Suppose that the left
indicator is zero and that p; equals p() (i.e., pj equals the k’th order statistic). Then the
fact that the left indicator is zero implies that p; = py) > gk/n (because otherwise, we
would reject the j’th hypothesis). By definition of the BH procedure, we must then have
Py > qi/n for every i > k. Let us denote p by (p1,...,Pn). As ) = py) for i > k, we
also have ]5(') > qi/n for every ¢ > k and this implies that R(p) < k. We therefore have
pj = Py > qk/n > qR(P)/n which means that the right hand side of (152) is also zero.

Using (152), we can write

FDR= > E {I{PJ < qR(p )/n}} B [I{pj < aR(D )/n}]

= (p) V1 i R(p)

The independence assumption of p,. .., p, now implies that p; and R(p) are independent.

Also because p; is uniformly distributed on [0, 1] as j € Ho, we deduce that

o= 3 e o[ M2 SRR - 3o B[] -o

JEHo J€EHo

and this completes the proof. O
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A Appendix

A.1 Hilbert spaces

A vector space in R™ can be spanned by a finite set of vectors. A Hilbert space is a
generalization of the notion of a Euclidean space and admit expansions like that as in a

finite dimensional vector space.

Definition A.1 (Hilbert space). Let H be a (real) vector space together with a function
(-,*) : H x H — R (the inner product) for which

<I’, y> - <ya .’L'>, Vz,yeH (Symmetric)v
(x,ay+bz) = alz,y)+blx,z), Va,y,z € H, a, 8 € R (bilinear),
(x,z) > 0, x € H, with equality if and only if z = 0.

Suppose that the norm in H is defined by

]l =/ (2, z)

102

and H is complete'™ in the metric d(z,y) := |z — y||. Then H forms a Hilbert space

equipped with the inner product (-, ).

Example A.2 (Euclidean space). Let H = R™ and (z,y) := > ..°, iy, (where x =
(x1,...,2m) € R™); or more generally (z,y) = x' Ay where A is a symmetric positive

definite matrix.

Example A.3 (Euclidean matrices). Let H = R"™*™ be the set of all m x m matrices.

Define (x,y) := tr(zy"). Then (-,-) defines a Hilbert space over m x m matrices.

Example A.4 (L2 space). Let (2, A, 1) be a measure space and let La(€2, A, 1) be the set

(of equivalence classes) of all square integrable functions with

(f.9) = /fg dp.

Example A.5 (Sobolev space). The Sobolev space W, [0, 1] is the collection of all functions
f :10,1] = R with m—1 continuous derivatives, ("~ absolutely continuous, and || f"™)|| <

oo. With an inner product (-,-) defined by

—_

m—

1
(f,9) = fP(0)g™(0) +/ FN(2)g™ (z)dz,  f,9 € Wi [0,1], (153)
k=0 0

W10, 1] is a Hilbert space.

Here are some properties of any Hilbert space H with inner product (,-):

102 A metric space H is said to be complete if every Cauchy sequence in A has a limit in #.
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e The Cauchy-Schwarz inequality holds:

[zl < llllllyll,  Va,yeH.

e The Parallelogram laws assert that

lz + 1+ lle = yl* = 2(|l[* + lyl*) and Jz+yl* o —ylI* = 4z,y) Va,yeH.

e (Linear functional) A function ¢ : H — R is said to be a linear functional if p(az +
By) = ap(x)+ Le(y) whenever z,y € H and a, 8 € R. For example, for a fixed y € H,

oy(x) = (z,v), VreH, (154)

defines a continuous linear functional, a linear functional that is continuous with

respect to the metric induced by the inner product.

e (Dual space) The dual space H* (of H) is the space of all continuous linear functions

from H into R. It carries a natural norm'%?, defined by

lelln= = sup  |o(x)], peH".
|z||=1,zeH

This norm satisfies the parallelogram laws.

The following result, known as the Riesz representation theorem ,gives a convenient

description of the dual.
Theorem A.6 (Riesz representation theorem). Any continuous linear functional can

be represented in the form (154) for some y € H depending on the linear functional.

Thus to every element ¢ of the dual H* there exists one and only one u, € H such

that (z,u,) = ¢(x), for all € H. The inner product on the dual space H* satisfies

<§07 1/)>H* = <U¢, ugo>?—[-

So the dual space is also an inner product space. The dual space is also complete,

and so it is a Hilbert space in its own right.

1037 ot X and ) be normed vector spaces over R. A function T : X — Y is called a linear operator if
T(cx1 + x2) = cT'(x1) + T(z2), Vi, r2 € X,ceR.

The operator norm (or spectral norm) of T is defined as ||T|| := sup{||T(z)] : ||z|| < 1}, and T is called
bounded if | T < oo.

(a) Show that a bounded operator T is continuous: If |z, — z|| — 0, then |T'(z,) — T(x)| — 0.

(b) Show that a continuous linear operator 7" is bounded.

(¢) Let X =R™ and Y = R", with the usual Euclidean norms. Let A be an n X m matrix, and define a

linear operator T by T'(z) = Az. Relate the operator norm ||T'|| to the eigenvalues of AT A.
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e (Convex sets) Recall that a subset Ho C H is called a linear subspace if it is closed
under addition and scalar multiplication; i.e., ax + Sy € Hg whenever x,y € Ho and
a, B eR.

A subset C C H is said to be convez if it contains the line joining any two of its

elements, i.e., ax 4+ (1 — o)y € C whenever z,y € C and 0 < a < 1.

A set C' C H is said to be a cone if ax € C whenever z € C and a > 0. Thus, C
is a convex cone if ax + By € C whenever z,y € C and 0 < o, 8 < co. Any linear
subspace is, by definition, also a convex cone. Any ball, B = {z € H : ||z|| < ¢},

¢ > 0, is a convex set, but not a convex cone.

e (Projection theorem) If C' C H is a closed convex set and z € H, then there is a
unique x € C for which

—z|| = inf ||y — z||.
lz = 2l = inf [ly — 2]
In fact, x € C satisfies the condition
(z—x,y—1z) <0, VyedC. (155)

The element x € C'is called the projection of z onto C' and denoted by II(z). Prove

the projection theorem.

In particular, if C' is a convex cone, setting y = /2 and y = 2z in (155) shows that

(z —x,z) = 0. Thus, z is the unique element of C' for which

(z—z,2) =0 and (z—z,y) <0 VyeCl.

If C' is a linear subspace, then z — = is orthogonal to C, i.e.,
(z—x,y)=0 Vyedl.
e (Orthogonal complement) Suppose that Ho C H. The orthogonal complement of H,

is
Hy :={ze€H:(x,y) =0, Vy € Ho}.
Result: The orthogonal complement of a subset of a Hilbert space is a closed linear

subspace.

The projection theorem states that if C C H is a closed subspace, then any z € C
may be uniquely represented as z = x + y, where x € C is the best approximation to
z,and y € Ct.

Result: If C C H is a closed subspace, then # = C & C*, where
AeB:={x+y:xz€ A yc B}

Thus, every closed subspace C' of H has a closed complementary subspace C.
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e (Orthonormal basis) A collection {e; : t € T} C H (where T is any index set) is said
to be orthonormal if es L e (i.e., (es,e;) = 0) for all s # ¢ and ||e]| =1, for all t € T..

As in the finite-dimensional case, we would like to represent elements in our Hilbert
space as linear combinations of elements in an orthonormal collection, but extra care

is necessary because some infinite linear combinations may not make sense.

The linear span of S C H, denoted span(S), is the collection of all finite linear
combinations a1z + - - - + apx, With aq,...,a, € Rand x1,...,x, € S. The closure
of this set is denoted by span(sS).

An orthonormal collection {e;, ¢ € T'}, is called an orthonormal basis for the Hilbert

space H if (es, x) # 0 for some t € T, for every nonzero x € H.

Result: Fvery Hilbert space has an orthonormal basis.

104

When H is separable’™*, a basis can be found by applying the Gram-Schmidt algorithm

to a countable dense set, and in this case the basis will be countable.

Result: If {e,},>1, is an orthonormal basis of H, then each # € H may be written
as ¢ =y pq(z,er)ex. Show this.

References

[1] Benjamini, Y. and Y. Hochberg (1995). Controlling the false discovery rate: a practical
and powerful approach to multiple testing. J. Roy. Statist. Soc. Ser. B 57(1), 289-300.

[2] Dudley, R. M. (1999). Uniform central limit theorems, Volume 63 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge.

[3] Efron, B. (2010). Large-scale inference, Volume 1 of Institute of Mathematical Statistics
(IMS) Monographs. Cambridge University Press, Cambridge. Empirical Bayes methods

for estimation, testing, and prediction.

[4] Freedman, D. A. (1981). Bootstrapping regression models. Ann. Statist. 9(6), 1218
1228.

[5] Hall, P. (1992). The bootstrap and Edgeworth expansion. Springer Series in Statistics.
Springer-Verlag, New York.

[6] Heesen, P. and A. Janssen (2015). Inequalities for the false discovery rate (FDR) under
dependence. Electron. J. Stat. 9(1), 679-716.

104 A topological space is called separable if it contains a countable, dense subset; i.e., there exists a sequence
{zn}nZ; of elements of the space such that every nonempty open subset of the space contains at least one

element of the sequence.

132



[7] Hjort, N. L. and D. Pollard (2011). Asymptotics for minimisers of convex processes.
arXiv preprint arXiw:1107.3806.

[8] Lehmann, E. L. and J. P. Romano (2005). Testing statistical hypotheses (Third ed.).
Springer Texts in Statistics. Springer, New York.

[9] Parzen, E. (1962). On estimation of a probability density function and mode. Ann.
Math. Statist. 33, 1065-1076.

[10] Politis, D. N., J. P. Romano, and M. Wolf (1999). Subsampling. Springer Series in
Statistics. Springer-Verlag, New York.

[11] Pollard, D. (1991). Asymptotics for least absolute deviation regression estimators.
Econometric Theory 7(2), 186-199.

[12] Pollard, D. (1997). Another look at differentiability in quadratic mean. In Festschrift
for Lucien Le Cam, pp. 305-314. Springer, New York.

[13] Storey, J. D., J. E. Taylor, and D. Siegmund (2004). Strong control, conservative point
estimation and simultaneous conservative consistency of false discovery rates: a unified
approach. J. R. Stat. Soc. Ser. B Stat. Methodol. 66(1), 187-205.

[14] Tsybakov, A. B. (2009). Introduction to nonparametric estimation. Springer Series
in Statistics. Springer, New York. Revised and extended from the 2004 French original,
Translated by Vladimir Zaiats.

[15] van der Vaart, A. W. (1998). Asymptotic statistics, Volume 3 of Cambridge Series in
Statistical and Probabilistic Mathematics. Cambridge University Press, Cambridge.

[16] van der Vaart, A. W. and J. A. Wellner (1996). Weak convergence and empirical
processes. Springer Series in Statistics. Springer-Verlag, New York. With applications to

statistics.

133



	Hypothesis Testing
	Uniformly most powerful (UMP) tests
	Simple versus simple testing
	Duality between testing and interval estimation
	Generalized NP lemma
	Unbiased tests
	UMPU tests in higher dimensions
	Application to general exponential families
	The t-test
	Statistics independent of a sufficient statistic

	Permutation tests
	Exercises

	Smooth parametric families
	Local asymptotic normality and quadratic mean differentiability
	Local asymptotic normality: Heuristics
	Quadratic mean differentiable
	Local asymptotic normality

	Contiguity
	Likelihood methods in parametric models
	Wald test
	Rao's score test

	Likelihood ratio test
	Deriving the asymptotic distribution of the LRS using LAN
	Asymptotic distribution of the LRS

	Comparison of test functions
	Asymptotic relative efficiency
	L1-distance and power

	Exercises

	Kernel density estimation
	The choice of the bandwidth and the kernel
	Mean squared error of kernel density estimator (KDE)
	Variance of KDE
	Bias of KDE

	Pointwise asymptotic distribution
	Introduction to kernel regression

	U-statistics
	Projection
	The Hájek projection

	U-statistics and Hájek's projection
	Exercises

	General linear model
	Estimation
	Gauss-Markov theorem
	Normal linear model
	Canonical form
	Estimating 2
	Noncentral F and chi-square distributions

	Testing in the general linear model
	Exercises

	M-estimation (or empirical risk minimization)
	Consistency of M-estimators
	Glivenko-Cantelli (GC) classes of functions
	Bracketing numbers
	GC by bracketing

	Asymptotic normality of Z-estimators
	Heuristic proof of asymptotic normality of Z-estimators

	Asymptotic normality of M-estimators
	Limiting distribution of the sample median
	Lindeberg-Feller Central Limit Theorem
	Back to the limiting distribution of the sample median

	Asymptotics for minimizers of convex processes
	Preliminaries
	Asymptotic normality of M-estimators for convex processes


	Bootstrap methods
	Bootstrap: Introduction
	Parametric bootstrap
	The nonparametric bootstrap
	Consistency of the bootstrap
	Bootstrapping the sample mean

	Second-order accuracy of the bootstrap
	Bootstrapping regression models
	Failure of the bootstrap

	Multiple hypothesis testing
	Motivation
	Global testing
	Bonferroni procedure
	Power of the Bonferroni procedure
	Chi-squared test

	Simultaneous inference
	Multiple testing/comparison problem: False discovery rate
	Family-wise error rate
	False discovery rate
	Benjamini-Hochberg procedure


	Appendix
	Hilbert spaces


