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1 Introduction

1.1 Statistical Inference: Motivation

Statistical inference is concerned with making probabilistic statements about ran-
dom wvariables encountered in the analysis of data.

FEzramples: means, median, variances ...

Example 1.1. A company sells a certain kind of electronic component. The company
15 wnterested in knowing about how long a component is likely to last on average.

They can collect data on many such components that have been used under typical
conditions.

They choose to use the family of exponential distributions' to model the length of time
(in years) from when a component is put into service until it fails.

The company believes that, if they knew the failure rate 0, then X,, = (X1, Xa, ..., X,)
would be n i.i.d random variables having the exponential distribution with parameter
0. We may ask the following questions:

1. Can we estimate 6 from this data? If so, what is a reasonable estimator?

2. Can we quantify the uncertainty in the estimation procedure, i.e., can we con-
struct confidence interval for 07

1.2 Recap: Some results from probability

Definition 1 (Sample mean). Suppose that X1, X, ..., X, are n i.i.d r.v’s with (un-
known) mean p € R (i.e., E(X1) = p) and variance 0? < co. A natural “estimator”
of i is the sample mean (or average) defined as

1 1 —
X, X o+ X)) =— X;.
( 1+ + ) n;

= E
Lemma 1.2. E(X,,) = u and Var(X,,) = 0?/n.
Proof. Observe that

B(X,) =+ D E(X) = % = .

!X has an exponential distribution with (failure) rate 6 > 0, i.e., X ~ Exp(6), if the p.d.f of X
is given by
fo(x) = 96_9”31[0’00)(33), for z € R.

The mean (or expected value) of X is given by E(X) = 071, and the variance of X is Var(X) = 2.
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Figure 1: The plots illustrate the convergence (in probability) of the sample mean to
the population mean.

Also,
2

_ 1 & 1
Var(X,,) = ﬁVar (Z X’i) = -no? = %-
i=1
[

Theorem 1.3 (Weak law of large numbers). Suppose that X1, Xo, ..., X, are n i.i.d
r.v’s with finite mean . Then for any € > 0, we have

IP) (
This says that if we take the sample average of n i.i.d r.v’s the sample average will
be close to the true population average. Figure 1 illustrates the result: The left
panel shows the density of the data generating distribution (in this example we took
Xi,..., X, 1.i.d. Exp(10)); the middle and right panels show the distribution (his-

togram obtained from 1000 replicates) of X,, for n = 100 and n = 1000, respectively.
We see that as the sample size increases, the distribution of the sample mean concen-

trates around E(X;) = 1/10 (i.e., X,, 510 asn — 00).

1 n
E;Xi—E(X)

>e>—>0 as n — oo.

Definition 2 (Convergence in probability). In the above, we say that the sample
mean L+ 3" X; converges in probability to the true (population) mean.

More generally, we say that the sequence of r.v’s {Z,}°° | converges to Z in proba-
bility, and write

Ln — 4,

if for every e > 0,
P(|Z,—Z| >¢€) —0 as m — 0o.

This is equivalent to saying that for every e > 0,

lim P(|Z, — Z| < ¢) = 1.

n—o0



Definition 3 (Convergence in distribution). We say a sequence of r.v’s {Z, }1, with
c.d.f’s F,(-) converges in distribution to I if

lim F,(u) = F(u)

n—o0

for all u such that F is continuous® at u (here F is itself a c.d.f).

The second fundamental result in probability theory, after the law of large numbers
(LLN), is the Central limit theorem (CLT), stated below. The CLT gives us the
approximate (asymptotic) distribution of X,

Theorem 1.4 (Central limit theorem). If Xy, Xs,... are i.i.d with mean zero and

variance 1, then
n

1 d
—= > X; % N(0,1),
v i=1
where N(0,1) is the standard normal distribution. More generally, the usual rescaling
tell us that, for X1, Xo, ... are i.i.d with mean p and variance o® < 0o

V(K — ) = 2 S — ) b N(0,07).
7 -

The following plots illustrate the CLT: The left, center and right panels of Figure 2
show the (scaled) histograms of X,, when n = 10,30 and 100, respectively (as before,
in this example we took X7, ..., X, i.i.d. Exp(10); the histograms are obtained from
5000 independent replicates). We also overplot the normal density with mean 0.1 and
variance 107! /y/n. The remarkable agreement between the two densities illustrates
the power of the CLT. Observe that the original distribution of the X;’s is skewed
and highly nor-normal (Exp(10)), but even for n = 10, the distribution of X, is quite
close to being normal.

Another class of useful results we will use very much in this course go by the name
“continuous mapping theorem”. Here are two such results.

Theorem 1.5. If Z, L b and if g(+) is a function that is continuous at b, then

9(Zy) 5 g(b).

2Explain why do we need to restrict our attention to continuity points of F. (Hint: think of the
following sequence of distributions: Fj,(u) = I(u > 1/n), where the “indicator” function of a set A
is one if z € A and zero otherwise.)

It’s worth emphasizing that convergence in distribution — because it only looks at the c.d.f.
— is in fact weaker than convergence in probability. For example, if px is symmetric, then the
sequence X, —X, X, — X ... trivially converges in distribution to X, but obviously doesn’t converge
in probability.

Also, if U ~ Unif(0, 1), then the sequence

U1-UU1-T,...

converge in distribution to a uniform distribution. But obviously they do not converge in probability.
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Figure 2: The plots illustrate the convergence (in distribution) of the sample mean
to a normal distribution.

Theorem 1.6. If Z, 4 7 and if g(+) is a function that is continuous, then

9(Zn) = 9(Z).

1.3 Back to Example 1.1

In the first example we have the following results:

by the LLN, the sample mean X,, converges in probability to the expectation
1/6 (failure rate), i.e.,

p 1
Xn_>_;
0

by the continuous mapping theorem (see Theorem 1.5) X! converges in prob-
ability to 0, i.e.,

x5 0;

by the CLT, we know that
Vin(X, —67) 5 N(0,67)

where Var(X;) = 6%

But how does one find an approximation to the distribution of X 17

1.4 Delta method

The first thing to note is that if {Z,}!; converges in distribution (or probability) to
a constant 6, then ¢(Z,) N g(0), for any continuous function g(-).



We can also “zoom in” to look at the asymptotic distribution (not just the limit
point) of the sequence of r.v’s {g(Z,)},, whenever ¢(-) is sufficiently smooth.

Theorem 1.7. Let Zy,Z,...,7Z, be a sequence of r.v’s and let Z be a r.v with a
continuous c.d.f F*. Let § € R, and let ai,as, ..., be a sequence such that a, — oo.
Suppose that

an(Zn — 0) > F*.
Let g(+) be a function with a continuous derivative such that g'(6) # 0. Then

9(Zy) —9(0) a .
%W — F.

Proof. We will only give an outline of the proof (think a, = n'/2, if Z,, as the sample
mean). As a, — 00, Z, must get close to § with high probability as n — co.
As g(-) is continuous, g(Z,) will be close to g(6) with high probability.
Let’s say ¢(-) has a Taylor expansion around 6, i.e.,
9(Zn) = g(0) + 9'(0)(Zn — 0),
where we have ignored all terms involving (Z, — )? and higher powers.

Then if
an(Z, — 0) % 2,

for some limit distribution F™* and a sequence of constants a,, — oo, then
d
~ a,(Z, —0) = F*.

[]

In other words, limit distributions are passed through functions in a pretty simple
way. This is called the delta method (I suppose because of the deltas and epsilons
involved in this kind of limiting argument), and we’ll be using it a lot.

The main application is when we’ve already proven a CLT for Z,,

V(Z, — p)

2 N(0, 1),
o

in which case

d
Vnlg(Za) = g(1)) = N(0,0%(g'(1))?)-
Exercise 1: Assume n'/2Z, % N(0,1). What is the asymptotic distribution of

1. g(Z,) = (Z, — 1)??

2. What about ¢(Z,) = Z2? Does anything go wrong when applying the delta
method in this case? Can you fix this problem?

9



1.5 Back to Example 1.1
By the delta method, we can show that
V(X = 0) 5 N0, (07)°072),

where we have considered g(z) = 1; ¢’(z) = —% (observe that g is continuous on
(0,00)). Note that the variance of X is Var(X;) = 672

10



2 Statistical Inference: Estimation

2.1 Statistical model

Definition 4 (Statistical model). A statistical model is

e an identification of random variables of interest,

e a specification of a joint distribution or a family of possible joint distributions
for the observable random variables,

e the identification of any parameters of those distributions that are assumed un-
known,

e (Bayesian approach, if desired) a specification for a (joint) distribution for the
unknown parameter(s).

Definition 5 (Statistical Inference). Statistical inference is a procedure that produces
a probabilistic statement about some or all parts of a statistical model.

Definition 6 (Parameter space). In a problem of statistical inference, a characteristic
or combination of characteristics that determine the joint distribution for the
random variables of interest is called a parameter of the distribution.

The set ) of all possible values of a parameter 6 or of a vector of parameters
0= (01,...,0k) is called the parameter space.

Ezamples:

e The family of binomual distributions has parameters n and p.

e The family of normal distributions is parameterized by the mean p and variance

o2 of each distribution (so 6 = (i, 0?) can be considered a pair of parameters,
and Q =R x R*).

e The family of exponential distributions is parameterized by the rate parameter
0 (the failure rate must be positive: Q will be the set of all positive numbers).

The parameter space {2 must contain all possible values of the parameters in a given
problem.

11



Example 2.1. Suppose that n patients are going to be given a treatment for a con-
dition and that we will observe for each patient whether or not they recover from the
condition.

For each patient + = 1,2, ..., let X; = 1 if patient © recovers, and let X; = 0 if not.
As a collection of possible distributions for Xq, Xs, ..., we could choose to say that
the X;’s are i.i.d. having the Bernoulli distribution with parameter p, for 0 < p < 1.

In this case, the parameter p is known to lie in the closed interval [0,1], and this
interval could be taken as the parameter space. Notice also that by the LLN, p is the
limit as n — oo of the proportion of the first n patients who recover.

Definition 7 (Statistic). Suppose that the observable random variables of interest
are Xq,...,X,. Let ¢ be a real-valued function of n real variables. Then the random
variable T = p(Xy, ..., X,) is called a statistic.

Ezxamples:

e the sample mean X, = 1 3" | X;;
e the maximum X, of the values X,..., Xy;

e the sample variance S2 = 13" (X; — X,,)? of the values Xy, ..., X,

Definition 8 (Estimator/Estimate). Let Xi,..., X, be observable data whose joint
distribution is indexed by a parameter 0 taking values in a subset 2 of the real line.

An estimator @\n of the parameter 0 is a real-valued function @\n =o(X1,..., Xn).

If{X; =x,..., X, = x,} is observed, then (x1,...,x,) is called the estimate of 6.

Definition 9 (Estimator/Estimate). Let Xi,..., X, be observable data whose joint
distribution is indexed by a parameter 6 taking values in a subset Q) of d-dimensional
space, i.e., ) C R,

Let h: Q — R%, be a function from  into d-dimensional space. Define ¢ = h(6).

An estimator of ¥ is a function g(Xy,...,X,) that takes values in d-dimensional
space. If {X1 = x1,...,X, = x,} are observed, then g(xi,...,x,) is called the
estimate of V.

When h in Definition 9 is the identity function h(f) = 6, then ¢ = 6 and we are
estimating the original parameter §. When ¢(f) is one coordinate of , then the 1)
that we are estimating is just that one coordinate.

12



Definition 10 (Consistent (in probability) estimator). A sequence of estimators 0,
that converges in probability to the unknown value of the parameter 6 being esti-
mated is called a consistent sequence of estimators, i.e., 0, is consistent if and
only if for every e > 0,

P(|6, — 0] > €) — 0, as m — oo.

In this Chapter we shall discuss three types of estimators:

e Method of moments estimators,
e Maximum likelihood estimators, and

e Bayes estimators.

2.2 Method of Moments estimators

The method of moments (MOM) is an intuitive method for estimating parameters
when other, more attractive, methods may be too difficult (to implement/compute).

Definition 11 (Method of moments estimator). Assume that Xi,...,X, form a
random sample from a distribution that is indexed by a k-dimensional parameter 0
and that has at least k finite moments. For j =1,...,k, let

115(0) := Eg(X]).

Suppose that the function pu(0) = (u1(0), ..., uk(0)) is a one-to-one function of 6. Let
M (pq, ..., ug) denote the inverse function, that is, for all 6,

0= M(u,...,pue)-

Define the sample moments as
N IRS J ; L
Uj-:ﬁZ;Xi for 7=1,... k.
The method of moments estimator of 0 is M (fi1, . .., fix)-

The usual way of implementing the method of moments is to set up the k equations

:[Lj:ﬂ’](e)v fOI'j:L...,k’,

and then solve for 6.

13



Example 2.2. Let X1, Xo, ..., X,, be from a N(u,c?) distribution. Thus 6 = (u,c?).
What is the MOM estimator of 07

Solution: Consider p; = E(X;) and py = E(X3). Clearly, the parameter 6 can be
expressed as a function of the first two population moments, since

po=qu, 00 =y — .

To get MOM estimates of u and o we are going to plug in the sample moments.
Thus

ﬂ:ﬂl:Xa
and

)
o =

S|

zn:Xf —XQ:%Z(Xi—)_()Q
j=1

=1

where we have used the fact that fiy = n™=* Z;”:l ij.

Example 2.3. Suppose that X1, Xo, ..., X, are i.i.d Gamma(a, 3), a, B > 0. Thus,
0= (a,0) € Q:=R, xR,. The first two moments of this distribution are:

a ala+1)
/.Ll(e) = B? Iu2(9) = 52 )
which implies that
2
a = H1 =, 6: H1 .
M2 — K M2 — MK

The MOM says that we replace the right-hand sides of these equations by the sample
moments and then solve for a and 3. In this case, we get

MOM can thus be thought of as “plug-in” estimates; to get an estimate 0 of § =
M (py, oo, - - -, pg), we plug-in estimates of the p;’s, which are the fi;’s, to get 6.

Result: If M is continuous, then the fact that m; converges in probability to p;, for
every ¢ = 1,...,k, entails that

A ~ N ~ P
0 = M(fix, flo, - - -, fir) — M(pa, pra, - -5 pig) = 0.

Thus MOM estimators are consistent under mild assumptions.

14



Proof. LLN: the sample moments converge in probability to the population moments

pa(0), - b (0).

The generalization of the continuous mapping theorem (Theorem 6.2.5 in the book) to
functions of k variables implies that M (-) evaluated at the sample moments converges
in probability to 6, i.e., the MOM estimator converges in probability to 6. O

Remark: In general, we might be interested in estimating W(¢) where ¥(6) is some
(known) function of #; in such a case, the MOM estimate of W(#) is ¥(6) where 6 is
the MOM estimate of 6.

Example 2.4. Let X1, Xs, ..., X, be the indicators of n Bernoulli trials with success
probability 6. We are going to find a MOM estimator of 6.

Solution: Note that 0 is the probability of success and satisifes,
0 =FE(X,), 0 =E(X?).

Thus we can get MOMs of 0 based on both the first and the second moments. Thus,

éMOM = X>

and

. 1 <& , 1 n _
buor =2 ) X =20 X=X
j=1 j=1

Example 2.5. Let X, Xy, ..., X, be i.i.d. Poisson(\), A > 0. Find the MOM esti-
mator of \.

Solution: We know that,
E(Xl) = U1 = A

and Var(Xy) = ps — 3 = \. Thus
Mo = )\ —|— /\2.

Now, a MOM estimate of A is clearly given by A= fn = X; thus a MOM estimate of
fo = N2+ X is given by X2+ X.

On the other hand, the obvious MOM estimate of [i2 1S fia = %Z;;l XJZ. However
these two estimates are not necessarily equal; in other words, it is not necessarily the
case that X* + X = (1/n) 327, X7.

J

This illustrates one of the disadvantages of MOM estimates — they may not be
uniquely defined.

15



Example 2.6. Consider n systems with failure times X1, Xo, ..., X, assumed to be
i.i.d Exp(N), A > 0. Find the MOM estimators of \.

Solution: It is not difficult to show that

E(X) =1 E(X]) = o

1 2
A= —=,/—.
H1 H2

The above equations lead to two different MOM estimators for X\; the estimate based
on the first moment is

Therefore

“ 1
)\MOM = <
1

and the estimate based on the second moment is

Avom =/ — -
2

Once again, note the non-uniqueness of the estimates.

We finish up this section by some key observations about method of moments esti-
mates.

(i) The MOM principle generally leads to procedures that are easy to compute and
which are therefore valuable as preliminary estimates.

(ii) For large sample sizes, these estimates are likely to be close to the value being
estimated (consistency).

(iii) The prime disadvantage is that they do not provide a unique estimate and this
has been illustrated before with examples.

3 Method of Maximum Likelihood

As before, we have i.i.d observations X1, X5, ..., X,, with common probability density
(or mass function) f(z,0), where 6 € Q C R* is a Euclidean parameter indexing the
class of distributions being considered.

The goal is to estimate 6 or some W(#) where ¥ is some known function of 6.

16



Definition 12 (Likelihood function). The likelihood function for the sample X, =
(Xl,XQ, PN ,Xn> 18

L,(0) = L,(0,X,,) := H f(X;,0).

This is simply the joint density (or mass function) but we now think of this as a
function of 0 for a fixred X ,,; namely the X,, that is realized.

Intuition: Suppose for the moment that X;’s are discrete, so that f is actually a
p.m.f. Then L,(0) is exactly the probability that the observed data is realized or
“happens”.

We now seek to obtain that 6 € ) for which L,,(#) is maximized. Call this 0, (assume
that it exists). Thus 6, is that value of the parameter that maximizes the likelihood
function, or in other words, makes the observed data most likely.

It makes sense to pick 6, as a guess for 6.

When the X;’s are continuous and f(x,#) is in fact a density we do the same thing —
maximize the likelihood function as before and prescribe the maximizer as an estimate

of 6.

For obvious reasons, 6, is called an maximum likelihood estimate (MLE).

Note that 6, is itself a deterministic function of X,, = (X1, Xo, ..., Xp) and is there-
fore a random variable. Of course there is nothing that guarantees that 6,, is unique,
even if it exists.

Sometimes, in the case of multiple maximizers, we choose one which is more desirable
according to some “sensible” criterion.

Example 3.1. Suppose that Xi,...,X, are i.i.d Poisson(@), 6 > 0. Find the
MLE of 6.

Solution: In this case, it is easy to see that

- e 0ot —nb gy X,
L"(Q):H X, ! = C(Xy)e "7 =t
i=1 v

To mazximize this expression, we set

0
e log L,,(6) = 0.

This yields that
0

00

—n6+ (Z X¢> log 9] =0;
i=1

17



1.e.,

showing that

It can be checked (by computing the second derivative at 6, ) that the stationary point
indeed gives (a unique) mazimum (or by noting that the log-likelihood is a (strictly)
concave function).

Exercise 2: Let Xi, Xo,..., X, be ii.d Ber(f) where 0 < 6 < 1. What is the MLE
of 07

Example 3.2. Suppose Xy, Xa,..., X, are i.i.d Uniform([0,0]) random wvariables,
where 6 > 0. We want to obtain the MLE of 6.

Solution: The likelihood function is given by,

Ln(g) = H

T0,0(X5)

|~

=1,...,

It is then clear that L,(0) is constant and equals 1/0™ for 6 > max X; and is 0

7777 n

otherwise. By plotting the graph of this function, you can see that

Here, differentiation will not help you to get the MLE because the likelihood function
is not differentiable at the point where it hits the maximum.

Example 3.3. Suppose that X1, X, ..., X, are i.i.d N(u,c?). We want to find the
MLEs of the mean p and the variance o>.

Solution: We write down the likelithood function first. This is,

Ln(p,0%) = m exp (—% > (X - u)2> :

i=1

18



It is easy to see that,

n

1
log L,(p, 0%) = —glogag—ﬁ (X; — p)* + constant
S
n 1 - _ n _
= ogo? - ST = X)) — (X, — )2
5logo” —o—5 ) ( )" = 5o (Kn —h)

=1

To mazimize the above expression w.r.t u and o* we proceed as follows. For any
(u,0%) we have, )
log Ly, (11, 0%) < log Ly(X,, 07),

showing that we can choose iy g = X
It then remains to mazimize log L, (X, 0%) with respect to o to find 63, .

Now,

_ 1 _
log Ly (X, 0%) = —g logo? = o5 >~ (X = X,)”

=1

Differentiating the left-side w.r.t 0% gives,

n 1 9
L~ a5 =0
207 a2 T

S (Xi — X,)2. The above equation leads to,

1=

where 6% =

3=

1« .
&]2\/[LE262:E§ (Xi_X)Q-
i=1

The fact that this actually gives a global maximizer follows from the fact that the
second derivative at 6% is negative.

Note that, once again, the MOM estimates coincide with the MLEs.

Exercise 3: We now tweak the above situation a bit. Suppose now that we restrict
the parameter space, so that p has to be non-negative, i.e., u > 0.

Thus we seek to maximize log L, (i, %) but subject to the constraint that u > 0 and
0% > 0. Find the MLEs in this scenario.

Example 3.4 (non-uniqueness of MLE). Suppose that Xi,..., X, form a random
sample from the uniform distribution on the interval [0,041], where § € R is unknown.
We want to find the MLE of 8. Show that it is possible to select as an MLE any value
of 0 in the interval [ X,y — 1, X(1y], and thus the MLE is not unique.
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Example 3.5 (MLEs might not exist). Consider a random variable X that can come
with equal probability either from a N(0,1) or from N(u,0?), where both y and o are
unknown.

Thus, the p.d.f. f(-,u,02) of X is given by

flz,p,0%) = ! [Le—wzﬂ + ;@—(w—u)Q/(%?)

2 | Vor V2oro

Suppose now that X1, ..., X, form a random sample from this distribution. As usual,
the likelihood function

n

LH(M’ 02) = H f(XH 1y 02)'

=1

We want to find the MLE of 0 = (u,0?).

Let Xy denote one of the observed values. Note that

1 1 1 2
max L, (u,0%) > L,(Xg, 0> >—{ } e Xil2,
(M )— ( k )_2” ];][\/%

LER,02>0 2mo

Thus, if we let p = X, and let > — 0 then the factor f(Xy, pu,0?) will grow large
without bound, while each factor f(X;, u,0?), for i # k, will approach the value

L -xep

e
2/ 21

Hence, when p = X}, and 0® — 0, we find that L,(u,c0%) — co.

Note that 0 is not a permissible estimate of o2, because we know in advance that
o > 0. Since the likelihood function can be made arbitrarily large by choosing p = Xy
and choosing o® arbitrarily close to 0, it follows that the MLE does not exist.

3.1 Properties of MLEs

3.1.1 Invariance

Theorem 3.6 (Invariance property of MLEs). If @\n is the MLE of 0 and if ¥ is any
function, then ¥ (6,,) is the MLE of ¥(0).

See Theorem 7.6.2 and Example 7.6.3 in the text book.
Thus if X;,..., X, beiid N(u,0o?), then the MLE of u? is X2.
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3.1.2 Consistency

Consider an estimation problem in which a random sample is to be taken from a
distribution involving a parameter 6.

Then, under certain conditions, which are typically satisfied in practical problems,
the sequence of MLEs is consistent, i.e.,

~ P
0, — 0, as n — 0o.

3.2 Computational methods for approximating MLEs

Example: Suppose that Xi,..., X, are i.i.d from a Gamma distribution for which
the p.d.f is as follows:

flz,a) = F—xa’le’x, for x > 0.

and thus the log-likelihood is

n

ly(a) =log Ly, (a) = —nlogl(a) + (a — 1) Zlog(Xi) — ZX“

=1

The MLE of o will be the value of o that satisfies the equation

Do) = —n?((j>>+;1og<xi>=o
, Ma) 1
ie., (o) = ﬁZlOg(Xi)'

3.2.1 Newton’s Method

Let f(z) be a real-valued function of a real variable, and suppose that we wish to
solve the equation

f()=o.

Let x; be an initial guess at the solution.
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Newton’s method replaces the initial guess with the updated guess

f(z1)

To =21 — —=%.

f'(x1)

The rationale behind the Newton’s method is: approximate the curve by a line tangent
to the curve passing through the point (zi, f(z1)). The approximating line crosses
the horizontal axis at the revised guess ;. [Draw a figurel]

Typically, one replaces the initial guess with the revised guess and iterates Newton’s
method until the results stabilize (see e.g., http://en.wikipedia.org/wiki/Newton’s_method).

3.2.2 The EM Algorithm

Read Section 7.6 of the text-book. I will cover this later, if time permits.
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4 Principles of estimation

Setup: Our data X, Xs,... X, are i.i.d observations from the distribution P, where
0 € ), the parameter space (€2 is assumed to be the k-dimensional Euclidean space).
We assume identifiability of the parameter, i.e. 0; # 0y = Py, # Pp,.

Estimation problem: Consider now, the problem of estimating g(6) where g is
some function of 6.

In many cases g(6) = @ itself.
Generally ¢(#) will describe some important aspect of the distribution P;.

Our estimator of g(6) will be some function of our observed data X,, = (X1, Xo, ..., X,,).

In general there will be several different estimators of g(f) which may all seem rea-
sonable from different perspectives — the question then becomes one of finding the
most optimal one.

This requires an objective measure of performance of an estimator.

If T,, estimates g(0) a criterion that naturally suggests itself is the distance of T;, from
g(0). Good estimators are those for which |T,, — g(6)] is generally small.

Since 7,, is a random variable no deterministic statement can be made about the
absolute deviation; however what we can expect of a good estimator is a high chance
of remaining close to g(0).

Also as n, the sample size, increases we get hold of more information and hence expect
to be able to do a better job of estimating g(6).

These notions when coupled together give rise to the consistency requirement for a
sequence of estimators T,,; as n increases, T,, ought to converge in probability to g(f)
(under the probability distribution Py). In other words, for any € > 0,

Py (|5, — g(0)] > €) — 0.

The above is clearly a large sample property, what it says is that with probability
increasing to 1 (as the sample size grows), T,, estimates g(f) to any pre-determined
level of accuracy.

However, the consistency condition alone, does not tell us anything about how well
we are performing for any particular sample size, or the rate at which the above
probability is going to 0.

23



4.1 Mean squared error

Question: For a fixed sample size n, how do we measure the performance of an
estimator 71,,7

A way out of this difficulty is to obtain an average measure of the error, or in other
words, average out |T,, — g(0)| over all possible realizations of T,.

The resulting quantity is then still a function of # but no longer random. It is called
the mean absolute error and can be written compactly (using acronym) as:

MAD :=Ey [|T,, — g(0)]] .

However, it is more common to avoid absolute deviations and work with the square
of the deviation, integrated out as before over the distribution of 7;,. This is called
the mean squared error (MSE) and is defined as

MSE(T},, 9(8)) == Eq [(T,, — 9(6))?] - (1)

Of course, this is meaningful, only if the above quantity is finite for all §. Good
estimators are those for which the MSE is generally not too high, whatever be the
value of 6.

There is a standard decomposition of the MSE that helps us understand its compo-
nents. This is one of the most

Theorem 4.1. For any estimator T,, of g(6), we have
MSE(T,,, g(0)) = Varg(T,) + (T, 9(0))?,

where b(T,, g(0)) = Eo(T,,) — g(0) is the bias of T,, as an estimator of g(0).

Proof. We have,

MSE(T,,,9(0)) = Eq [(T0 — 9(0))’]
= Eo [(To — Eo(T3) + Eo(Ty) — 9(0))?]
= [y [(Tn E&(Tn)) } (EG(TH> - 9(0)>2
+ 2 Bg[(Th — Eo(T5)) (Ep(T5) — 9(0))]
= Vary(T,,) + 0(Ty, 9(6))*,

where
b(Th, g(0)) = Eo(T5) — g(0)

is the bias of T}, as an estimator of ¢(f).

The cross product term in the above display vanishes since Ey(7,,) — g(#) is a constant

and Eg(Tn - Eg(Tn)) = 0. ]
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Figure 3: The plot shows the mean squared error for three estimators d;, 6o and 9ds.
Here R(6,0;) = E[(6;(X) — 0)?] where i = 0,1, 2.

The bias measures, on an average, by how much T), overestimate or underestimate
g(0). If we think of the expectation Ey(7},) as the center of the distribution of T;,,
then the bias measures by how much the center deviates from the target.

The variance of T},, of course, measures how closely T,, is clustered around its center.
Ideally one would like to minimize both simultaneously, but unfortunately this is
rarely possible.

4.2 Comparing estimators

Two estimators T,, and S,, can be compared on the basis of their MSEs. Under
parameter value 6, T,, dominates S,, as an estimator if

MSE(T,, 0) < MSE(S,, 6) for all 4 € Q.
In this situation we say that S,, is tnadmussible in the presence of T,.

The use of the term “inadmissible” hardly needs explanation. If, for all possible
values of the parameter, we incur less error using 7}, instead of S,, as an estimate of
g(0), then clearly there is no point in considering S,, as an estimator at all.

Continuing along this line of thought, is there an estimate that improves all others?
In other words, is there an estimator that makes every other estimator inadmissible?
The answer is no, except in certain pathological situations.

Example 4.2. Suppose that X ~ Binomial(100,60), where 6 € [0,1]. The goal is

to estimate the unknown parameter 0. A natural estimator of 6 in this problem is

do(X) = X/100 (which is also the MLE and the method of moments estimator).

Show that

0(1—0)
100

The MSE of 0o(X) as a function of 0 is given in Figure 3.

R(6,60) := MSE(do(X),0) = for 0 €10, 1].
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We can also consider two other estimators in this problem: §;(X) = (X +3)/100 and
9o(X) = (X 4 3)/106. Figure 8 shows the MSEs of 1 and o, which can be shown to
be (show this):

~ 941006(1 — )
N 1002 ’

R(6,6,) :== MSE(5,(X), 0) for 6 € [0,1],

and
(9 —80)(1 + 80)

1062 ’
Looking at the plot, 09 and 6o are both better than &1, but the comparison between &
and 6y is ambiguous. When 0 is near 1/2, 05 is the preferable estimator, but if 6 is
near 0 or 1, &g is preferable. If 0 were known, we could choose between 6y and os.
However, if 0 were known, there would be no need to estimate its value.

R(6,6,) := MSE(6,(X), 0) = for 6 € [0,1].

As we have noted before, it is generally not possible to find a universally best esti-
mator.

One way to try to construct optimal estimators is to restrict oneself to a subclass of
estimators and try to find the best possible estimator in this subclass. One arrives at
subclasses of estimators by constraining them to meet some desirable requirements.
One such requirement is that of unbiasedness. Below, we provide a formal definition.

4.3 Unbiased estimators

An estimator T, of g(0) is said to be unbiased if Ey(T,,) = g(#) for all possible values
of 0; i.e.,
(T, g(0) =0  forall§e Q.

Thus, unbiased estimators, on an average, hit the target, for all parameter values.
This seems to be a reasonable constraint to impose on an estimator and indeed
produces meaningful estimates in a variety of situations.

Note that for an unbiased estimator 7,,, the MSE under 6 is simply the variance of
T,, under 6.

In a large class of models, it is possible to find an unbiased estimator of g(6) that
has the smallest possible variance among all possible unbiased estimators. Such an
estimate is called an minimum variance unbiased estimator (MVUE). Here is a
formal definition.

MVUE: We call S,, an MVUE of ¢(6) if
(1) Eqo(Sn) = g(0) for all 6 € Q

26



and (ii) if 7}, is an unbiased estimate of g(#), then Vary(S,,) < Vary(7),).

Here are a few examples to illustrate some of the various concepts discussed above.

(a)

Consider X1, ..., X, i.i.d N(u,0c?).

A natural unbiased estimator of ¢;(f) = p is X,,, the sample mean. It is also
consistent for p by the WLLN. It can be shown that this is also the MVUE of p.

In other words, any other unbiased estimate of y will have a larger variance
than X,. Recall that the variance of X, is simply o2 /n.

Consider now, the estimation of o2. T'wo estimates of this that we have consid-
ered in the past are

, n—1 4
=1 =1

Out of these 62 is not unbiased for o2 but s? is. In fact s? is the MVUE of ¢2.

Let X1, Xs, ..., X, bei.i.d from some underlying density function or mass func-
tion f(xz,0). Let g(0) = Eg(X).

Then the sample mean X, is always an unbiased estimate of g(f). Whether it
is MVUE or not depends on the underlying structure of the model.

Suppose that X1, Xs,..., X, be ii.d Ber(¢). It can be shown that X,, is the
MVUE of 6.

Now define g() = 6/(1—6). This is a quantity of interest because it is precisely
the odds in favor of Heads. It can be shown that there is no unbiased estimator
of g(#) in this model (Why?).

However an intuitively appealing estimate of g(6) is T, = X,,/(1 — X,,). It is
not unbiased for g(0); however it does converge in probability to g(@).

This example illustrates an important point — unbiased estimators may not al-
ways exist. Hence imposing unbiasedness as a constraint may not be meaningful
in all situations.

Unbiased estimators are not always better than biased estimators.

Remember, it is the MSE that gauges the performance of the estimator and a
biased estimator may actually outperform an unbiased one owing to a signifi-
cantly smaller variance.
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Example 4.3. Consider Xy, Xo,..., X, i.i.d Uniform([0,60]); § > 0. Here Q =
(0, 00).

A natural estimate of 0 is the maximum of the X;’s, which we denote by X,).

Another estimate of 6 is obtained by observing that X,, is an unbiased estimate of
0/2, the common mean of the X;’s; hence 2 X,, is an unbiased estimate of 6.

Show that X ) in the sense of MSE outperforms 2X,, by an order of magnitude.
The best unbiased estimator (MVUE) of 0 is (1 +n~")X,).

Solution: We can show that
2

MSE(2X,,0) = g—:Var(QXn)

n
) 6 )
MSE((1+n™") X, 0) = nnt2) Var((1+n7") X))
62 n? 62

MSE(X(),0) = ") . e+ 1) + (n+1)2

where in the last equality we have two terms — the variance and the squared bias.

4.4 Sufficient Statistics

In some problems, there may not be any MLE, or there may be more than one. Even
when an MLE is unique, it may not be a suitable estimator (as in the Unif(0, 0)
example, where the MLE always underestimates the value of ).

In such problems, the search for a good estimator must be extended beyond the
methods that have been introduced thus far.

In this section, we shall define the concept of a sufficient statistic, which can be
used to simplify the search for a good estimator in many problems.

Suppose that in a specific estimation problem, two statisticians A and B must estimate
the value of the parameter 6.

Statistician A can observe the values of the observations X7, X, ..., X, in a random
sample, and statistician B cannot observe the individual values of X7, X5, ..., X,, but
can learn the value of a certain statistic 7' = p(X1,..., X,).

In this case, statistician A can choose any function of the observations X7, Xs, ..., X,
as an estimator of 6 (including a function of 7). But statistician B can use only a
function of T'. Hence, it follows that A will generally be able to find a better estimator
than will B.
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In some problems, however, B will be able to do just as well as A. In such a problem,
the single function T = ¢(X1, ..., X,) will in some sense summarize all the informa-
tion contained in the random sample about 6, and knowledge of the individual values
of Xi,..., X, will be irrelevant in the search for a good estimator of 6.

A statistic T having this property is called a sufficient statistic.

A statistic is sufficient with respect to a statistical model P, and its associated un-
known parameter 6 if it provides “all” the information on 0; e.g., if “no other statistic
that can be calculated from the same sample provides any additional information as
to the value of the parameter”. This intuition will be rigorized at the end of this
subsection.

Definition 13 (Sufficient statistic). Let X, Xo,..., X, be a random sample from
a distribution indexed by a parameter 6 € Q. Let T be a statistic. Suppose that,
for every 0 € Q and every possible value t of T, the conditional joint distribution of
X1, Xo, ..., X, given that T =t (at 0) depends only on t but not on 6.

That s, for each t, the conditional distribution of X1, Xa,..., X, giwven T =t is the
same for all 0. Then we say that T is a sufficient statistic for the parameter 6.

So, if T is sufficient, and one observed only 7' instead of (Xi,...,X,), one could,
at least in principle, simulate random variables (Xj,...,X/) with the same joint
distribution.

In this sense, T is sufficient for obtaining as much information about # as one could
get from (X7q,...,X,).

Example 4.4. Suppose that X, ..., X, are i.i.d Poisson(f), where § > 0. Show that
T =" X, is sufficient. Let X = (Xi,...,X,).

Note that Py(X =2, T(X)=1t)
Py(X = z|T(X) =1t) = Py(T = 1)
But,
Po(X =2, T(X)=1t) = {;H(X =) ;Ei; iltf
As



Also,

Hence,

Py(T(X) =t(x)) ][, ziln’’
which does not depend on 0. So T =>"" | X; is a sufficient statistic for 0.

Other sufficient statistics are: T = 3.7% " X;, T = (30, X, X4), and T =
(X1,..., X,).

We shall now present a simple method for finding a sufficient statistic that can be
applied in many problems.

Theorem 4.5 (Factorization criterion). Let X1, Xs,..., X, form a random sample
from either a continuous distribution or a discrete distribution for which the p.d.f or
the p.m.fis f(x,0), where the value of 0 is unknown and belongs to a given parameter
space €.

A statistic T = r(Xy, Xa, ..., X,) is a sufficient statistic for 6 if and only if the joint
p.d.f or the joint p.m.f fn(x,0) of (X1, Xa,...,X,) can be factored as follows for all
values of x = (z1,...,2,) € R™ and all values of 6 € §2:

fn(ili, Q) = u(az)l/(r(a:), 0), where

e u and v are both non-negative,
e the function u may depend on x but does not depend on @,

o the function v will depend on 6 but depends on the observed value x only through
the value of the statistic r(x).

Example: Suppose that X,..., X, are i.i.d Poi(#), § > 0. Thus, for every non-
negative integers xq, ..., x,, the joint p.m.f f,(x,60) of (X1,...,X,) is

t e 0 1 B ST
fn(x’ 6) — H o — H" x"e 9921‘:1 i
i=1 Y =1

Thus, we can take u(x) = 1/(], z:!), r(x) = D0, xi, v(t,0) = e 0" It follows
that 7= """ | X; is a sufficient statistic for 6.

30



Exercise: Suppose that Xi,..., X, are i.i.d Gamma(q, ), a,8 > 0, where « is
known, and 3 is unknown. The joint p.d.f is

folz, B) = {[F(a)]”(ﬁxi)a_l}_l X {B”a exp(—ﬁt)}, where t = ixz
) =

n
The sufficient statistics is T,, = Z X;.

=1

Exercise: Suppose that Xi,..., X, are i.i.d Gamma(q, ), a,8 > 0, where « is
unknown, and ( is known.

The joint p.d.f in this exercise is the same as that given in the previous exercise. How-
ever, since the unknown parameter is now « instead of 3, the appropriate factorization
is now

folx,a) = {exp(—ﬁgxi)} X {%t“‘l}, where t = ﬁxz

u(@) v(t,o) =1

n
The sufficient statistics is T,, = HXi'

=1

Exercise: Suppose that Xi,..., X, are i.i.d Unif([0,6]), & > 0 is the unknown pa-
rameter. Show that 7' = max{Xy,..., X, } is the sufficient statistic.

Suppose that X = (Xi,...,X,) form a random sample from a distribution for which
the p.d.f or p.m.f. is f(:|@), where the parameter § must belong to some parameter
space ). Let T be a sufficient statistic for 6 in this problem.

We show how to improve upon an estimator that is not a function of a sufficient
statistic by using an estimator that is a function of a sufficient statistic. Let 0(X)
be and estimator of g(¢). We define the estimator dy(7") by the following conditional
expectation:

00(T) = Eq[0(X)|T].

Since T is a sufficient statistic, the conditional expectation of the function 6(X) will
be the same for every value of 6 € ). It follows that the conditional expectation
above will depend on the value of T but will not actually depend on the value of 6.
In other words, the function §o(T") is indeed an estimator of g(6) because it depends
only on the observations X and does not depend on the unknown value of 6.

We can now state the following theorem, which was established independently by
D. Blackwell and C. R. Rao in the late 1940s.
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Theorem 4.6 (Rao-Blackwell theorem). For every value of 6 € €2,

MSE(3(T), 9(6)) < MSE(5(X), g(6)).

The above result is proved in Theorem 7.9.1 of the text book (see deGroot and
Schervish, Fourth Edition).
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5 Bayesian paradigm

Frequentist versus Bayesian statistics:

Frequentist:

e Data are a repeatable random sample — there is a frequency.
e Parameters are fixed.

e Underlying parameters remain constant during this repeatable process.
Bayesian:

e Parameters are unknown and described probabilistically.

e Analysis is done conditioning on the observed data; i.e., data is treated as fixed.

5.1 Prior distribution

Definition 14 (Prior distribution). Suppose that one has a statistical model with
parameter 0. If one treats 6 as random, then the distribution that one assigns to 0
before observing the data is called its prior distribution.

Thus, now 6 is random and will be denoted by © (note the change of notation).

We will assume that if the prior distribution of © is continuous, then its p.d.f is called
the prior p.d.f of ©.

Example: Let © denote the probability of obtaining a head when a certain coin is
tossed.

e Case 1: Suppose that it is known that the coin either is fair or has a head
on each side. Then © only takes two values, namely 1/2 and 1. If the prior
probability that the coin is fair is 0.8, then the prior p.m.f of © is £(1/2) = 0.8
and £(1) = 0.2,

e Case 2: Suppose that © can take any value between (0, 1) with a prior distri-
bution given by a Beta distribution with parameters (1,1).
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Suppose that the observable data X, X, ..., X, are modeled as random sample from
a distribution indexed by 6. Suppose f(:|0) denote the p.m.f/p.d.f of a single random
variable under the distribution indexed by 6.

When we treat the unknown parameter © as random, then the joint distribution
of the observable random variables (i.e., data) indexed by € is understood as the
conditional distribution of the data given © = 6.

Thus, in general we will have X7, ..., X,,|© = are i.i.d with p.d.f/p.m.f f(:|0), and
that © ~ &, i.e.,

fa(@|0) = f(21]0) ... f(2n]0),
where f, is the joint conditional distribution of X = (Xj,...,X,,) given © = #.

5.2 Posterior distribution

Definition 15 (Posterior distribution). Consider a statistical inference problem with
parameter 0 and random variables X, ..., X, to be observed. The conditional distri-
bution of © given Xy, ..., X, is called the posterior distribution of 6.

The conditional p.m.f/p.d.f of © given X; = z4,...,X,, = xz, is called the posterior
p.m.f/p.d.f of 6 and is usually denoted by &(-|x1, ..., z,).

Theorem 5.1. Suppose that the n random variables X1, ..., X,, form a random sam-
ple from a distribution for which the p.d.f/p.m.fis f(:|0). Suppose also that the value
of the parameter 0 is unknown and the prior p.d.f/p.m.f of 6 is £(-). Then the poste-

rior p.d.f/p.m.f of 0 is

f(@1]0) - - f(zn]0)§(0)
gn()
where g, is the marginal joint p.d.f/p.m.f of X1,..., X,,.

£0)x) = : for 8 € Q,

Example 5.2 (Sampling from a Bernoulli distribution). Suppose that X,..., X,
form a random sample from the Bernoulli distribution with mean 6 > 0, where 0 <
0 < 1 is unknown. Suppose that the prior distribution of © is Beta(a, ), where
a, B> 0.

Then the posterior distribution of © given X; = x;, for i = 1,...,n, is Beta(a +
Doy Tis BN = Y T).

Proof. The joint p.m.f of the data is

n

Fu(l6) = Flaal6) - Fl6) = [[67(1 =)' = g=s(1 — gy B

i=1
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Therefore the posterior density of ©|X; = z1,...,X,, = z,, is given by

£(9|£L‘) X ea_l(l - 9)6_1 : 021@11 m"(l — 9)"‘2?:1 T
= primtasl(] _ g)ftn- i

Y

for 6 € (0,1). Thus, ©|X; =1,..., X, =2, ~ Beta(a+ > 1z, B+n— > x;).
[

Example 5.3 (Sampling from a Poisson distribution). Suppose that Xy, ..., X, form
a random sample from the Poisson distribution with mean 6 > 0, where 6 is unknown.
Suppose that the prior distribution of © is Gamma(a, 8), where «, > 0.

Then the posterior distribution of © given X; = x;, fori=1,...,n, is Gamma(a +

> e Ti, B+ n).

Definition: Let X1, Xs, ..., be conditionally i.i.d given © = 6 with common p.m.f/p.d.f
f(+10), where 6 € Q.

Let U be a family of possible distributions over the parameter space {2. Suppose
that no matter which prior distribution ¢ we choose from ¥, no matter how many
observations X = (Xi,...,X,) we observe, and no matter what are their observed
values = (x1,...,x,), the posterior distribution £(-|«) is a member of V.

Then W is called a conjugate family of prior distributions for samples from the distri-

butions f(+]6).

Example 5.4 (Sampling from an Exponential distribution). Suppose that the distri-
bution of the lifetime of fluorescent tubes of a certain type is the exponential distribu-
tion with parameter 6. Suppose that X1, ..., X, is a random sample of lamps of this

type.
Also suppose that © ~ Gamma(a, 3), for known ., 3.

Then .
fal@]0) =[] 0% = ome™? 2z,
=1

Then the posterior distribution of © given the data is

f(el.’B) o ene—Qxle i | 9&—16—60 _ 9n+a—1e—(,3+2?:1 xi)e'

Therefore, ©| X ,, = & ~ Gamma(a +n, B+ > | x;).
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5.3 Bayes Estimators

An estimator of a parameter is some function of the data that we hope is close to the
parameter, i.e., 0 ~ 0.

Let X1,..., X, be data whose joint distribution is indexed by a parameter 6 € €.
Let 6(X1,...,X,) be an estimator of 6.

Definition: A loss function is a real-valued function of two variables, L(6, a), where
€ and aeR.

The interpretation is that the statistician loses L(0, a) if the parameter equals 6 and
the estimate equals a.

Example: (Squared error loss) L(A,a) = (6 — a)>.
(Absolute error loss) L(0,a) = |0 — al.

Suppose that £(+) is a prior p.d.f/p.m.f of 6 € Q. Consider the problem of estimating
6 without being able to observe the data. If the statistician chooses a particular
estimate a, then her expected loss will be

Ewam:/Lm@ww&

Q

It is sensible that the statistician wishes to choose an estimate a for which the expected
loss is minimum.

Definition: Suppose now that the statistician can observe the value x of a the data
X, before estimating 6, and let (-|x) denote the posterior p.d.f of § € Q. For each
estimate a that the statistician might use, her expected loss in this case will be

E@@m@:/ummw@w. 2)

Q

Hence, the statistician should now choose an estimate a for which the above expec-
tation is minimum.

For each possible value @ of X, let 6*(x) denote a value of the estimate a for which
the expected loss (2) is minimum. Then the function §*(X,) is called the Bayes
estimator of 6.

Once X,, = x is observed, 0*(x) is called the Bayes estimate of 6.

Thus, a Bayes estimator is an estimator that is chosen to minimize the posterior mean
of some measure of how far the estimator is from the parameter.
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Corollary 5.5. Let 0 € Q) C R. Suppose that the squared error loss function is used
and the posterior mean of ©, i.e., E(©|X,,), is finite. Then the Bayes estimator of 0

: 5 (X,) = E(O]X,.).

Example 1: (Bernoulli distribution with Beta prior)

Suppose that X;,..., X, form a random sample from the Bernoulli distribution with
mean 6 > 0, where 0 < 6§ < 1 is unknown. Suppose that the prior distribution of ©
is Beta(«, 3), where a, § > 0.

Recall that ©|X; = z4,...,X,, =z, ~ Beta(a + >, z;, 6 +n— > x;). Thus,

a+d X

T(X) = a+p+n

5.4 Sampling from a normal distribution

Theorem 5.6. Suppose that X, ..., X, form a random sample from N(0,0?), where
0 is unknown and the value of the variance o* > 0 is known. Suppose that © ~
N(po,v3). Then

O|X1 =m1,..., Xp = Tp ~ N(u1,07),

where ) ) )
0% o + NUGT, o 07U

S and W= e

0“4+ nug o< + nvg

Proof. The joint density has the form

fu(x]0) o exp [—2%‘2 Z(xz - 9)2] :

The method of completing the squares tells us that

n

Z(altZ —0)?*=n0—1z,)*+ Z(altZ — )%

i=1

Thus, by omitting the factor that involves x1,...,x, but does depend on 6, we may
rewrite f,(x|f) as

_ " g7\
fu(x|0) o exp [ 52 (0 —z,) } )
Since the prior density has the form
§(0) x e (0 — o)
X —_—— —_—
p 21)% Ko ’
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it follows that the posterior p.d.f £(0|x) satisfies

" gz~ g 2
£(0)x) o exp 202(9 Tn) 2”(2)<6 o) | -

Completing the squares again establishes the following identity:

n 1 1
LO0—70%+ (0 — o) = (0 — 1)?
0_2( T ) +,U8( NO) U%( :ul) +

n
o)
0% + nvd

The last term on the right side does not involve on 6. Thus,

£(01) x xp | 50— .

1

Thus, -
5 (x) = Tt Eron s

o2 + nvj

Corollary 5.7. Let 6 € QQ C R. Suppose that the absolute error loss function is used.
Then the Bayes estimator of 0 6*(X,,) equals the median of the posterior distribution
of ©.
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6 The sampling distribution of a statistic

A statistic is a function of the data, and hence is itself a random variable with a
distribution.

This distribution is called its sampling distribution. It tells us what values the
statistic is likely to assume and how likely is it to take these values.

Formally, suppose that X1, ..., X,, arei.i.d with p.d.f/p.m.f fo(-), where € Q C R*.

Let T be a statistic, i.e., suppose that T = ¢(Xi,...,X,). Assume that T' ~ Fy,
where Fy is the c.d.f of T' (possibly dependent on #).

The distribution of T" (with 6 fixed) is called the sampling distribution of 7. Thus,
the sampling distribution of T has c.d.f Fj.

Example: Suppose that X1, ..., X, are i.i.d N(u,0?). Then we know that
2
X,~N (u, U—> :
n
6.1 The gamma and the y? distributions

6.1.1 The gamma distribution

The gamma function is a real-valued non-negative function defined on (0, 00) in the
following manner

[Na) = / e dr , a>0.
0
The Gamma function enjoys some nice properties. Two of these are listed below:
(@) T(a+1)=al(a) , (b)T(n)=(n—-1)! (n integer).

Property (b) is an easy consequence of Property (a). Start off with I'(n) and use
Property (a) recursively along with the fact that I'(1) = 1 (why?). Another important
fact is that I'(1/2) = /7 (Prove this at home!).

The gamma distribution with parameters a > 0, A > 0 (denoted by Gamma(a, \)) is
defined through the following density function:

A” -Az .a—
flzla, \) = (o) e Mg 11(0,00)(33).

39



The first parameter « is called the shape parameter and the second parameter A is
called the scale parameter.

For fixed A\ the shape parameter regulates the shape of the gamma density.
Here is a simple exercise that justifies the term “scale parameter” for .

Exercise: Let X be a random variable following Gamma(a, A). Then show that
Y = A X (thus X is Y scaled by A) follows the Gamma(a, 1) distribution. What is
the distribution of ¢ X for some arbitrary positive constant ¢? You can use the change
of variable theorem in one-dimension to work this out.

Reproductive Property of the gamma distribution:

Let X, Xs,..., X, be independent random variables with X; ~ Gamma(q;, A), for
1=1,...,n. Then,

S, =Xi+Xo+...+ X, ~ Gamma (Z ai,)\>.

i=1

If X follows the Gamma(a, \) distribution, the mean and variance of X can be
explicitly expressed in terms of the parameters:

E(X) = % and Var(X) = %

We outline the computation of a general moment E(X*), where k is a positive integer.
We have,

o0 AO(
E Xk: — k -z afld
(X7) /0 x o) e x
)\Oz

> Az _k+a—1
= — e T dx
[(a) /0

A T(a+k)
D) Aotk
(a+k—=1) (o) ()

AT ()
I, (a+i—1)
\E

The formulae for the mean and the variance should follow directly from the above
computation. Note that in the above derivation, we have used the fact that

_ _ F(Oé + k)
Az k+a—1 _
/0 e x dl’ = —)\oz % .
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This is an immediate consequence of the fact that the gamma density with parameters
(o + k, ) integrates to 1.

Exercise: Here is an exercise that should follow from the discussion above. Let S,, ~
Gamma(n, A), where A > 0. Show that for large n, the distribution of S, is well
approximated by a normal distribution (with parameters that you need to identify).

6.1.2 The Chi-squared distribution

We now introduce an important family of distributions, called the chi-squared family.
To do so, we first define the chi-squared distribution with 1 degree of freedom (for
brevity, we call it “chi-squared one” and write it as x?).

The \? distribution: Let Z ~ N(0,1). Then the distribution of W := Z? is called
the x? distribution, and W itself is called a x? random variable.

Exercise: Show that W follows a Gamma(1/2,1/2) distribution. (You can do this
by working out the density function of W from that of 7).

For any integer d > 0 we can now define the y? distribution (chi-squared d distribu-
tion, or equivalently, the chi-squared distribution with d degrees of freedom).

The x? distribution: Let Z,Z,,...,Z; be i.i.d N(0,1) random variables. Then
the distribution of
Wyi=Z7+Zs+ ...+ 73

is called the x3 distribution and W, itself is called a x7 random variable.

Exercise: Using the reproductive property of the Gamma distribution, show that
Wy ~ Gamma(d/2,1/2).

Thus, it follows that the sum of k i.i.d x? random variables is a x? random variable.

Exercise: Let Z;,Zs,Z3 be i.i.d N(0,1) random variables. Consider the vector
(Z1, Zy, Z3) as a random point in 3-dimensional space. Let R be the length of the
radius vector connecting this point to the origin. Find the density functions of (a) R

and (b) R2.

Theorem 6.1. If X ~ x2 then E(X) =m and Var(X) = 2m.

Theorem 6.2. Suppose that X1, ..., Xy are independent and X; ~ ani then the sum

Xt X NXQZ"Cﬂmi'
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6.2 Sampling from a normal population

Let X1, Xs,..., X, beiid N(u,0?), where u € R, 0 > 0 are unknown.

You could think of the X;’s for example as a set of randomly sampled SAT scores
from the entire population of SAT scores. Then p is the average SAT score of the
entire population and o2 is the variance of SAT scores in the entire population. We
are interested in estimating 1 and o2 based on the data. Note that SAT scores are
actually discrete in nature — N(u, 0?) provides a good approximation to the actual
population distribution. In other words, N(u,o?) is the model that we use for the
SAT scores.

In statistics as in any other science, models are meant to provide insightful approxi-
mations to the true underlying nature of reality.

Natural estimates of the mean and the variance are given by:

Xi+Xo+...+ X,
n

1 —
and (3'2:5 Z(XZ—Xn)Q

i=1

fp=X, =

These are the sample mean and sample variance (biased version). In what follows,
we will use a slightly different estimator of o than the one proposed above. We will
use

1 —

2 _ o 2

Sn—12(XZ X,)?%.
1=

One reason for using s? is that it has a natural interpretation as the multiple of a 2

random variable; further s? is an unbiased estimator of o? whereas 62 is not, i.e.,

E(s?) = ¢* but E(6?) # o?.

For the sake of notational simplicity we will let S 2 denote the residual sum of squares
about the mean, i.e., S* :=>""  (X; — X,)%

Here is an interesting (and fairly profound) proposition.

Proposition 6.3. Let X1, Xs,...,X,, be an i.i.d sample from some distribution F
with mean p and variance o?. Then F is the N(u,c?) distribution if and only if for
all n, X,, and s* are independent random variables. Moreover, when F is N(u,o?),

then
2 2

anN(p,U—), and  s* ~ —2 X2,
n n—

The “if” part is the profound part. It says that the independence of the natural
estimates of the mean and the variance for any sample size forces the underlying
distribution to be normal.

We will sketch a proof of the only if part, i.e., we will assume that F is N(u,0?) and
show that X, and s? are independent.
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Proof. To this end, define new random variables Y7, Y5, ..., Y, where for each i,
Yi = (Xi - ) o

These are the standardized versions of the X;’s and are i.i.d. N(0, 1) random variables.
Now, note that:

o’ Z?:l (Y; — ?)2
n—1 '

X=Yo+pu and s° =

From the above display, we see that it suffices to show the independence of Y and
2 (Yi-Y)2

The way this proceeds is outlined below: Let Y denote the n x 1 column vector
(Y1,Ys,...,Y,)" and let P be an n x n orthogonal matrix with the first row of P

(which has length n) being (1/v/n,1/y/n,...,1/y/n).
Recall that an orthogonal matrix satisfies

P'P=PP" =]
where [ is the identity matrix.

Using standard linear algebra techniques it can be shown that such a P can always
be constructed. Now define a new random vector

W = PY.

Then it can be established that the random vector W = (W, Wy, ..., W,)" has the
same distribution as (Y7, Ys,...,Y,)"; in other words, Wy, Wy, ..., W,, areii.d N(0,1)
random variables.

Theorem 6.4. Suppose that Zy, ..., Z, are i.i.d N(0,1). Suppose that A is an or-
thogonal matriz and
V =AZ.

Then the random variables Vi, ..., V, are i.i.d N(0,1). Also, Y 0 V2 =>"" Z2.

Note that
W'W=(PY)'PY =Y'P'PY =YY
by the orthogonality of P; in other words, > | W2 =", Y. Also,

(2

Wi =Yi/Vn+Ys/Vn+...+Y,/Vn=ynY.

Note that W is independent of W3 + W2 + ...+ W2. But

n

i szi Wf—Wf:i Y2-nY =3 (i-Y)%.
=2 =1 =1

i=1
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It therefore follows that VvnY and Y7 (Y;—Y)? are independent, which implies that
Y and Y " (Y; — Y)? are independent. O

Note that Y ~ N(0,1/n). Deduce that X follows N (u,0%/n). Since Y 1, (V;i—Y)? =
W3+ Wi+ ...+ W2, it follows that

52 “ —
— = (Yi_Y)QNXQA
2 n
d =1
Thus,
52 2
§ = ~ T (3)

In the case n = 2, it is easy to check the details of the transformation leading from
Y to W. Set W = PY with
I
Pr=(v Vi |.
VZoooV2

Thus Wy = (V) + Y2)/V2 and W, = (Y, — Y3)/V/2.

Exercise: Use the change of variable theorem to deduce that W; and W5 are i.i.d
N(0,1).

Proof of Theorem 6.4: The joint p.d.f of Z = (Z1,...7,) is

1 1
fn(z) = )T exp <—§ sz) ) for z € R"™.
i=1

Note that as Z — AZ is a linear transformation. The joint p.d.f of V = AZ is

1

W(v) = (AT f R™.
9ulv) = g (AT Y), forve

Let z = A~ 'v. Since A is orthogonal, |det A| = 1 and v'v = > | v? = 2"z =
e 2 So,
1 n

1
gn(v) = R exp (—5 va) , for v € R™.

=1

Thus, V' has the same joint p.d.f as Z.
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6.3

The t-distribution

Definition: Let Z ~ N(0,1) and let V ~ x2, independent of each other. Then,

Z

VV/n

is said to follow the t-distribution on n degrees of freedom. We write T ~ t,,.

The density of the ¢t-distribution is derived in the text book (see Chapter 8.4). With
a little bit of patience, you can also work it out, using the change of variable theorem
appropriately (I won’t go into the computational details here).

Exercise: Let X be a random variable that is distributed symmetrically about 0, i.e.,
X and —X have the same distribution function (and hence the same density function).
If f denotes the density, show that it is an even function, i.e. f(z) = f(—=z) for all z.

Conversely, if the random variable X has a density function f that is even, then it is
symmetrically distributed about 0, i.e X =45 —X.

Here are some important facts about the ¢-distribution. Let T" ~ t,,.

()

T and —T have the same distribution. Thus, the distribution of T" is symmetric
about 0 and it has an even density function.

From definition,

-7 Z
T = — ’
VV/in Vin

where Z = —Z follows N(0,1), and is independent of V' where V follows x2.
Thus, by definition, —7" also follows the t-distribution on n degrees of freedom.

As n — oo, the t,, distribution converges to the N(0,1) distribution; hence the
quantiles of the t-distribution are well approximated by the quantiles of the
normal distribution.

This follows from the law of large numbers. Consider the term V/n in the
denominator of T for large n. As V follows x2 it has the same distribution as
Ki+Ky+...+ K, where K,’s are i.i.d x? random variables. But by the WLLN
we know that

Ki+Ky+...+ K,
n

S E(K;) =1 (check!).

Thus V/n converges in probability to 1; hence the denominator in 7' converges

in probability to 1 and T consequently, converges in distribution to Z, where Z
is N(0,1).
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Theorem 6.5. Suppose that Xi,...,X, form a random sample from the normal
distribution with mean p and variance o*. Let X, denote the sample mean, and

define s* = 4= 3" (X; — X )% Then

V(Xn — 1)

S

~lp1.

7 Confidence intervals

Confidence intervals (CIs) provide a method of quantifying uncertainty to an estima-
tor 6 when we wish to estimate an unknown parameter 6.

We want to find an interval (A, B) that we think has high probability of containing
0.

Definition: Suppose that X,, = (X, ..., X,,) is a random sample from a distribution
Py, 0 € Q C RF (that depends on a parameter 6).

Suppose that we want to estimate g(f), a real-valued function of 6.

Let A < B be two statistics that have the property that for all values of @,
Py(A < g6) <B)>1—a,

where v € (0, 1).

Then the random interval (A, B) is called a confidence interval for g(f) with level
(coefficient) (1 — «).

If the inequality “> 1 — a” is an equality for all €, the the CI is called exact.

Example 1: Find a level (1 — «) CI for p from data X, Xs,..., X, which are
i.i.d. N(u,o0?) where o is known. Here § = p and g(6) = p.

Step 1: We want to construct ¥ (X, Xo, ..., X,, 1) such that the distribution of this
object is known to us.

How do we proceed here?

The usual way is to find some decent estimator of ;1 and combine it along with p in
some way to get a “pivot”, i.e., a random variable whose distribution does not depend
on 6.

The most intuitive estimator of x here is the sample mean X,. We know that

X, ~ N(u,o*/n).
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The standardized version of the sample mean follows N(0,1) and can therefore act
as a pivot. In other words, construct,

V(X p) = f/?/g IRV ST BN

for every value of 6.

With zs denoting the upper 8-th quantile of N(0,1) (i.e., P(Z > z5) = 8 where Z
follows N(0,1)) we can write:

mgza/g):l—a.

o

P,u (_Za/Q <

From the above display we can find limits for p such that the above inequalities are
simultaneously satisfied. On doing the algebra, we get:

— o R ag
P, (X—ﬁza/ggug)(—l—ﬁza/g) =1-nq.

Thus our level (1 — «) CI for u is given by

|:Y - iZoz/2a7 +

Often a standard method of constructing ClIs is the following method of pivots which
we describe below.

(1) Construct a function ¥ using the data X, and ¢(0), say V(X,,g(f)), such
that the distribution of this random variable under parameter value 6 does not
depend on 6 and is known.

Such a V¥ is called a pivot.

(2) Let G denote the distribution function of the pivot. The idea now is to get a
range of plausible values of the pivot. The level of confidence 1 — «v is to be
used to get the appropriate range.

This can be done in a variety of ways but the following is standard. Denote by
q(G; B) the f’th quantile of G. Thus,

Po[W(X 0, 9(0)) < q(G;B)] = B.
(3) Choose 0 < 1, B2 < a such that §; + 52 = a. Then,

Polg(G; B1) < U(Xp,9(0) <q(G51=Bo)|=1—=B—Pr=1—a.

47



(4) Vary 6 across its domain and choose your level 1 — « confidence interval (set)
as the set of all g(f) such that the two inequalities in the above display are
simultaneously satisfied.

Example 2: The data are the same as in Example 1 but now o2 is no longer known.

Thus, the parameter of unknowns 6 = (u,0?) and we are interested in finding a CI
for ¢g(0) = p.

(Clearly, setting o
n(X —pu
WX, p) = V)

will not work smoothly here. This certainly has a known (N (0,1)) distribution but
involves the nuisance parameter o making it difficult get a CI for u directly.

However, one can replace o by s, where s? is the natural estimate of 0% introduced
before. So, set: o
X —
(X, p) = VX — p) _
s
This only depends on the data and g(f) = p. We claim that this is indeed a pivot.

To see this write

The numerator on the extreme right of the above display follows N(0,1) and the
denominator is independent of the numerator and is the square root of a x> _; random
variable over its degrees of freedom (from display (3)).

It follows from definition that W(X,, u) ~ t,_; distribution.

Thus, G here is the ¢,,_; distribution and we can choose the quantiles to be ¢(t,,_1; «/2)
and ¢(t,_1;1 — «/2). By symmetry of the ¢, ; distribution about 0, we have,
q(tn_1;/2) = —q(t,—1;1 — «/2). It follows that,

< V(X — p)

P, - [—q(tn_l; 1— «a/2) <q(th-1;1— a/Q)} =1—-a.

As with Example 1, direct algebraic manipulations show that this is the same as the
statement:

S

_ S _
P, -2 {X——q(tnl;l— a/2) §M§X—|—%q

NG

This gives a level 1 — a confidence set for pu.

(to_1;1 — a/Q)] —l-a.
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Food for thought: In each of the above examples there are innumerable ways of
decomposing « as 1 + (. It turns out that when « is split equally the level 1 — «
CIs obtained in Examples 1 and 2 are the shortest.

What are desirable properties of confidence sets? On one hand, we require high levels
of confidence; in other words, we would like o to be as small as possible.

On the other hand we would like our Cls to be shortest possible.

Unfortunately, we cannot simultaneously make the confidence levels of our CIs go up
and the lengths of our Cls go down.

In Example 1, the length of the level (1 —«) CI is
V'

As we reduce « (for higher confidence), z,/2 increases, making the CI wider.

20

However, we can reduce the length of our CI for a fixed o by increasing the sample
size.

If my sample size is 4 times yours, I will end up with a CI which has the same level
as yours but has half the length of your CI.

Can we hope to get absolute confidence, i.e. o = 07 That is too much of an ask.
When a = 0, z,/2 = oo and the Cls for p are infinitely large. The same can be
verified for Example 2.

Asymptotic pivots using the central limit theorem: The CLT allows us to
construct an approximate pivot for large sample sizes for estimating the population
mean g for any underlying distribution F'.

Let X, X5, ..., X, beii.d observations from some common distribution F' and let

E(X))=p and Var(X,) = o2

We are interested in constructing an approximate level (1 — «) CI for p.

By the CLT we have X ~g,,. N(i,02/n) for large n; in other words,

V(X —p)

. ~appz N(0,1) .

If o is known the above quantity is an approximate pivot and following Example 1,
we can therefore write,

X —
P, <—Za/2 < M Sza/2> ~1—«.

g
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As before, this translates to

— o
IP’(X— za2<,u<X—|— zag)xl—a.

This gives an approximate level (1 — «) CI for g when o is known.
The approximation will improve as the sample size n increases.

Note that the true coverage of the above CI may be different from 1 — o and can
depend heavily on the nature of ' and the sample size n.

Realistically however ¢ is unknown and is replaced by s. Since we are dealing with
large sample sizes, s is with very high probability close to ¢ and the interval

7— ZQQ,X+ ZaQ)a
( f/ f/

still remains an approximate level (1 — a)) CL.

Exercise: Suppose X1, Xs, ..., X, are i.i.d Bernoulli(f). The sample size n is large.
Thus
]E(Xl) =40 and Var(Xl) = 6(1 - 9)
We want to find a level (1 — «) CI (approximate) for 6.
Note that both mean and variance are unknown.

Show that if 6 is natural estimate of 6 obtained by computing the sample proportion

of 1’s, then
/6 (1— 6’ /9 1— 0
— - Ra/2, o Ra/2

is an approximate level (1 — «) CI for 6.

See http://www.rossmanchance.com/applets/ConfSim.html and
http://www.ruf.rice.edu/~lane/stat_sim/conf_interval/ for illustrations of confidence
intervals.

Interpretation of confidence intervals: Let (A, B) be a coefficient v confidence
interval for a parameter 6. Let (a,b) be the observed value of the interval.

It is NOT correct to say that “0 lies in the interval (a, b) with probability .
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It is true that “6 will lie in the random intervals having endpoints A(Xy, ..., X, ) and
B(Xjy,...,X,) with probability ~”.

After observing the specific values A(Xy,...,X,) = a and B(Xy,...,X,) = b, it is
not possible to assign a probability to the event that # lies in the specific interval
(a,b) without regarding 0 as a random variable.

We usually say that there is confidence v that 6 lies in the interval (a,b).

8 The (Cramer-Rao) Information Inequality

We saw in the last lecture that for a variety of different models one could differentiate
the log-likelihood function with respect to the parameter ¢ and set this equal to 0 to
obtain the MLE of 6.

In these examples, the log-likelihood as a function of 6 is strictly concave (looks like
an inverted bowl) and hence solving for the stationary point gives us the unique
maximizer of the log-likelihood.

We start this section by introducing some notation. Let X be a random variable with
p.d.f f(-,0), where 6 € Q, and

((x,0) = log f(x,0) and  {(x,0) = %é(m, 9).
As before, X, denotes the vector (X1, Xo,...,X,) and & denotes a particular value

(x1,9,...,x,) assumed by the random vector X,,.

We denote by f,(x,0) the value of the density of X, at the point @. Then,

n

fn(w7‘9> = Hf(xlu 9)

=1

Thus,

n

Ln(ea Xn) = Hf(XZae) = fn(Xme)

i=1
and

(X0, 0) =log Ln(0, X,) = Y U(X;,0).
=1

Differentiating with respect to 6 yields

0 Ny
(X0, 0) = 55108 fu(Xn, 0) = > U(X:,0).
=1
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We call {(z,0) the score function and

(X ,0)=0

the score equation. If differentiation is permissible for the purpose of obtaining the
MLE, then 6, the MLE, solves the equation

n

(X0, 0) =) 0(X;,0) =0.

=1

In this section, our first goal is to find a (nontrivial) lower bound on the variance
of unbiased estimators of g(f) where g : 2 — R is some differentiable function.

If we can indeed find such a bound (albeit under some regularity conditions) and
there is an unbiased estimator of g(#) that attains this lower bound, we can conclude
that it is the MVUE of ¢(6).

We now impose the following restrictions (regularity conditions) on the model.

(A.1) The set Ag = {z : f(x,0) > 0} actually does NOT depend on 6 and is subse-
quently denoted by A.

(A.2) If W(X,) is a statistic such that Eo(|W(X,,)|) < oo for all 6, then,

O wx,) =2

0
%0 W(x) fu(x,0)dx = W(x) %fn(w, 0)dex.

- % An An
(A.3) The quantity 2 log f(z,6) exists for all z € A and all 6 € Q as a well-defined
finite quantity.

The first condition says that the set of possible values of the data vector on which the
distribution of X, is supported does not vary with #; this therefore rules out families
of distribution like the uniform.

The second assumption is a “smoothness assumption” on the family of densities and
is generally happily satisfied for most parametric models we encounter in statistics.

There are various types of simple sufficient conditions that one can impose on f(x, )
to make the interchange of integration and differentiation possible — we shall however
not bother about these for the moment.

For most of the sequel, for notational simplicity, we will assume that the parameter
space 2 C R. We define the information about the parameter # in the model,
namely /(6), by

1(0) := Eg[(*(X, 0)],
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provided it exists as a finite quantity for every 6 € €.

We then have the following theorem.

Theorem 8.1 (Cramer-Rao inequality). All notation being as above, if T(X,,) is an
unbiased estimator of g(0), then

lg'(0)]?
Varg(T(X,,)) > n1(0)

provided assumptions A.1, A.2 and A.3 hold, and 1(0) exists and is finite for all 6.
The above inequality is the celebrated Cramer-Rao inequality (or the informa-

tion inequality) and is one of the most well-known inequalities in statistics and has
important ramifications in even more advanced forms of inference.

Notice that if we take g(#) = 6 then n=1I(#)~! gives us a lower bound on the variance
of unbiased estimators of  in the model.

If 7(0) is small, the lower bound is large, so unbiased estimators are doing a poor job
in general — in other words, the data is not that informative about 6 (within the
context of unbiased estimation).

On the other hand, if 1(#) is big, the lower bound is small, and so if we have a best
unbiased estimator of # that actually attains this lower bound, we are doing a good
job. That is why I(6) is referred to as the information about 6.

Proof of Theorem 8.1: Let py denote the correlation between 7'(X ,,) and £, (X ,, 6).
Then p3 < 1 which implies that

Qwﬁ@%X@L&CXmm>§\@m01X@)Whmddxgﬁ». (4)

As,
1= /fn(ac, 0)dx, for all § € Q,

on differentiating both sides of the above identity with respect to ¢ and using A.2
with W(x) =1 we obtain,

0:‘/%h@”m:/<%ﬁ@@)ﬁé@%@@m

-/ (%logfm@)) fulw, 0)da.

The last expression in the above display is precisely Eg[¢,,(X ,,,0)] which therefore is
equal to 0. Note that,

Ee[gn(Xme)] = EG (i €<X179)> = n]EG [E(Xa 6)] )
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since the ¢(X;,0)’s are i.i.d. Thus, we have Ey (é(Xl, 0)) = 0. This implies that
1(9) = Varg({(X, 9)).
Further, let I,,(0) := Eg[(2(X ., 6)]. Then

I(8) = Varg(ly(X,,0)) = Vary (i é(Xi,8)>

=1

— ZVarg(é(Xi,Q)) =nl(0).

i=1

We will refer to I,,(8) as the information based on n observations. Since Eg[f, (X, 6)] =
0, it follows that

Cov, (T(Xn),én(XmQ)) — / T(x)l, (2, 0) fo(, 0)d

_ /T(a:) (%fn(w,9)> da

_ %/T(m)fn(w,ﬁ)dw (by A.2)

= 0(6)=4(6).

Using the above in conjunction in (4) we get,
l9'(0)]* < Varg(T(X,)) 1.(0)

which is equivalent to what we set out to prove. O

There is an alternative expression for the information 7(6) in terms of the second
derivative of the log-likelihood with respect to 6. If

2

@log f(%e)

exists for all z € A and for all € © then, we have the following identity:

1(0) = By (£(X,0)?) = ~E, (1(X,0)).
provided we can differentiate twice under the integral sign; more concretely, if

o2
20 0)dx = aQQ/fx dx =0 (*).

To prove the above identity, first note that,

U(z,0) =

i(z,0) = f(x, 9)]

o o
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Now,

) P o/ 1 0
i0) = = (z(g: 9)) = 2 (f(w) %f(xﬁ))
92 1 1 d 2
= e e ()
0? 1 o
= @f(x,e)m—ﬁ(x,ﬁ)
Thus,
Foll(X,0)] = / U(x,0) f(z,0)dx
0? Y
= [ 55/ (@, 0)dz — Egl?(X. 0)]
= 0—Eo[(*(X,0)],

where the first term on the right side vanishes by virtue of (x). This establishes the
desired equality. It follows that,

In(e) = EG[_én(Xna 9)]7

where £, (X ,,,0) is the second partial derivative of £,(X,,0) with respect to 6. To
see this, note that,

0 (X, 0) = 6; (Ze XZ,0> :ié(){i,e),

so that

Eg[l0 (X, 6)] ZEQ [0(X:,0)] = nEg[0(X,0)] = —n 1(6).

We now look at some applications of the Cramer-Rao inequality.

Example 1: Let X, Xy, ..., X, be ii.d Pois(f), § > 0. Then
E@(Xl) =0 Val"g(Xl) =4.
Let us first write down the likelihood of the data. We have,

n e—egmi 0o - n
ol 0) = [ o = no gt (H )
=1

and

-1

i=1
Thus,
ly(x,0) = —nb+logh (le> —logHa:i!
i=1 i=1
(o (x,0) —n+ ! i T
n I 9 — T
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Thus the information about # based on n observations is given by,

I,,(0) = Vary (—n + % ZX’> = —Vare (ZX) = 9.

The assumptions needed for the Cramer-Rao inequality to hold are all satisfied for
this model, and it follows that for any unbiased estimator T'(X,,) of g(#) = 6 we have,

Var (T(X,,)) > =7

Since X,, is unbiased for # and has variance 0/n we conclude that X, is the best
unbiased estimator (MVUE) of 6.

Example 2: Let X, Xs,..., X, be i.i.d N(0,V). Consider once again, the joint
density of the n observations:

1 1 <

Now,

lo(x, V) = % <—§log27r——logV——Zx>

n ] — 9
- Swtam

Differentiating yet again we obtain,

lo(x, V) = 2V2_V3Z:U

Then, the information for V' based on n observations is,

1 n
(V)= —Ey — — V=
n(V) (2\/2 V3 ) 2V2 V3 " 2V2

Now consider the problem of estlmatmg g(V) = V. For any unbiased estimator
S(X,) of V, the Cramer-Rao inequality tells us that
o, 2v?

Vary (S(X,)) > L,(V)" = —.

Consider, Y | X?/n as an estimator of V. This is clearly unbiased for V and the
variance is given by,

1 — 1 V2 X? 2172
VarV <E;XZ2> = ﬁV&I‘V(X%) = Yvarv < V ) = T’

since X?/V ~ x? which has variance 2. It follows that > X?/n is the best unbiased
estimator of V' in this model.
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9 Large Sample Properties of the MLE

In this section we study some of the large sample properties of the MLE in standard
parametric models and how these can be used to construct confidence sets for 6 or
a function of . We will see in this section that in the long run MLEs are the best
possible estimators in a variety of different models.

We will stick to models satisfying the restrictions (A1, A2 and A3) imposed in the
last section. Hence our results will not apply to the uniform distribution (or ones
similar to the uniform).

Let us throw our minds back to the Cramer-Rao inequality. When does an unbiased
estimator T'(X,,) of g(#) attain the bound given by this inequality? This requires:

Vary(T(X,)) =
But this is equivalent to the assertion that the correlation between 7'(X,) and
l,(X,,0) is equal to 1 or -1.
This means that £,(X,,0) can be expressed as a linear function of T(X,).

In fact, this is a necessary and sufficient condition for the information bound to be
attained by the variance of T'(X ).

It turns out that this is generally difficult to achieve. Thus, there will be many differ-
ent functions of 8, for which best unbiased estimators will exist but whose variance
will not hit the information bound. The example below will illustrate this point.

Example: Let X, X5,..., X, be i.i.d Ber(#). We have,

f(z,0) =6%(1—0)' " for x =0, 1.

Thus,
l(z,0) = xlogf + (1 —x)log(l —6),
- r l—=x
l(x,0)=— —
and )
. x -
l(z,0) = e =
Thus,
) _ —~ _Z?:I X n—ZL X
0n(X 0, 0) =) U(X;,0) = - —_—

i=1
Recall that the MLE solves /,,(X,,8) = 0.

Check that in this situation, this gives you precisely X,, as your MLE.
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Let us compute the information 7(6). We have,

Thus, )
I,(0) =nI(0) = 0

Consider unbiased estimation of ¥(f) = 6 based on X,,. Let T'(X,,) be an unbiased
estimator of . Then, by the information inequality,
6(1—0)

n

Note that the variance of X is precisely 8(1 —6)/n, so that it is the MVUE of 6. Note
that,

Vary(T(X,)) >

e (R P

0 1-106
Thus, X, is indeed linear in En(Xn, 0).

Consider now estimating a different function of 0, say g(6) = 6.

This is the probability of getting two consecutive heads. Suppose we try to find an
unbiased estimator of this parameter.

Then S(X,) = X; X5 is an unbiased estimator (Eq(X;X5) = Eo(X;)Ep(X3) = 6?),
but then so is X;X; for any 7 # j.

We can find the best unbiased estimator of 62 in this model by using techniques
beyond the scope of this course — it can be shown that any estimator 7'(X,,) that
can be written as a function of X and is unbiased for 62 is an MVUE (and indeed
there is one such).

Verify that,
—9 —
X —-X
T"(X,) = —— =
n—1
is unbiased for 6% and is therefore an (in fact the) MVUE.
However, the variance of T*(X,,) does not attain the information bound for estimating
g(0) which is 403(1 — 0) /n (Exercise).

Exercise: Verify, in the Bernoulli example above in this section, that

Vi (9(Xn) = g(0)) —a N(0,46°(1 - 0)).

This can be checked by direct (somewhat tedious) computation or by noting that
T*(X,) is not a linear function of ¢,(X,,0).
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The question then is whether we can propose an estimator of #? that does achieve
the bound, at least approximately, in the long run.

It turns out that this is actually possible. Since the MLE of # is X, the MLE of g(f)
is proposed as the plug-in value g(X) = X

This is not an unbiased estimator of g() in finite samples, but has excellent behavior
in the long run. In fact,

Vn (9(Xn) = 9(0)) —a N(0,46°(1 - 0)).
Thus for large values of n, g(X) behaves approximately like a normal random variable
with mean ¢(f) and variance 463(1 — 6)/n.

In this sense, g(X,) is asymptotically (in the long run) unbiased and asymptotically
efficient (in the sense that it has minimum variance).

Here is an important proposition that establishes the limiting behavior of the MLE.
Proposition 9.1. If 0, is the MLE of 6 obtained by solving

ié(xi, 6) =0,
=1

then the following representation for the MLE is valid:
\/ﬁ< n_ I 1£ Xzae +rn>
\/_ Z

where 1, converges to 0 in probability. It follows by a direct application of the CLT
that,

~

V(b —0) = N(0,1(0)7).

The above result shows MLE 6 is (asymptotically) the best possible estimator: Not
only does its long term distribution center around 6, the quantity of interest, its
distribution is also less spread out than that of any “reasonable” estimator of . If
S, is a “reasonable” estimator of 6, with

Vi (S, — 0) =4 N(0,£2(0))
then £2(6) > I(0)~'.

Recall the delta method.
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Proposition 9.2 (Delta method). Suppose T,, is an estimator of 6 (based on i.i.d
observations, X1, Xo, ..., X, from Py) that satisfies:

VT, —0) =4 N(0,52%(9)).

Here 02(0) is the limiting variance and depends on the underlying parameter 6. Then,
for a continuously differentiable function h such that h'(g(0)) # 0, we have:

Vi (9(T) = 9(0)) —a N(0, (¢'(0))* 0*(0)) -

We can now deduce the limiting behavior of the MLE of g(#) given by g(én) for any
smooth function g such that ¢'(8) # 0.

Combining Proposition 9.1 with Proposition 9.2 yields (take T,, = én)
Vn(g(6n) — 9(0)) —a N(0,4'(6)° 1(6) ™).

Thus, for large n,

A~

9(0n) ~apps N(9(0),9'(0)* (n 1(0))7).

Thus ¢(0,) is asymptotically unbiased for g(f) (unbiased in the long run) and its
variance is approximately the information bound for unbiased estimators of g(0).

Constructing confidence sets for 6: Suppose that, for simplicity, € takes values
in a subset of R. Since,

V(0 —0) —4 N(0,1(0)™h),

it follows that )
nl(0)(0—0) —4 N(0,1).

Thus, the left side acts as an approximate pivot for 6. We have,

~

P, <—za/2 < \/nl(6)(6—8) < za/z) ~1—a.
An approximate level 1 — « confidence set for € is obtained as
{0 D —Za2 < nI(0)(0 —0) < Za/z} :
To find the above confidence set, one needs to solve for all values of 6 satisfying

the inequalities in the above display; this can however be a potentially complicated
exercise depending on the functional form for 1(0).
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However, if the sample size n is large 1(f) can be expected to be close to I(6) with
high probability and hence the following is also valid:

~

Py |:—Za/2 <\/nI0)(0—0)< za/Q] ~1l—a (x%)

This immediately gives an approximate level 1 — « CI for 8 as:

ho_ 1 B
\/nI(0) \/nI(0) /

Let’s see what thls implies for the Bernoulli example discussed above. Recall that
I(0)=(0(1—0))"" and 6 = X. The approximate level 1 — o CI is then given by,

X - H Zoz/2>X+ V Za/2

Exercise: Find explicitly

Za/2aé+

~

{00 =200 < VR IO)(0—0) < 202}

in the following cases (a) X1, Xs, ..., X, are i.i.d Bernoulli(#). (b) X, Xs,..., X,, are
i.i.d Pois(0).

You will see that this involves solving for the roots of a quadratic equation. As in the
Bernoulli example, one can also get an approximate CI for 8 in the Poisson setting
on using (xx). Verify that this yields the following level 1 — « CI for 6:

—  |X - /X
- _Za/27X+ — Za/2
n n

The recipe (x*) is somewhat unsatisfactory because it involves one more level of
approximation in that I(0) is replaced by I(f) (note that there is already one level
of approximation in that the pivots being considered are only approximately N(0,1)
by the CLT).

10 Hypothesis Testing

10.1 Principles of Hypothesis Testing

We are given data (say Xi,...,X, i.i.d Fp) from a model that is parametrized by 6.
We consider a statistical problem involving # whose value is unknown but must lie in
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a certain space (2. We consider the testing problem
Hy:0€Q versus H,:0eQy, (5)
where Qy N Q; =0 and QU Q; = Q.

Here the hypothesis Hj is called the null hypothesis and H; is called the alterna-
tive hypothesis.

Question: Is there enough evidence in the data against the null hypothesis (in which
case we reject it) or should we continue to stick to it?

Such questions arise very naturally in many different fields of application.

Definition 16 (One-sided and two-sided hypotheses). Let 6 be a one-dimensional
parameter.

e one-sided hypotheses

— Hy:0 <6y, and Hy : 0 > 6y, or
—H0:9290, (ZTLdH119<90

o two-sided hypotheses Hy : 0 = 6y, and Hy : 0 # 0.

Hy is simple if €y is a set with only one point; otherwise, Hy is composite.

Testing for a normal mean: Suppose that Xi, Xs,...,X,, is a sample from a
N(p,0?) distribution and let, initially, 0 be known.

We want to test the null hypothesis Hy : u = po against the alternative Hy : p # .

Example: For concreteness, X, Xy, ..., X,, could be the heights of n individuals in
some tribal population. The distribution of heights in a (homogeneous) population
is usually normal, so that a N(u,c?) model is appropriate. If we have some a-priori
reason to believe that the average height in this population is around 60 inches, we
could postulate a null hypothesis of the form Hy : u = pg = 60; the alternative
hypothesis is Hy : u # 60.

10.2 Critical regions and test statistics

Consider a problem in which we wish to test the following hypotheses:

H()ZQGQ(), and Hl:HEQl. (6)
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Question: How do we do the test?

The statistician must decide, after observing data, which of the hypothesis Hy or H;
appears to be true.

A procedure for deciding which hypothesis to choose is called a test procedure of
simply a test. We will denote a test by 9.

Suppose we can observe a random sample X = (X, ..., X,,) drawn from a distribution
that involves the unknown parameter 6, e.g., suppose that Xi,..., X, are i.i.d P,
0 €.

Let .S denote the set of all possible values of the n-dimensional random vector X.
We specify a test procedure by partitioning S into two subsets: S = Sy U S}, where
— the rejection region (sometimes also called the critical region) S; contains
the values of X for which we will reject Hy, and
— the other subset Sj (usually called the acceptance region) contains the values
of X for which we will not reject Hj.
A test procedure is determined by specifying the critical region S; of the test.

In most hypothesis-testing problems, the critical region is defined in terms of a statis-
tic, T' = ¢(X).

Definition 17 (Test statistic/rejection region). Let X be a random sample from a
distribution that depends on a parameter 6. Let T = o(X) be a statistic, and let R be
a subset of the real line. Suppose that a test procedure is of the form:

reject Hy if T € R.
Then we call T a test statistic, and we call R the rejection region of the test:
S1={x:¢(x) € R}.

Typically, the rejection region for a test based on a test statistic 7" will be some fixed
interval or the complement of some fixed interval.

If the test rejects Hy when T' > ¢, the rejection region is the interval [c, 00). Indeed,
most of the tests can be written in the form:

reject Hy if T >c.
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Example: Suppose that X, ..., X,, are i.i.d N(u,0?) where p € R is unknown, and
o > 0 is assumed known.

Suppose that we want to test Hy : = po versus Hy @ # po.

Some of these procedures can be justified using formal paradigms. Under the null
hypothesis the X;’s are i.i.d N(ug,0?) and the sample mean X follows N (ug,02/n).

Thus, it is reasonable to take T' = ¢(X) = | X — ppl.

Large deviations of the observed value of X from iy would lead us to suspect that
the null hypothesis might not be true.

Thus, a reasonable test can be to reject Hy if T = |X — pg| > ¢, for some “large”
constant c.

But how large is large? We will discuss this soon...

Associated with the test procedure § are two different kinds of error that we can
commit. These are called Type 1 error and Type 2 error (Draw the 2 x 2 table!).

Decision || Fail to reject Hy | Reject Hy
State
Hy True Correct Type 1 error
H; True Type 2 error Correct

Table 1: Hypothesis test.

Type 1 error occurs if we reject the null hypothesis when actually Hy is true.

Type 2 error occurs if we do not reject the null hypothesis when actually Hj is false.

10.3 Power function and types of error

Let 6 be a test procedure. If S; denotes the critical region of 9, then the power
function of the test ¢, m(0|d), is defined by the relation

7T(9|(S) = IP)Q(X S Sl) for 6 € Q.

Thus, the power function 7(6|) specifies for each possible value of 6, the probability
that 6 will reject Hy. If § is described in terms of a test statistic T and rejection
region R, the power function is

7(0)0) =Py(T € R) for 0 €.
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Example: Suppose that X, ..., X, are i.i.d Uniform(0, #), where # > 0 is unknown.
Suppose that we are interested in the following hypotheses:
Hy:3<60<4, versus Hy:0<3, orf >4.
We know that the MLE of 0 is X,y = max{Xy,..., X,}.
Note that X,) < 6.
Suppose that we use a test ¢ given by the critical region

S| = {33 e R™: Z(n) <29 or Z(n) > 4}

Question: Find the power function 7(6|J)?
Solution: The power function of § is

7(0]9) = ]Pg(X(n) <29or X, > 4) = ]P)g(X(n) <29)+ ]P)g(X(n) > 4).

Case (i): Suppose that § < 2.9. Then
W(G‘d) = ]P)Q(X(n) S 2.9) =1.

Case (ii): Suppose that 2.9 < 6 < 4. Then
W(@’(S) = ]Pg(X(n) S 2.9) = (7) .
Case (iii): Suppose that § > 4. Then

o= () o[- ()]

The ideal power function would be one for which

e 7(0]0) = 0 for every value of 6 € Qp, and

e 7(0]0) =1 for every value of 6 € Q.

If the power function of a test d actually had these values, then regardless of the
actual value of 6, 9 would lead to the correct decision with probability 1.

In a practical problem, however, there would seldom exist any test procedure having
this ideal power function.
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e Type-I error: rejecting Hy given that 6 € (. It occurs with probability 7 (6|d).
e Type-II error: not rejecting Hy given that 6 € ;. It occurs with probability
1 —m(0)9).
Ideal goals: we would like the power function 7(6|d) to be low for values of § € Qy,

and high for 6 € Q.

Generally, these two goals work against each other. That is, if we choose d to make
7(0]6) small for § € Qp, we will usually find that 7(6]0) is small for 0 € Q; as well.

Examples:
e The test procedure dy that never rejects Hy, regardless of what data are ob-

served, will have 7(0]dy) = 0 for all # € €y. However, for this procedure
m(0]60) = 0 for all € Q; as well.

e Similarly, the test §; that always rejects Hy will have 7(0]6;) = 1 for all € Oy,
but it will also have m(0|0;) = 1 for all 6 € €.

Hence, there is a need to strike an appropriate balance between the two goals of

low power in Qg and high power in €.

1. The most popular method for striking a balance between the two goals is to
choose a number ag € (0, 1) and require that

m(0)9) < o, forall 6 € Q. (7)

This g will usually be a small positive fraction (historically .05 or .01) and will
be called the level of significance or simply level.

Then, among all tests that satisfy (7), the statistician seeks a test whose power
function is as high as can be obtained for 6 € ;.

2. Another method of balancing the probabilities of type I and type II errors is to
minimize a linear combination of the different probabilities of error.

10.4 Significance level

Definition 18 (level/size). (of the test)
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o A test that satisfies (7) is called a level oy test, and we say that the test has
level of significance ay.

e The size o) of a test § is defined as follows:

a(d) = sup 7(6]9).
[USN)

It follows from Definition 18 that:

o A test ¢ is a level ag test iff a(0) < ayp.

e If the null hypothesis is simple (that is, Hq : 0 = 6p), then «a(d) = 7(6y0).

Making a test have a specific significance level

Suppose that we wish to test the hypotheses
Hy: 0 €y, versus H,:0eQ,.

Let T be a test statistic, and suppose that our test will reject the null hypothesis if
T > ¢, for some constant c. Suppose also that we desire our test to have the level of
significance . The power function of our test is m(0|0) = Py(T > ¢), and we want
that

sup Py(T' > ¢) < . (8)
0eQo

Remarks:

1. Tt is clear that the power function, and hence the left side of (8), are non-
increasing functions of c.

Hence, (8) will be satisfied for large values of ¢, but not for small values.
If T has a continuous distribution, then it is usually simple to find an appropriate

C.

2. Whenever we choose a test procedure, we should also examine the power func-
tion. If one has made a good choice, then the power function should generally
be larger for 6 € (); than for 6 € ).

Example: Suppose that X,..., X, are i.i.d N(u,o?) where 4 € R is unknown, and
o > 0 is assumed known. We want to test Hy : i = po versus Hy : o # po.

Suppose that the null hypothesis Hj is true.
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If the variance of the sample mean is, say, 100, a deviation of X from s by 15 is not
really unusual.

On the other hand if the variance is 10, then a deviation of the sample mean from
by 15 is really sensational.

Thus the quantity |X — ol in itself is not sufficient to formulate a decision regarding
rejection of the null hypothesis.

We need to adjust for the underlying variance. This is done by computing the so-
called z-statistic,

X — o _ V(X — o)
o/v/n o

and rejecting the null hypothesis for large absolute values of this statistic.

7 =

Under the null hypothesis Z follows N (0, 1); thus an absolute Z-value of 3.5 is quite
unlikely. Therefore if we observe an absolute Z-value of 3.5 we might rule in favor of
the alternative hypothesis.

You can see now that we need a threshold value, or in other words a critical point
such that if the Z-value exceeds that point we reject. Our test procedure ¢ then looks

like, o
X —
reject Hy  if ‘ M

> Cpa
o »&0

where ¢, o, 1s the critical value and will depend on o which is the tolerance for the
Type 1 error, i.e., the level that we set beforehand.

The quantity ¢, 4, is determined using the relation

P,, ( V(X — o)

> cn7a0> = Qp.

Straightforward algebra then yields that
oA o
Puo (_Cn,ao % < X — Ho < Cn,aq %) =1- Qo,

whence we can choose ¢y o, = Za,/2, the %2-th quantile of the N (0, 1) distribution.

The acceptance region A (or Sp) for the null hypothesis is therefore

o _ o
A= {515 = (21, T2, ., %) : flo — %Zaop <T < o+ %Zao/z}-

So we accept whenever X lies in a certain window of s, the postulated value under
the null, and reject otherwise which is in accordance with intuition.

The length of the window is determined by the tolerance level g, the underlying
variance o2 and of course the sample size n.
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Figure 4: The power function m(u|0) for g =0, 0 =1 and n = 25.

10.5 P-value

The p-value is the smallest level g such that we would reject Hy at level o with
the observed data.

For this reason, the p-value is also called the observed level of significance.

Example: If the observed value of Z was 2.78, and that the corresponding p-value =
0.0054. It is then said that the observed value of Z is just significant at the level of
significance 0.0054.

Advantages:

1. No need to select beforehand an arbitrary level of significance aqy at which to
carry out the test.

2. When we learn that the observed value of Z was just significant at the level of
significance 0.0054, we immediately know that Hy would be rejected for every
larger value of oy and would not be rejected for any smaller value.

10.6 Testing simple hypotheses: optimal tests

Let the random vector X = (X7, ..., X,,) come from a distribution for which the joint
p.m.f/p.d.f is either fo(x) or fi(x). Let 2 = {6y, 6,}. Then,

e 0 =0, stands for the case in which the data have p.m.f/p.d.f fy(x),
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e 0 = 0, stands for the case in which the data have p.m.f/p.d.f fi(x).

We are then interested in testing the following simple hypotheses:
Hy:0=20, versus H,:0=20,.
In this case, we have special notation for the probabilities of type I and type II errors:

a(d) = Py, (Rejecting Hy),
B(0) = Py, (Not rejecting Hy).

10.6.1 Minimizing the P(Type-II error)

Suppose that the probability a(d) of an error of type I is not permitted to be greater
than a specified level of significance, and it is desired to find a procedure ¢ for which
£(0) will be a minimum.

Theorem 10.1 (Neyman-Pearson lemma). Suppose that &' is a test procedure that
has the following form for some constant k > 0:

e Hy is not rejected if fi(x) < kfo(x),
o Hy is rejected if fi(x) > kfo(x), and

e Hy can be either rejected or not if fi(x) = kfo(x).

Let 0 be another test procedure. Then,

if  a(0) < ad'), then it follows that [3(8) > B(d)
if  «a(d) <ad), then it follows that [(6) > B(d).

Example: Suppose that X = (X,...,X,,) is a random sample from the normal
distribution with unknown mean 6 and known variance 1. We are interested in testing:

Hy:0=0 versus H,:0=1.

We want to find a test procedure for which $(d) will be a minimum among all test
procedures for which a(J) < 0.05.

We have,

1 1 ) 1 I )
fo(x) = (2m)" /2 exp <—§ Z%) and filx) = (2m)n/2 €xp [—§ Z(% -1 ] :
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After some algebra, the likelihood ratio fi(x)/fo(x) can be written in the form

Fag = g)])

Thus, rejecting Hy when the likelihood ratio is greater than a specified positive
constant k is equivalent to rejecting Hy when the sample mean X is greater than
k' :=1/2+ logk/n, another constant. Thus, we want to find, &’ such that

Po(X > k') = 0.05.
Now,

Po(X > k’,) = PQ(\/EX > \/Ek’/) = Po(Z > \/ﬁk’/) = 0.05
= /nk' = 1.645.

10.7 Uniformly most powerful (UMP) tests
Let the null and/or alternative hypothesis be composite

e Hy:0<6yand H,:0 > 6y, or
e Hy:0>6yand H, : 0 < 6,
We suppose that €0y and §2; are disjoint subsets of 2, and the hypotheses to be tested
are
Hy: 0 €y Versus Hy:0¢€ Q. 9)
e The subset {2; contains at least two distinct values of 6, in which case the
alternative hypothesis H; is composite.

e The null hypothesis Hy may be either simple or composite.

We consider only procedures in which
Py(Rejecting Hy) < a Vo e Q.
that is
m(0]9) < g Vo e

> a(0) < . (10)

Finally, among all test procedures that satisfy the requirement (10), we want to find
one such that
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e the probability of type II error is as small as possible for every 6 € €2y, or

e the value of 7(6]0) is as large as possible for every value of 6 € ;.
There might be no single test procedure ¢ that maximizes the power function 7(6|9)
simultaneously for every value of 6 € €);.

In some problems, however, there will exist a test procedure that satisfies this crite-
rion. Such a procedure, when it exists, is called a UMP test.

Definition 19 (Uniformly most powerful (UMP) test). A test procedure §* is a uni-
formly most powerful (UMP) test of the hypotheses (9) at the level of significance o

if

a(0) < ag

and, for every other test procedure & such that o(d) < a, it is true that
=(015) < 7(015")

for every value of 6 € Q.

Usually no test will uniformly most powerful against ALL alternatives, except in the
special case of “monotone likelihood ratio” (MLR).

Ezxample: Suppose that X1, ..., X, form a random sample from a normal distribution
for which the mean p (unknown) and the variance o2 (known). Consider testing
Hy : = po versus Hy : 1 # pp. Even in this simple example, there is no UMP test.

10.8 The t-test

10.8.1 Testing hypotheses about the mean with unknown variance

e Problem: testing hypotheses about the mean of a normal distribution when
both the mean and the variance are unknown.

e The random variables X, ..., X, form a random sample from a normal distri-
bution for which the mean p and the variance o? are unknown.

e The parameter space €2 in this problem comprises every two-dimensional vector
(u,0?), where —oo < p < oo and o2 > 0.

o Hy:p=po versus Hy @ p # o

e Define

G .
where s, = \/ﬁ S (X — Xn)2.




o We reject Hy if

|Un| Z Tn_—ll (1 - %) )

the (1 — ap/2)-quantile of the ¢-distribution with n — 1 degrees of freedom and
Uy, is defined in (11).

e p-values for t-tests: The p-value from the observed data and a specific test is the
smallest g such that we would reject the null hypothesis at level of significance
Q.

Let u be the observed value of the statistic U,. Thus the p-value of the test is
P(|Un| > [ul),
where U, ~ T),_1, under H,.

e The p-value is 2[1 — T,,_1(|u])], where u be the observed value of the statistic
U,.

The Complete power function

Before we study the case when o > 0 is unknown, let us go back to the case when o
is known.

Our test § is “reject Hy if @ > Zas2"

Thus we have,

7(uld) =P, ( VX — o)

o

> Za/Q) )

V(e — o) > ZQ/Q) ‘

o
But when 4 is the population mean, v/n(X — i) /o is N(0,1). If Z denotes a N(0,1)

variable then,
> Za/Q)
)+ (2 I )

- P, (Z+
- 1_¢(ZQ/Q_M>+¢(_ZQ/2_\/ﬁ(ua—uo))

M) +® (—Za/z - M) |

o o

which is just,

Pﬂ(‘ﬁ(f—uu

Vn(p — po)

g

Vn(p — po)

m(uld) = P, (‘Z +

= (I) <—Za/2 +
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Check from the above calculations that 7(g|0) = «a, the level of the test .

Notice that the test function § depends on the value o under the null but it does
not depend on any value in the alternative.

The power increases as the true value p deviates further from .
It is easy to check that 7(u|d) diverges to 1 as p diverges to oo or —oo.

Moreover the power function is symmetric around jg. In other words, 7(uo + Ald) =

(o — A|d) where A > 0.

To see this, note that

(o + Al§) = @ (—zm + @) + O (—zm - \/M) .

g o

Check that you get the same expression for m(py — AlJ).

Exercise: What happens when o > 0 is unknown?

We can rewrite U,, as

\/E(Xn - MO)/U

Sn/o

U, =

Y

e The numerator has the normal distribution with mean \/n(u — po) /o and vari-
ance 1.

e The denominator is the square-root of a y2random variable divided by its
degrees of freedom, n — 1.

e When the mean of the numerator is not 0, U,, has a non-central t-distribution.

Definition 20 (Noncentral ¢-distributions). Let W and Y., be independent random
variables W ~ N (¢,1) and Y ~ x2,. Then the distribution of

w

- V' Ym/m

is called the non-central t-distribution with m degrees of freedom and non-centrality
parameter . We define
Tn(tlv) = P(X <)

as the c.d.f of this distribution.

e The non-central t-distribution with m degrees of freedom and non-centrality
parameter @ = 0 is also the t-distribution with m degrees of freedom.
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e The distribution of the statistic U, in (11) is the non-central ¢-distribution with
n — 1 degrees of freedom and non-centrality parameter

W = \/ﬁw—ﬂo).

o

e The power function of ¢ (see Figure 9.14) is
(1, 0%|0) = Tooa(—clt)) + 1 = Toa(cly),
where ¢ := 1T,

(L= a0/2).

Exercise: Prove this result.

10.8.2 Omne-sided alternatives

We consider testing the following hypotheses:

Hy : < po, Versus Hy:p > po. (12)

e When p = pg, U, ~ t,_1, regardless of the value of o2.

e The test rejects H if
Un Z C?

where ¢ := T/ ', (1 — ag) (the (1 — ag)-quantile) of the ¢-distribution with n — 1
degrees of freedom.

o T(u,020) =1—"T, 1(clY).
Power function of the ¢-test

Let ¢ be the test that rejects Hy in (12) if U,, > c.

The p-value for the hypotheses in (12) is 1 — T;,_1(u), where u is the observed value
of the statistic U,,.

The power function 7(u, 0?|d) has the following properties:

1. m(u,0%6) = ap when p = py,
2. m(p,0?|8) < ap when pu < py,

3. m(w, %) > ap when u > po,
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4. 7(p,0?0) — 0 as p — —o0,
5. m(p,0?|d) — 1 as pu — oo,

6. Supgeq, m(0]0) = ao.

When we want to test

Hy: > o Versus Hy < pyp. (13)
the test rejects Hy if U,, < ¢, where ¢ = T, ', (o) (the ap-quantile) of the t-distribution
with n — 1 degrees of freedom.

Power function of the ¢ test

Let § be the test that rejects Hy in (13) if U, < c.
The p-value for the hypotheses in (13) is T},_1(u). Observe that m(u, 02|8) = T,,_1(c|v).

The power function 7(u, 0?|d) has the following properties:

1. 7(p,020) = ap when p = pyo,

2. mw(w,0%d) > ap when u < po,
3. w(w, 0|0
4. w(p,0?|d) — 1 as u — —oo,

( )
( )
(1,0%16) < ag when p1 > puo,
( )
( )

5. w(p,0%6) — 0 as u — oo,

6. Supgeq, m(0]0) = ap.
10.9 Comparing the means of two normal distributions (two-
sample ¢ test)
10.9.1 One-sided alternatives

Random samples are available from two normal distributions with common unknown

variance o2, and it is desired to determine which distribution has the larger mean.
Specifically,
e X =(Xj,...,X,,) random sample of m observations from a normal distribution

for which both the mean p; and the variance o are unknown, and
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e Y = (Yy,....,Y,) form an independent random sample of n observations from
another normal distribution for which both the mean p, and the variance o>
are unknown.

e We shall assume that the variance o2 is the same for both distributions, even
though the value of 02 is unknown.

If we are interested in testing hypotheses such as
Hy oy < o versus Hy @y > o, (14)

We reject Hy in (14) if the difference between the sample means is large. For all
values of 0 = (uy, pto, 0?) such that p; = s, the test statistics

Vmtn—2(X,, - Y,)
VE+ D)% +8)

follows the t-distribution with m + n — 2 degrees of freedom, where

Um,n =

m n

S =Y (Xi—X.)"% and SE=) (V,-Y.)"

i=1 j=1

We reject Hy if
U > Tt 5(1— o).

The p-value for the hypotheses in (14) is 1 —T,1,—2(u), where u is the observed value
of the statistic Uy, ,,.

If we are interested in testing hypotheses such as
Hoy @ pig > o versus Hy oy < o, (15)

we reject Hy if
Um,n < _T7;-1|-n—2(1 - Q/O) = T_—ls—n—Z(ao)'

m

The p-value for the hypotheses in (15) is T}, 4n—o(u), where u is the observed value of
the statistic U, .

10.9.2 Two-sided alternatives

If we are interested in testing hypotheses such as

Hy : py = o Versus Hy g # o, (16)
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we reject Hy if

|Um7n| Z T’rr_’b—li-n—Q(l - %)

The p-value for the hypotheses in (16) is 2[1 — Ty, 1n—2(|u])], where u is the observed
value of the statistic U,, .

The power function of the two-sided two-sample ¢ test is based on the non-central
t-distribution in the same way as was the power function of the one-sample two-sided
t-test. The test § that rejects Hy when |U,, | > ¢ has power function

W(Nhﬁbz, U2|5) = Tm+n72(—C|¢) +1-— Tm+n72(CW)a

where T, 1n—2(+|1) is the c.d.f of the non-central ¢-distribution with m+mn — 2 degrees
of freedom and non-centrality parameter ¢ given by

M1 — M2

o2 (L + l)

m n

P =

10.10 Comparing the variances of two normal distributions
(F-test)

e X =(Xy,...,X,,) random sample of m observations from a normal distribution
2

for which both the mean p; and the variance oy are unknown, and

e Y = (Yy,...,Y,) form an independent random sample of n observations from
another normal distribution for which both the mean p, and the variance o2
are unknown.

Suppose that we want to test the hypothesis of equality of the population variances,

ie., Hy: ol =o03.

Definition 21 (F-distribution). Let Y and W be independent random variables such
that Y ~ x2, and W ~ x2. Then the distribution of

_Y/m
X =

1s called the F-distribution with m and n degrees of freedom.
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The test statistic ,

s

J—?/(m—l) B 035%/(m — 1)
! —

i—g/(n—l) oS¢ /(n—1)

follows the F-distribution with m — 1 and n — 1 degrees of freedom. In particular, if
0? = o2, then the distribution of

*
Vm,n -

_ 8/m-1
S S 1)

is the F-distribution with m — 1 and n — 1 degrees of freedom.

Let v be the observed value of the statistic V},, below, and let G,,_1,-1(-) be the
c.d.f of the F-distribution with m — 1 and n — 1 degrees of freedom.

10.10.1 Omne-sided alternatives

If we are interested in testing hypotheses such as
Hy: o} <o? Versus H,: o} > o3, (17)

we reject Hy if
Vinn > G} (1— ).

m—1n—1

The p-value for the hypotheses in (17) when V,,,, = v is observed equals 1 —
Gmfl,n71<1/)-

10.10.2 Two-sided alternatives

If we are interested in testing hypotheses such as
Hy: o? =03, versus  Hy: o} # 03, (18)
we reject Hy if either V,,, ,, < ¢; or V,,,,, > co, where ¢; and ¢ are constants such that
P(Vinn <c1) + P(Vipn > c2) =

when o} = 03. The most convenient choice of ¢; and ¢, is the one that makes

]P)(Vm,n S Cl) = IP>(va,n > 62) = %7

that is,
a =Gl (/2 and ¢ =G,! (1 —ap/2).

m—1n—1
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10.11 Likelihood ratio test

A very popular form of hypothesis test is the likelihood ratio test.

Suppose that we want to test
HQ 0 € QD> and H1 0 € Ql- (19)

In order to compare these two hypotheses, we might wish to see whether the likelihood
function is higher on 2y or on ;.

The likelithood ratio statistic is defined as

_ SUPpeq, L,(0,X)
SUpgeq Ln(0,X)’

A(X)

where () = QO @) Ql.

A likelihood ratio test of the hypotheses (19) rejects Hy when

AX) <k,

for some constant k.

Interpretation: we reject Hy if the likelihood function on €2y is sufficiently small
compared to the likelihood function on all of 2.

Generally, k is to be chosen so that the test has a desired level ay.

Exercise: Suppose that X, = (Xi,...,X,,) is a random sample from a normal
distribution with unknown mean g and known variance o2. We wish to test the
hypotheses

Hy:p=po Versus H, :p# o
at the level ag. Show that the likelihood ratio test is equivalent to the z-test.

Exercise: Suppose that X,..., X,, from a normal distribution N(u,c?) where both
p and o2 are unknown. We wish to test the hypotheses

Hy: 0% =0} Versus H,: 0% # o}
at the level a. Show that the likelihood ratio test is equivalent to the y?-test. [Hint:

52 \"/? n &? . —1§ Y
Show that A(X,,) = e"/? <g—3> exp <———> where 62 =n"t Y7 (X; — X,,)?. Note

2 0'3
that as A(X,,) is a function of g—z, the inequality A(X,,) < ¢ holds if and only if g—; is
0 0
too big or too small; show this plotting the graph of logz — x.]
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Exercise: Suppose that X;,..., X,, from a normal distribution N(u,c?) where both
p and o2 are unknown. We wish to test the hypotheses

Hy: = po Versus H, @i # po

at the level a. Show that the likelihood ratio test is equivalent to the t-test [Hint:
~D TL/2 —

Show that A(X,,) = (g—) where 62 = 0= S (Xi— X,)? and 62 = n~' S (X, —
0

po)®. Thus, A(X,) < ¢ & (X, — po)?/s? > ¢, for a suitable ¢ where s? = (n —
1)_1 Z?:1 (X — Xn)Q-]

Theorem 10.2. Let Q) be a open set of a p-dimensional space, and suppose that H
specifies that k coordinates of 0 are equal to k specific values. Assume that Hy is true
and that the likelthood function satisfies the conditions needed to prove that the MLE
15 asymptotically normal and asymptotically efficient. Then, as n — oo,

—2log A(X) KN Xa.

Exercise: Let Xi,..., X, be a random sample from the p.d.f

folw) = e ) ().
Consider testing Hy : 0 < 0y versus H; : 0 > 0y, where 0, is a fixed value specified by
the experimenter.

Show that the likelihood ratio test statistic is

ACX) = 1 Xy <t
ein(x(l)ieo) X(l) > (90.

10.12 Equivalence of tests and confidence sets

Example: Suppose that X, ..., X, are i.i.d N(u,o?) where u is unknown and o2 is
known.

We now illustrate how the testing procedure ties up naturally with the CI construction
problem.

Consider testing Hy : 1 = pg versus Hy : ju # po.

First note that the acceptance region of the derived test § can be written as:

_ g _ o
So=Ay = {m = (1,T9y..., &) : T — ——Zag2 S o ST+ —Zao/g}.

vn v
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Now, consider a fixed data set (X7, X, ..., X,,) and based on this consider testing a
family of null hypotheses:

{Hop:p=p:peR}
We can now ask the following question: Based on the observed data and the above

testing procedure, what values of i would fail to be rejected by the level ag test? This
means that g would have to fall in the interval

— g - — g

X — %Zoco/Q SMSX‘FWZ%/Q-

Thus, the set of ji’s for which the null hypothesis would fail to be rejected by the
level g test is the set:

— o —_ g
X - _Za0/27X+

i s X
But this is precisely the level 1 — a CI that we obtained before!

Thus, we obtain a level 1 —aq CI for u, the population mean, by compiling all possible
fi’s for which the null hypothesis Hy ;@ p = [ fails to be rejected by the level o test.

From hypothesis testing to ClIs: Let X;, Xs,...,X,, be i.i.d observations from
some underlying distribution Fy; here 6 is a “parameter” indexing a family of distri-
butions. The goal is to construct a CI for 6 using hypothesis testing.

For each 6 consider testing the null hypothesis Hy5:0= 0. Suppose, there exists a
level oy test 05(X) for this problem with

Aj =A{z : Ty(x) < cap}
being the acceptance region of d; and

P;(X € Aj) > 1 — ap.
Then a level 1 — « confidence set for 6 is:

S(X)=1{0:X € 4.

We need to verify that for any 6,
Pyl € S(X)] >1—a.

But
]P)g(@ c S(X)) = ]P)Q(X S ./49) >1—a.
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Theorem 10.3. For each 0y € Q, let A(6y) be the acceptance region of a level a test
of Hy: 0 = 6y. For each x € X (X is the space of all data values), define a set S(x)
i the parameter space by

S(x)={bp: x € A(by)}.

Then the random set S(X) is a 1 —«a confidence set. Conversely, let S(X) be a 1 —«
confidence set. For any 6y € €, define

A(y) = [z : 6y € S(z)}.

Then A(6y) is the acceptance region of a level « test of Hy : 6 = 0.

Proof. The first part is essentially done above!

For the second part, the type I error probability for the test of Hy : 6 = 6, with
acceptance region A(fy) is

Byy(X ¢ As) = Py [6y ¢ S(X)] < a.
O

Remark: The more useful part of the theorem is the first part, i.e., given a level «
test (which is usually easy to construct) we can get a confidence set by inverting the
family of tests.

Example: Suppose that X, ..., X, are i.i.d Exp(A). We want to test Hy : A = Ag
versus Hy : A # Ao.

Find the LRT.

The acceptance region is given by

where k* is a constant chosen to satisfy
]P))\O(X S A()\o)) =1-—a.

Inverting this acceptance region gives the 1 — a confidence set

This can be shown to be an interval in the parameter space.
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11 Linear regression

e We are often interested in understanding the relationship between two or more
variables.

e Want to model a functional relationship between a “predictor” (input, indepen-
dent variable) and a “response” variable (output, dependent variable, etc.).

e But real world is noisy, no f = ma (Force = mass x acceleration). We have

observation noise, weak relationship, etc.

Examples:

e How is the sales price of a house related to its size, number of rooms and
property tax?

e How does the probability of surviving a particular surgery change as a function
of the patient’s age and general health condition?

e How does the weight of an individual depend on his/her height?

11.1 Method of least squares

Suppose that we have n data points (x1,Y7), ..., (2, Y,). We want to predict Y given
a value of x.
e Y is the value of the response variable for the i-th observation.

e 1; is the value of the predictor (covariate/explanatory variable) for the i-th
observation.

e Scatter plot: Plot the data and try to visualize the relationship.

e Suppose that we think that Y is a linear function (actually here a more appro-
priate term is “affine”) of z, i.e.,

Y = By + B,
and we want to find the “best” such linear function.

e For the correct parameter values 3y and (31, the deviation of the observed values
to its expected value, i.e.,

}/; - 50 - 51%1,
should be small.
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e We try to minimize the sum of the n squared deviations, i.e., we can try to

minimize
n

Q(bO, b1) = Z(Y; — by — bl$z‘)2

i=1
as a function of by and b;. In other words, we want to minimize the sum of the
squares of the vertical deviations of all the points from the line.

e The least squares estimators can be found by differentiating ) with respect to
by and b; and setting the partial derivatives equal to 0.

e Find by and b; that solve:

oQ <

a n
11.1.1 Normal equations

e The values of by and b; that minimize () are given by the solution to the normal
equations:

i=1 =1
=1 =1 =1

e Solving the normal equations gives us the following point estimates:

bl _ Z?zl(xi B j)(}/l - Y) _ ZZ%I(CUZ B j)YZ (23)

Z?:I("L‘i —7)? Zi:l(l‘i — )2’
by = Y — b, (24)

where 2 =>""  x;/nand Y =37 | Y;/n.

In general, if we can parametrize the form of the functional dependence between Y
and z in a linear fashion (linear in the parameters), then the method of least squares
can be used to estimate the function. For example,

Y~ Bo + i + 521’?

is still linear in the parameters.

85



11.2 Simple linear regression
The model for simple linear regression can be stated as follows:

Yi=po+ bizite&, i=1,...,n

e Observations: {(z;,Y;):i=1,...,n}.
e B, 31 and o? are unknown parameters.

e ¢; is a (unobserved) random error term whose distribution is unspecified:

E(e;) =0, Var(e;) = o2, Cov(ei,€5) =0 for i # j.

e 1;’s will be treated as known constants. Even if the x;’s are random, we condition
on the predictors and want to understand the conditional distribution of Y
given X.

e Regression function: Conditional mean on Y given z, i.e.,
m(x) :=E(Y|z) = By + Piz.

e The regression function shows how the mean of Y changes as a function of x.
o E(Y;) =E(Bo + Brwi +€) = Bo + Brxs
e Var(Y;) = Var(By + fix; + €;) = Var(e;) = o2

11.2.1 Interpretation

e The slope [; has units “y-units per x-units”.

— For every 1 inch increase in height, the model predicts a 3; pounds increase
in the mean weight.

e The intercept term [ is not always meaningful.

e The model is only valid for values of the explanatory variable in the domain of
the data.
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11.2.2 Estimated regression function

After formulating the model we use the observed data to estimate the unknown
parameters.

Three unknown parameters: 3y, 8; and o2.

We are interested in finding the estimates of these parameters that best fit the
data.

Question: Best in what sense?

The least squares estimators of Sy and [; are those values by and b; that

minimize:
n

Q(bOa bl) - Z(Y; - b() — bll'i)2.

i=1

Solving the normal equations gives us the following point estimates:

Hoo_ Z?=1(xi —7)(Y; — }7) _ 2?21(3;1‘ - 2)Y;
S S s R SN o (25)
bo = Y- ha, (26)

where = >"""  x;/nand Y =" Y;/n.
We estimate the regression function:
E(Y) = 8o + Bz
using R R R
Y = ﬁo + 51.1'.
The term X R
Y;:ﬁo—i_ﬂlxia izlv"'ana

is called the fitted or predicted value for the i-th observation, while Y; is the
observed value.

The residual, denoted e;, is the difference between the observed and the pre-
dicted value of Yj, i.e., R
e =Y, - Y,

The residuals show how far the individual data points fall from the regression
function.
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11.2.3 Properties

1. The sum of the residuals ) | e; is zero.
2. The sum of the squared residuals is a minimum.

3. The sum of the observed values equal the sum of the predicted values, i.e.,
Z?:l Y = Z?:l Yi.
4. The following sums of weighted residuals are equal to zero:

il’i@:@ iGZZO
i=1

=1

5. The regression line always passes through the point (z,Y).

11.2.4 Estimation of o2

e Recall: 0% = Var(e;).

n _=\2
e We might have used 6% = % But ¢;’s are not observed!
" (e;—e)? n 2
o Idea: Use ¢;’s, i.c., §2 = =i=t(@=0" _ 2imie
n—2 n—2

e The divisor n — 2 in s? is the number of degrees of freedom associated with
the estimate.

e To obtain s?, the two parameters (8, and 3; must first be estimated, which
results in a loss of two degrees of freedom.

e Using n — 2 makes s an unbiased estimator of o2, i.e., E(s%) = 0.

11.2.5 Gauss-Markov theorem

The least squares estimators 3y, 3, are unbiased (why?), i.e.,

E(fo) = fo.  E(B) = 5.
A linear estimator of B; (j = 0,1) is an estimator of the form

n

B = Z Y5,

1=1

where the coefficients ¢y, ..., ¢, are only allowed to depend on z;.
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Note that fy, 3, are linear estimators (show this!).

Result: No matter what the distribution of the error terms ¢;, the least squares
method provides unbiased point estimates that have minimum variance among all
unbiased linear estimators.

The Gauss-Markov theorem states that in a linear regression model in which the
errors have expectation zero and are uncorrelated and have equal variances,
the best linear unbiased estimator (BLUE) of the coefficients is given by the ordinary
least squares estimators.

11.3 Normal simple linear regression

To perform inference we need to make assumptions regarding the distribution of e;.

We often assume that ¢;’s are normally distributed.

The normal error version of the model for simple linear regression can be written:
Y; = Bo + fix; + €, 1=1,...,n.

Here ¢;’s are independent N(0,0?), 0? unknown.

Hence, Y;’s are independent normal random variables with mean [y+(;2; and variance

a2,

Picture?

11.3.1 Maximum likelihood estimation
When the probability distribution of Y; is specified, the estimates can be obtained
using the method of mazimum likelihood.

This method chooses as estimates those values of the parameter that are most con-
sistent with the observed data.

The likelihood is the joint density of the Y;’s viewed as a function of the unknown
parameters, which we denote L(8y, 81, 02).

Since the Y;’s are independent this is simply the product of the density of individual
Y:’s.

We seek the values of 3y, 31 and o2 that maximize L(fy, 81,0?) for the given z and
Y values in the sample.

According to our model:

Y; ~ N(Bo + iz, 0%), fori=1,2,...,n.
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The likelihood function for the n independent observations Y7, ...,Y,, is given by

51
i1 V2mo?
1

1 n
= oy P {—yﬂ > (Yi—po - ﬁlxo?} .

L(ﬁo,ﬁl,UQ) =

exp {—%(Yz‘ — Bo — 51%‘)2} (27)

i=1
The value of (89, £1,0?) that maximizes the likelihood function are called mazimum
likelihood estimates (MLEs).

The MLE of By and f3; are identical to the ones obtained using the method of least
squares, i.e.,

where S? =" (x; — ).

The MLE of ¢%: 62 = M

11.3.2 Inference

Our model describes the linear relationship between the two variables = and Y.

Different samples from the same population will produce different point estimates of

Bo and 3.

Hence, Bo and Bl are random variables with sampling distributions that describe what
values they can take and how often they take them.

Hypothesis tests about 5y and ; can be constructed using these distributions.

The next step is to perform inference, including:

e Tests and confidence intervals for the slope and intercept.
e Confidence intervals for the mean response.
e Prediction intervals for new observations.

Theorem 11.1. Under the assumptions of the normal linear model,

Bo N Bo 2 %+§_2_
()= () (27 7))

where S2 = Y"1 (x; — ). Also, if n > 3, 6* is independent of (Bo, 1) and né?/o?
has a x2-distribution with n — 2 degrees of freedom.

BN
w|Ho:
Aclisl
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Note that if the x;’s are random, the above theorem is still valid if we condition on
the values of the predictor x;’s.

Exercise: Compute the variances and covariance of BO, Bl.
11.3.3 Inference about [;
We often want to perform tests about the slope:

Hy:6,=0 wversus H;: (3 #0.

Under the null hypothesis there is no linear relationship between Y and = — the means
of probability distributions of Y are equal at all levels of z, i.e., E(Y|z) = Sy, for all
x.

The sampling distribution of By is given by
~ 0'2
pr~N <517 @) .

Need to show that: /@1 is normally distributed,

~ - o
E(81) = B, Var(f;) = 52
Result: When 74,..., Z, are independent normal random variables, the linear com-

bination
a121 + ...+ (lka

is also mormally distributed.

Since Bl is a linear combination of the Y;’s and each Y; is an independent normally
distributed random variable, then (3; is also normally distributed.

We can write 51 = Y, w;Y; where

Thus,

n n n 1
— s = 1 2 _
wz — Y Izwz - 5 wi - SQ'
i=1 i=1 i=1 z

e Variance for the estimated slope: There are three aspects of the scatter
plot that affect the variance of the regression slope:
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— The spread around the regression line (o) — less scatter around the line
means the slope will be more consistent from sample to sample.

— The spread of the  values (3, (x;—)?/n) — alarge variance of x provides
a more stable regression.

— The sample size n — having a larger sample size n, gives more consistent
estimates.

e Estimated variance: When o2 is unknown we replace it with the

52 — Z?ﬂ(yi - Y/;)Q _ Z?:l 622

N n—2 n—2 "

Plugging this into the equation for Var(j3;) we get

Recall: Standard error se() of an estimator 6 is used to refer to an estimate of
its standard deviation.

Result: For the normal error regression model:

A

SSE _ i, (Yi - Y

2
2 2 ~ Xn-2)

g o

and is independent of BO and ;.

e (Studentized statistic:) Since By is normally distributed, the standardized
statistic: )
Lﬁ} ~ N(0,1).
Var(f)

If we replace Var(/3;) by its estimate we get the studentized statistic:

Recall: Suppose that Z ~ N(0,1) and W ~ X% where Z and W are independent.

Then,
A

W/p
the t-distribution with p degrees of freedom.

~ tp7
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e Hypothesis testing: To test
Hy:8,=0 wversus H,:[3;#0
use the test-statistic .
_ A
se(f1)

We reject Hy when the observed value of |T'| i.e., |tops|, is large!

Thus, given level (1 — «), we reject Hy if

’tobs ’ > Zfl—a/2,n—2

where t1_q/2,,—2 denotes the (1 — «/2)-quantile of the t,_,-distribution, i.e.,

(0%
1- 5 = P<T < tl—a/2,n—2>-

e P-value: p-value is the probability of obtaining a test statistic at least as
extreme as the one that was actually observed, assuming that the null hypothesis
is true.

The p-value depends on H; (one-sided/two-sided).

In our case, we compute p-values using a t,,_o-distribution. Thus,

p-value = Py, (|T| > |tons])-

If we know the p-value then we can decide to accept/reject Hy (versus Hi) at
any given .

e Confidence interval: A confidence interval (CI) is a kind of interval estimator
of a population parameter and is used to indicate the reliability of an estimator.

Using the sampling distribution of #; we can make the following probability

statement:
P (tcx/Z,n—2 < b _Aﬁl < tl—a/2,n—2> = l-«a

— se(f)
P (Bl - tl—a/2,n—286<51) <B <P ta/?,n—Qse(Bl)) = 1l-a.

Thus, a (1 — «) confidence interval for /3 is

[Bl —ti—a/2m—2- 86(51), Bl +ti—a/2mn—2- 86(51)]

as t1—q/2n—2 = —laj2n—2-
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11.3.4 Sampling distribution of Bo

The sampling distribution of Bg is
1 z?
2
v ()

Verify at home using the same procedure as used for 51.

Hypothesis testing: In general, let ¢y, ¢; and ¢, be specified numbers, where at least
one of ¢y and ¢; is nonzero. Suppose that we are interested in testing the following
hypotheses:

Hy :c,fo+ 161 = ¢y, versus Hy : oo + 181 # . (28)

We should use a scalar multiple of

cofBo + 181 — ¢

as the test statistic. Specifically, we use

c? co® — ;)21 Y2 cA—i—cA—c*
U01=[—0—|—(0 1)} 00 ~151 7

n S2 o

where

5° = 5 Sz:i(Y;’—BO—Bl%)Z:iB?-

n—2 : :
=1 =1
Note that &2 is an unbiased estimator of 2.

For each a € (0,1), a level « test of the hypothesis (28) is to reject Hy if

|U01| > Tn_—12 (1 — %) .

The above result follows from the fact that COBO + ¢ Bl — ¢, is normally distributed
with mean co3y + ¢181 — ¢, and variance

Var(coﬁo + 0131 —C) = char(Bo) + C%Var(ﬁl) + QCochOV(BO, Bl)

1 72 1 o’z
_ 2 2 2 2
= (4o ﬁ + S_§> + o S_% — 2C0615—§
2 252 P
ol qr T 5 1
= g |:E + S—:% - 200015—3 + Cls_§:|
2 —  \2
_ g2 | (coZ — 1)
n S2



Confidence interval: We can give a 1 — a confidence interval for the parameter
cofo + 1P as

bot T o Q4 T —a) P (1-%)
C c o|l—+ ——— ——.
050 1P1 + o S% n_o 5

11.3.5 Mean response

We often want to estimate the mean of the probability distribution of Y for some
value of z.

e The point estimator of the mean response
E(Y|zn) = Bo + Bian

when x = x;, is given by ) . R
Yy, = Bo + Bixp.

Need to:

— Show that Y}, is normally distributed.
— Find E(Y}).
— Find Var(Y}).

e The sampling distribution of Y, is given by

_ 7)2
?hNN<BO+51xh,U2 <%+%))

T

Normality:

Both Bo and 51 are linear combinations of independent normal random variables
Y;.

Hence, Y, = Bo + leh is also a linear combination of independent normally
distributed random variables.

Thus, Y, is also normally distributed.
Mean and variance of Yh:

Find the expected value of Yj,:

~

E(Y,) = E(Bo + leh) = E(Bo) + E(B1>xh = fo + Bizp.
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Note that Y, =Y — 317 + Biap, = Y + Bl(a:h —I).

Note that Bl and Y are uncorrelated:

n n

“ 1 w; , 02
Cov (2@01}2,253/1) :Z?U :;Zwizo.

i=1 =1

Therefore,

Var(V) = Var(Y) + (x5, — z)*Var(6)
— %2 + (zp — x)2g—;
When we do not know o? we estimate it using 6. Thus, the estimated variance
of Y}, is given by
se?(V},) = 6° (% + %) :
The variance of Yh is smallest when x;, = .

When z;, = 0, the variance of reduces to the variance of Bo-

e The sampling distribution for the studentized statistic:

Y, —E(Y})
— = "~ lp—2.
se(Yy)

All inference regarding E(Y},) are carried out using the ¢-distribution. A (1 — )
CI for the mean response when x = xy, is

Vi F li—aj2,n—2 Se(Yh)-

11.3.6 Prediction interval

A CI for a future observation is called a prediction interval.

Consider the prediction of a new observation Y corresponding to a given level
x of the predictor.

Suppose x = z; and the new observation is denoted Yy, (new)-
Note that E(Y}) is the mean of the distribution of Y| X = a,.

Y (new) Tepresents the prediction of an individual outcome drawn from the dis-
tribution of Y| X =z, i.e.,

Yh(new) = 60 + 611'11 + €new;

where €., is independent of our data.
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e The point estimate will be the same for both.

However, the variance is larger when predicting an individual outcome due to
the additional variation of an individual about the mean.

e When constructing prediction limits for Y},(ne.) We must take into consideration
two sources of variation:

— Variation in the mean of Y.

— Variation around the mean.

e The sampling distribution of the studentized statistic:

Yh(new) - Yh ~t o

Se(Yh(new) - Yh)

All inference regarding Yj,(new) are carried out using the ¢-distribution:

s

Y - 1
Var(yh(new) o Yh) = Var(Yh(new)) + Var(Yh) = 0'2 {1 —+ Z -+ 2

Thus, seprea = 5¢(Ya(new) — Ya) = &7 {1 + ot —(ms_g%i)Q }

Using this result, (1 — «) prediction interval for a new observation Yi(new) 18

Yh + tlfa/Z,an S€pred-

11.3.7 Inference about both 3, and (; simultaneously

Suppose that §; and i are given numbers and we are interested in testing the
following hypothesis:

Hy: o= 5§ and 5y = f Versus H, : at least one is different (29)

We shall derive the likelihood ratio test for (29).

The likelihood function (27), when maximized under the unconstrained space yields
the MLEs 617517 5'2.

Under the constrained space, 5y and (3 are fixed at 35 and fj, and so

~ 1 . * *
5 = n Z(Y; — By — Bra:)’.
i=1
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The likelihood statistic reduces to

A(Y,X) _ Sup,2 L(@875T702) ) _ (&_2>n/2 _ [271(}/; _ BO _lei>2 n/2

Supﬁo,/jl,O'Q L(BO: 517 0-2 &(2) Z?:l(y; - Bf)k - BTIZ)g

The LRT procedure specifies rejecting Hy when
ACY, %) < I,
for some k, chosen given the level condition.

Exercise: Show that

S (V- By~ e =57+ Q2

i=1

where
S5? = Z(Yz - Bo - lei)Q
i=1
Q* = n(B—B;) (Zx ) )> +2nZ(Bo — B5)(B1 — By).-
Thus, ) )
52 n/2 QQ —n/2

It can be seen that this is equivalent to rejecting Hy when Q?/S* > k' which is
equivalent to

U2 =2 > 7.

Exercise: Show that, under Ho, 2. ~ x3. Also show that Q2 and S? are independent.
We know that S%/0? ~ x2_,. Thus, under Hy,

U? ~ Fy s,
and thus v = F,_,(1 —a).

12 Linear models with normal errors

12.1 Basic theory

This section concerns models for independent responses of the form

Y~ N(uio?),  where ;= x) 8
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for some known vector of explanatory variables ] = (z;,...,7;,) and unknown

parameter vector 3 = (,...,3,)", where p < n.

This is the linear model and is usually written as

Y =XB+¢
(in vector notation) where
Y: x] B €1
Yo = : ) anp = : ) ,Bpx1 - : y Enxl =
Y, x) By En
Sometimes this is written in the more compact notation
Y ~ N,(XB3,0%1),
where I is the n X n identity matrix.
It is usual to assume that the n X p matrix X has full rank p.
12.2 Maximum likelihood estimation
The log-likelihood (up to a constant term) for (3, 0?) is
(B, 0%) = ~"logo® — - im 7By
’ 2 207 £ !
n 9 1
=-3 logo® — Zazuﬁj
=1
An MLE (8, 62) satisfies
0 = iéﬁ& = Zx —XT,B for j =1 P
aﬂj ~ 2 i RN
ie., injxiTB:injyi forj=1,....p,
i=1 i=1

SO R
(X' X)B=X"Y.

Since X "X is non-singular if X has rank p, we have

B=(X"X)"'XTY.
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The least squares estimator of 5 minimizes
Y — X8l

Check that this estimator coincides with the MLE when the errors are normally
distributed.

Thus the estimator 8 = (XTX)"!XTY may be justified even when the normality
assumption is uncertain.

Theorem 12.1. We have

B~ Ny(B,o*(XTX) ™), (30)

n

o 1 . 1 )
62 = E||Y — X3 = - Z(% —x, B)?

=1

and that 6% ~ Zx2_ .

3. Show that B and 62 are independent.

Recall: Suppose that U is an n-dimensional random vector for which the mean
vector E(U) and the covariance matrix Cov(U) exist. Suppose that A is a ¢ X n
matrix whose elements are constants. Let V = AU. Then

E(V) = AE(U) and Cov(V) = ACov(U)A".

Proof of 1: The MLE of 8 is given by 8 = (X"X)'XTY, and we have that the
model can be written in vector notation as Y ~ N, (X3, 0?I).

Let M = (XTX)"!XT so that MY = 3. Therefore,
MY ~ N,(MXB8, M(a*T)M").
We have that

MXg3 = (X'X)"'X"X3 and MM'™ = (X"TX)'X"X(X"X)"!
- = (X'xX)™

since X "X is symmetric, and then so is it’s inverse.
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Therefore,

B=MY ~ N,(8,0%(X X)),

These results can be used to obtain an exact (1 — a)-level confidence region for 3:
the distribution of 3 implies that

SB-8) (X X)(B-p) ~

Let

0.2

2
X'n,—p7

- 1 -

7’ = ——|Y - Xg|* ~
n—op —

so that B and 62 are still independent.

Then, letting F,,,,—,(a) denote the upper a-point of the F,,_, distribution,

alp,. (,;w ATXXE) (a)> |

Thus,
{ﬁ cge.2B=P) (f; X)B-8) _ Fpm_p(a)}

is a (1 — a)-level confidence set for 3.

12.2.1 Projections and orthogonality

The fitted values Y = XB under the model satisfy
Y = X(X'X)"'X'Y = PY,

say, where P is an orthogonal projection matrix (i.e., P = PT and P2 = P) onto the
column space of X.

Since P? = P, all of the eigenvalues of P are either 0 or 1 (Why?).

Therefore,
rank(P) = tr(P) = tr(X(X' X)X ") = tr(X'X) ' X"X) = tr(I,) = p

by the cyclic property of the trace operation.
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Some authors denote P by H, and call it the hat matrix because it “puts the hat on
Y”. In fact, P is an orthogonal projection. Note that in the standard linear model
above we may express the fitted values

Y = X3

as Y = PY.

Example 12.2 (Problem 1).

Solution:

. Show that P represents an orthogonal projection.

Show that P and I — P are positive semi-definite.
Show that I — P has rank n — p and P has rank p.
To see that P represents a projection, notice that XX is symmetric, so its
inverse is also, so
P = {X(X'X)"'X"}T =X(X"X)"'X" =P

and
P?=X(X"X)"'X"X(X"X)'X" = X(X"X)"'X" = P.

To see that P is an orthogonal projection, we must show that PY and Y — PY
are orthogonal. But from the results above,

PY) (Y-PY)=Y'P(Y-PY)=Y'PY-Y'PY=0.
I — P is positive semi-definite since
x (I-P)x=x"I-P)"(I-P)x = ||x—Px|*>>0.

Similarly, P is positive semi-definite.

Theorem 12.3 (Cochran’s theorem). Let Z ~ N,(0,0°1), and let Ay, ..., Ay be
n X n positive semi—definite matrices with rank(A;) = r;, such that

IZ|? =Z"A\Z + ...+ ZTALZ.

Ifri+-+ry=mn, then Z'A\Z, ..., Z" A, 7Z are independent, and

ZTAZ

o2
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Example 12.4 (Problem 2). In the standard linear model above, find the mazimum
likelihood estimator 62 of 0, and use Cochran’s theorem to find its distribution.

Solution: Differentiating the log-likelihood
2n_ 2 1 2
U(B,07) = —5logo” — @HY — X8I,

we see that an MLE (3, 62) satisfies

o o 1
0% | gy 207 207

SO
o 1 ;s 1
6 =Y - XB|* = ~|[Y - PY|*,
where P = X(XTX)™X". Observe that
Y -PY|?P=Y'I-P)"I-P)Y=Y'(I-P)Y,

and from the previous question we know that I — P and P are positive semi-
definite and of rank n — p and p, respectively. We cannot apply Cochran’s
theorem directly since Y does not have mean zero. However, Y — X3 does
have mean zero and

(Y-XB)'(I-P)(Y - XB)
=Y I-PY-28"X"I-XX"X)' XY +8'X"(I-X(X'X)'X")X3
=Y 'I-P)Y.

Since
IY = XB|* = (Y - XB) ' (I-P)(Y - XB) + (Y - XB)'P(Y - XB)
we may therefore apply Cochran’s theorem to deduce that
Y'(I-P)Y =(Y-XB3)'(I-P)(Y - XB) ~ o’x;_,,

and hence

2

o1 ! d
0" = —|Y = PY[* = ~(Y = XB) (1= P)(Y = XB) ~ —x;,
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12.2.2 Testing hypotheis

Suppose that we want to test
Hy: B =0 Versus Hy: B; # B3;
for some j € {1,...,p}, where 3} is a fixed number. We know that
Bj ~ N(5j>ij02),
where (XTX)™ = (({;j))pxp- Thus, we know that

:Bj_ﬂ;

52Gji

T ~ t,_p under Hy,

where we have used Theorem 12.1.

12.3 Testing for a component of 3 — not included in the final
exam

Now partition X and 3 as

50 Tpo
X =(X X d )
X =& X an (al -
nxp nxpo  nx(p—po)

Suppose that we are interested in testing
Hy:B,=0, against H,:B,#0.
Then, under Hy, the MLEs of 3, and o? are

2 _ A 1 2
Bo = (XJXO) IXOTYv o° = EHY - X0/30||2-
Bg and 62 are independent. The fitted values under H, are

Y = X8, = Xo(X{ X)) 'X]Y = PyY

where Py = Xo(XJ] Xo)1X{ is an orthogonal projection matrix of rank p.

The likelihood ratio statistic is
n

—2log A =2 {—glog <HY — XﬁHz) - g + g log (HY — X0ﬁ0\|2> + —}

g [ IY=XoBlP) _ <||Y - PoY||2)
Y — X2 Y —PY|?
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We therefore reject Hj if the ratio of the residual sum of squares under Hj to the
residual sum of squares under H; is large.

Rather than use Wilks’ theorem to obtain the asymptotic “null distribution” of the
test statistic [which anyway depends on unknown 2], we can work out the exact
distribution in this case.

Since (Y — PY)"(PY — P,Y) = 0, Pythagorean theorem gives that
Y = PY|* + [PY — PoY|]* = [[Y — Po Y|, (31)
Using (31),

Y —PoY|? |[Y-PY|* [PY-PoY]|’
Y -PY|?> Y -PY[? [Y-PY|?
IPY — PoY|J

Y — PY]|2.

=1+

Consider the decomposition:
IY[* =Y = PY[* +[[PY — PoY|* + [Po Y||*
and a similar one for Z =Y — X,0,.

Under Hy, Z ~ N(0,0%I). This allows the use of Cochran’s theorem to ultimately
conclude that |[PY — PoY||* and ||[Y — PY|* are independent o*x>_, and o°x;_,
random variables, respectively.

Example 12.5 (Problem 3). Let Y = X3 + e, where X and 3 are partitioned as
X = (Xo| X1) and BT = (BF| BY) respectively (where B, has py components and 3,
has p — py components).

1. Show that
IY[* = [PoY [ + [[(P — Po)Y[* + |[Y - PY|*.
2. Recall that the likelihood ratio statistic for testing
Hy:B8,=0 against Hy :B8,#0

is a strictly increasing function of ||(P — Po)Y||?/|Y — PY|%.

Use Cochran’s theorem to find the joint distribution of |[(P — Po)Y|* and
Y — PY||? under Hy. How would you perform the hypothesis test?

[Hint: rank(P) = p, and rank(I — P) = n — p. Similar arguments give that
rank(Po) = po.
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Solution: 1. Recall that since (Y — PY)"(PY —P,Y) = 0 Pythagorean theorem gives
that

IY —PY|*+ [PY - PoY|* = |[Y - PoY|?
= (Y - POY)T(Y —PoY)
=Y'Y -2Y'P)Y+Y'P;P)Y
=Y'Y-Y'PP,Y
= Y[ = [PoY|*

giving that
IY = PY[* +[PY = PoY[]* + [PoY|* = | Y]

as desired.

2. Under Hy, the response vector Y has mean Xy3,, and so Z =Y — X3,
satisfies

I1Z|]* = |Z — PZ|* + |PZ — PZ|* + |[PoZ|*
=7'72-22"PZ+Z'P'PZ+Z"(P—-Py) (P -Py\Z+Z PJP,Z
=Z'"I1-P)Z+Z"(P—-Py)Z+Z"PyZ.

But

Z'(P-PyZ = (Y — X8, (P —Py)(Y — Xo3,)

=Y (P-Py)Y —28, X, (P —Py)Y + 3, X{ (P — Py)X5,.

Since XoB, € Uy and (P — Py)Y € Uy, and Uy and Ui- are mutually
orthogonal, and moreover PX,3, = Py X8, = X083, this gives

Z'(P-P)Z=Y"(P-PyY,
Similarly,

Z'(I1-P)Z = (Y —Xo8,) (I-P)(Y — X8,)
=Y I-P)Y —28,X; (I -P)Y + 8, X; (I - P)Xo,
=Y 'I-P)Y,

since X8, € Up and (I — P)Y € U+ C Uy, while (I — P)X3, = Xo8, —
XoBy = 0. Since

rank(I — P) + rank(P — Pg) + rank(Py) =n—p+p—po+po =n

we may therefore apply Cochran’s theorem to deduce that under Hy, ||(P—
Py)Y|? and ||[Y — PY]? are independent with

[(P=Po)Y[|P =Y (P—-P,)Y =Z"(P—-Py)Z ~ 0°x>_,,.
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and
II-P)Y|P=Y"(I-P)Y =Z"(I-P)Z~ %>,

It follows that under Hy,

_L_||(P - Py)Y||
F= ~ Lp—po,n—p>

LIT-P)YJ?

so we may reject Hy if F' > F,_, ,—p(«), where F,_, ,_,(«) is the upper
a-point of the F,_, ,_, distribution.

Thus under H(],
—L_|PY — PoY||?
P—Po

~F o
n%pHY_PYHQ p—po,n—p

F =

When X has one less column than X, say column &, we can leverage the normality
of the MLE fy, in (30) to perform a t-test based on the statistic

~

Bk
T —
\/52diag[(XTX)—1]k

~ t,—p under Hy [i.e., Br = 0].

[This is what R uses, though the more general F-statistic can also be used in this
case.]

The above theory also shows that under Hj, n%p 'Y — X3|[? is an unbiased estimator
of 0. This is usually used in preference to the MLE, 2.

Example 12.6. 1. Multiple linear regression:

For countries i = 1,...,n, consider how the fertility rate Y; (births per 1000
females in a particular year) depends on

e the gross domestic product per capita x;

e and the percentage of urban dwellers x;o.

The model

logY; = By + Bilogxi1 + Boxio +6, t=1,...,n
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with e; "< N(0,0?), is of linear model formY = X + ¢ with

log Y1 1 logzin 12 Bo €1
Y = ) X = ) B = 61 , €=
logY, 1 logx,1 s B2 En

On the original scale of the response, this model becomes
Y = exp(fo) exp( log x1) exp(Bazs)e

Notice how the possibility of transforming variables greatly increases the flexi-
bility of the linear model. [But see how using a log response assumes that the
errors enter multiplicatively. |

12.4 One-way analysis of variance (ANOVA)

Consider measuring yields of plants under a control condition and J — 1 different
treatment conditions.

The explanatory variable (factor) has J levels, and the response variables at level j
are Yji, ..., Yj,,. The model that the responses are independent with

Yig ~ N(pj,0%), j=1,....J; k=1,...,n;

is of linear model form, with

Y1 1 0 0
: ny
Yin, 1 0 0
Yo 0 1 0 0 10
S i 2
Y= Yang =10 1 o 0 b= :
125
Y 0 - 0 1
: : ny
Y, 0 0 1

An alternative parameterization, emphasizing the differences between treatments, is
ij:,u+aj—l—5jk, jzl,,J, k’Zl,...,TL]‘

where
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e i is the baseline or mean effect

e «; is the effect of the j* treatment (or the control j = 1).

Notice that the parameter vector (u,aq,as,...,ay)" is not identifiable, since re-
placing p with ¢+ 10 and a; by a; — 10 gives the same model. Either a

e corner point constraint a; = 0 is used to emphasise the differences from the
control, or the

. J
e sum-to-zero constraint ) 5_, n;a; =0
can be used to make the model identifiable. R uses corner point constraints.

If n; = K, say, for all j, the data are said to be balanced.

We are usually interested in comparing the null model

Ho: Y = p+eji
with that given above, which we call Hy, i.e., we wish to test whether the treatment
conditions have an effect on the plant yield:

Hy:a =0, where a = (aq,...,ay), against Hy:a#0.

Check that the MLE fitted values are

T

~ - 1
Vie=Y;=—% Yj

J k=1

under H,, whatever parameterization is chosen, and are

J J
E n;Y;,  where n = E n;,
o j=1

Vie =V

Il
S|

under Hy.
Theorem 12.7. (Partitioning the sum of squares) We have
SStotal = stithin + SSbetweena

where

J ny J nj J
SStotal = Z Z(Y}k_}_/)a SSwithin = Z Z(Y;k_}_/])za SSbetween = Zn](?j_}_/)Q
j=1

j=1 k=1 j=1 k=1

Furthermore, SSyithin has o®x?*-distribution with (n — J) degrees of freedom and is

independent of SSyetween- Also, under Hy, SShetween ~ T2X5_1-
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Our linear model theory says that we should test Hy by referring

L
71 o= (Y =Y =%

- J n; . - _1
nT1J Zj:l >l (Vi = Y5)? msl

to Fy_1 -, where Sy is the “within groups” sum of squares and .Sy is the “between
groups” sum of squares. We have the following ANOVA table.

Source of variation | Degrees of freedom Sum of squares F—statistic
7=1%
Between groups J -1 So F ==
A= 1
Within groups n—J S1
J nj B
Total n—1 S1+ .5 = Z Z(Y]k ~Y)?
j=1k=1

13 Nonparametrics

13.1 The sample distribution function

Let X4,..., X, beiid F, where F' is an unknown distribution function.

Question: We want to estimate F' without assuming any specific parametric form
for F.

Empirical distribution function (EDF): For each z € R, we define F,(z) as the
proportion of observed values in the sample that are less than of equal to z, i.e.,

1
=1

The function F), defined in this way is called the sample/empirical distribution func-
tion.
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ecdf(x)

0.6 0.8 1.0
1

Fn(x)

0.4

0.2

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0

Idea: Note that
Fl2) = P(X < ) = E[loo(X))].

Thus, given a random sample, we can find an unbiased estimator of F'(x) by looking
at the proportion of times, among the X;’s, we observe a value < x.

By the WLLN, we know that
F,(z) 5 F(x), for every x € R.

Theorem 13.1. Glivenko-Cantelli Theorem. Let F), be the sample c.d.f from an
i.1.d sample X1, ..., X, from the c.d.f F'. Then,

D,, :=sup |F,(z) — F(z)] & 0.

zeR

By the CLT, we have

Vi(Fo(z) — F(z)) 5 N0, F(z)(1 — F(z))), for every = € R.

ecdf(x)
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ecdf(x)

1.0

Fn(x)
0.6

0.4

As F,(z) & F(x) for all z € R, we can also say that

Vi (z) — F(z))
VE(2)(1 = Fy(x))

A N(0,1), for every x € R.

Thus, an asymptotic (1 — «) CI for F(x) is

Fu(z) — /ﬁ VE(@)(1 = F,(2)), Fu(x) + Z‘*—ﬁ@(z)(l —F.(v))

Likewise, we can also test the hypothesis Hy : F(x) = Fy(x) versus Hy : F(x) # Fy(z)
for some known fixed c.d.f Fy, and = € R.

13.2 The Kolmogorov-Smirnov goodness-of-fit test

Suppose that we wish to test the simple null hypothesis that the unknown c.d.f F’
is actually a particular continuous c.d.f F* against the alternative that the actual
c.d.f is not F™, i.e.,

Hy: F(x) = F*(x) forz eR, Hy: F(z) # F*(z) for some z € R.
This is a nonparametric (“infinite” dimensional) problem.
Let
Dy, = sup [Fy(z) — F7(2)].

z€eR

D is the maximum difference between the sample c.d.f F}, and the hypothesized c.d.f
.

We should reject Hy when
n2D* > c,.

This is called the Kolmogorov-Smirnov test.
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How do we find ¢,?

When Hj is true, the distribution of D} will have a certain distribution that is the
same for every possible continuous c.d.f F. (Why?)

Note that, under Hy,

1 n
D = — I(X; <zx)—F*
sup | 321X < 0) = F(o)

n
z€eR

= sup |- I < @) - F ()

zeR

= sup lzn:](UZ§F*(x))—F"(x) = sup lzn:](Uigt)—t
F*(z)er | TV = tefo,1] | 1 T

= S [Fop(t) =1,

where U; := F*(X;) ~ Uniform(0,1) (ii.d) and F,, ; is the EDF of the U;’s. Thus,
Dy is distribution-free.

Theorem 13.2. (Distribution-free property) Under Hy, the distribution of D} is the
same for all continuous distribution functions F.

We also have the following theorem.

Theorem 13.3. Under Hy, as n — 00,
n'2D* % H, (32)

where H is a valid c.d.f.

In fact, the exact sampling distribution of the KS statistic, under Hj, can be ap-
proximated by simulations, i.e., we can draw n data points from a Uniform(0,1)
distribution and recompute the test statistic multiple times.

13.2.1 The Kolmogorov-Smirnov test for two samples

Consider a problem in which a random sample of m observations X, ..., X,, is taken
from the unknown c.d.f F, and an independent random sample of n observations
Yy, ..., Y, is taken from another distribution with unknown c.d.f G.

It is desired to test the hypothesis that both these functions, F' and G, are identical,
without specifying their common form. Thus the hypotheses we want to test are:

Hy: F(z) =G(z) forxz eR, Hy : F(x) # G(z) for some x € R.
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We shall denote by F}, the EDF of the observed sample X, ..., X,,, and by G,, the
EDF of the sample Yi,...,Y,.

We consider the following statistic:

Dm,n = sup |Fm(‘r) - Gn<x>|

z€R

When Hj holds, the sample EDFs F},, and G,, will tend to be close to each other. In
fact, when Hj is true, it follows from the Glivenko-Cantelli lemma that

Dm,n£>0 as m,n — oo.

D, is also distribution-free (why?)

Theorem 13.4. Under H,,

mn 1/2
( ) Dyn % H,
m-+n ’

where H is a the same c.d.f as in (32).

A test procedure that rejects Hy when

mn 1/2
() 5,5,

m-+n

where ¢, (is the (1—a)-quantile of H) is an appropriate constant, is called a Kolmogorov-
Smirnov two sample test.

Exercise: Show that this test statistic is also distribution-free under Hy. Thus, the
critical of the test can be obtained via simulations.
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13.3 Bootstrap

Example 1: Suppose that we model our data X = (Xj,...,X,,) as coming from
some distribution with c.d.f F' having median 6.

Suppose that we are interested in using the sample median M as an estimator of 6.

We would like to estimate the MSE (mean squared error) of M (as an estimator of
0), i.e., we would like to estimate

E[(M — 6)?].

We may also be interested in finding a confidence interval for 6.

Example 2: Suppose that (X1,Y1),...,(X,,Y,) is a random sample from a distri-
bution F. We are interested in the distribution of the sample correlation coefficient:

Y (X = X)(Vi - Y)

R= - ey
Do (X = X)2 30, (Vi = V)]

We might be interested in the variance of R, or the bias of R, or the distribution of
R as an estimator of the correlation p between X and Y.

Question: How do we get a handle on these problems?

How would we do it if an oracle told us F'?

Bootstrap: The bootstrap is a method of replacing (plug-in) an unknown distribu-
tion function F' with a known distribution in probability /expectation calculations.

If we have a sample of data from the distribution F', we first approximate F' by F
and then perform the desired calculation.

If Flis a good approximation of F', then bootstrap can be successful.

13.3.1 Bootstrap in general
Let (X, F') be a quantity of interest that possibly depends on both the distribution
F and a sample X drawn from F.

In general, we might wish to estimate the mean or a quantile or some other proba-
bilistic feature or the entire distribution of n(X, F).

The bootstrap estimates n(X, F) by n(X*, F), where X* is a random sample drawn
from the distribution F', where F' is some distribution that we think is close to F.
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How do we find the distribution of n(X*, F)?

In most cases, the distribution of n(X*, F ) is difficult to compute, but we can approx-
imate it easily by simulation.

The bootstrap can be broken down in the following simple steps:

e Find a “good” estimator Fof F.

e Draw a large number (say, v) of random samples XM X® from the distri-
bution £ and then compute T = n(X*® F), fori=1,...,v.

e Finally, compute the desired feature of n(X*, F ) using the sample c.d.f of the
values T, ... T,

13.3.2 Parametric bootstrap

Example 1: (Estimating the standard deviation of a statistic)
Suppose that X7, ..., X, is random sample from N(u,c?).

Suppose that we are interested in the parameter

ezp(xgc)zcb(c_“),

g

where ¢ is a given known constant.

What is the MLE of 67

The MLE of 0 is

Question: How do we calculate the standard deviation of §? There is no easy closed
form expression for this.

Solution: We can bootstrap!

Draw many (say v) bootstrap samples of size n from N (X,6?%). For the i-th sample
we compute a sample average X*) a sample standard deviation 6*®.

5+ ’
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We can estimate the mean of 6 by

v

7*_1 N+ (i
0 _UZeU.

=1

The standard deviation of 6 can then be estimated by the sample standard deviation
of the 6*® values, i.e.,

Example 2: (Comparing means when variances are unequal) Suppose that we have
two samples Xi,...,X,, and Yi,... Y, from two possibly different normal popula-
tions. Suppose that

X1, ..., X are ii.d N(u,07) and Yi,...,Y, areiid N(us,05).

Suppose that we want to test

Hy: oy = po Versus Hy o opy # o,
We can use the test statistic
(m+n—2)Y2(X,, —Y,)
(et )" (8% + 8302

m n

Note that as 02 # o2, U does not necessarily follow a t-distribution.
How do we find the cut-off value of the test?

The parametric bootstrap can proceed as follows:
First choose a large number v, and forz = 1, ..., v, simulate ()_(;Z(i), Y;(i), Si*(i), Sé*(i)),
where all four random variables are independent with the following distributions:

(m+n—2)2(X3 — Vi)
(3 + )" (5K + sy Oy

m n
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for each i.
We approximate the null distribution of U by the distribution of the U*®s.

Let ¢* be the (1 — %)-quantile of the distribution of U*®’s. Thus we reject Hy if

|U| > ¢".

13.3.3 The nonparametric bootstrap

Back to Example 1: Let Xi,..., X, be a random sample from a distribution F'.
Suppose that we want a CI for the median 6 of F.

We can base a CI on the sample median M.

We want the distribution of M — 6!

Let (X, F) =M — 0.

We approximate the a/2 and the 1 — /2 quantiles of the distribution of n(X, F') by
that of n(X*, F).

We may choose F = F,,, the empirical distribution function. Thus, our method can
be broken in the following steps:

e Choose a large number v and simulate many samples X*@ for i = 1,...,n,
from F),. This reduces to drawing with replacement sampling from X.

e For each sample we compute the sample median M*® and then find the sample
quantiles of {M*® — M}?_,.

Back to Example 2: Suppose that (X1,Y7),...,(X,,Y,) is a random sample from
a distribution F. We are interested in the distribution of the sample correlation

coefficient: . _ _
(X =X - Y)

(S (X = X2, (v - 1))

We might be interested in the bias of R, i.e., n(X,Y,F)=R — p.

R =

Let F), be the discrete distribution that assigns probability 1/n to each of the n data
points.

Thus, our method can be broken in the following steps:
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e Choose a large number v and simulate many samples from F;,. This reduces to
drawing with replacement sampling from the original paired data.

e For each sample we compute the sample correlation coefficient R**) and then
find the sample quantiles of {7+ = R*@®) — Rv_ .

e We estimate the mean of R — p by the average £ > T,

n
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14

Review

14.1 Statistics

Estimation: Maximum likelihood estimation (MLE); large sample properties of
the MLE; Information matrix; method of moments.

Consistency of estimators; Mean squared error and its decomposition; unbiased
estimation; minimum variance unbiased estimator; sufficiency.

Bayes estimators: prior distribution; posterior distribution.

Sampling distribution of an estimator; sampling from a normal distribution;
t-distribution.

Exercise:

Solution:

Suppose that X;,..., X, form a random sample from a normal distribution
with mean 0 and unknown variance o2. Determine the asymptotic distribution
of the statistic 7= (2 37", Xf)_l.

We know that X?’s are i.i.d with mean E(X?) = ¢? and Var(X?) = E(X}) —
[E(X?))> = 20%. Note that X?’s have a x? distribution. Thus, by the CLT, we
have

1 < d
-y X7 -0 N(0,20%).
Vvn (n; -0 ) — N(0,20%)
Let g(x) = 7 1. Thus, ¢'(x) = —z~2. Therefore,

V(T =072 % N(0,26" - 078).

Exercise:

Consider i.i.d observations Xy, ..., X,, where each X; follows a normal distribu-
tion with mean and variance both equal to 1/6, where # > 0. Thus,

Show that the MLE is one of the solutions to the equation:

W —60—1=0,

where W =n~t3""  X?2. Determine which root it is and compute its approxi-
mate variance in large samples.
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Solution: We have the log-likelihood (up to a constant) as

90 20 2470 T o2
. 1 1 1
1.€e., %—5 —|—2—92—O

ie., W@*—0—-1=

The two roots are given by

1+£+1+4W
2W
and the admissible root is

- 1++V1+4W

We know that

. 1 ‘
Orvire ~ N (9, nf—@)) (approximately).

Thus the approximate variance of Orirp i nl;w)’ where

2 1 1

0
1(0) = —Eo [@bgfe(Xﬁ} — ot

e Confidence intervals; Cramer-Rao information inequality.

Exercise: A biologist is interested in measuring the ratio of mean weight of animals of
two species. However, the species are extremely rare and after much effort she
succeeds in measuring the weight of one animal from the first species and one
from the second. Let X; and X5 denote these weights. It is assumed that
X; ~ N(0;,1), for i = 1,2. Interest lies in estimating 6, /6.

Compute the distribution of
02 X1 — 61Xy

V0% + 03

X7 — (01/62) X5
(01/602)% + 1
a pivot? Discuss how you can construct a confidence set for the ratio of mean
weights.

h(X17X2791702> -

Is
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Solution:

Exercise:

Note that 6, X; — 6; Xy ~ N(0,6% + 62) as

E(HQXl — 61X2) = 0201 — Ql(gg =0

. Var (6, X, — 6, X3) = Var(6,X,) + Var(0, X,) = 63 + 6.
Thus,

WXy, Xy, 01,05) = 0% ZOXs N(0,1).
Now,

X1 — (01/02)X2 o 02X1 — 61X2

0.1/02)> +1 O+ 62

and is thus indeed a pivot.

~ N(0,1)

To get a confidence set for n := 6, /65, we know that

[ X, — nX
Plozop< 22 <,h|l=1-a
/ /
! VIEHl
[1X, — nX
ie., P wgza/g =1—«a
| VPt

e, P[(X1—nX2)’— (0" +1)2p2<0]=1-a
Thus,
{n: (X1 —nX2)? = (0* +1)202 < 0}

gives a level (1 — a) confidence set for 7. This can be expressed explicitly in
terms of the roots of the quadratic equation involved.

Hypothesis testing: Null and the alternative hypothesis; rejection region; Type
I and II errorx; power function; size (level) of a test; equivalence of tests and
confidence sets; p-value; Neyman-Pearson lemma; uniformly most powerful test.

t-test; F-test; likelihood ratio test

Linear models: method of least squares; regression; Simple linear regression;
inference on Sy and (;; mean response; prediction interval;

General linear model; MLE; projection; one-way ANOVA

Processors usually preserve cucumbers by fermenting them in a low-salt brine
(6% to 9% sodium chloride) and then storing them in a high-salt brine until
they are used by processors to produce various types of pickles. The high-salt
brine is needed to retard softening of the pickles and to prevent freezing when
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Weeks (X) in Storage at 72° F | 0 4 14 32 52
Firmness (Y) in pounds 19.8 16.5 128 81 7.5

they are stored outside in northern climates. Data showing the reduction in
firmness of pickles stored over time in a low-salt brine (2% to 3%) are given in
the following table.

(a) Fit a least-squares line to the data.
(b) Compute R? to evaluate the goodness of the fit to the data points?

(c) Use the least-squares line to estimate the mean firmness of pickles stored
for 20 weeks.

(d) Determine the 95% CI for ;.
(e) Test the null hypothesis that Y does not depend on X linearly.

Solution: (a) Fit a least-squares line to the data.

~ S, —425.48
— — 2 0,929
b S, 18592

Bo =7 — T = 12.94 — (—0.229)(20.4) = 17.612
g = 17.612 — 0.229z.

(b) Compute R? to evaluate the goodness of the fit to the data points?

SSE 1 15.4

2
= 1 _—— = —
r SST 112.772

= (0.863.

(c) Use the least-squares line to estimate the mean firmness of pickles stored

for 20 weeks.
y(20) = 17.612 — (0.229)(20) = 13.0

(d) Determine the 95% CI for 5.

The 95% CI for (3, is given by

S

B\litO.OZE),SSE(B\l) where SE(ﬂAl):

7

Trxr

We have s = /SSE/3 = \/(15.4)/3 = 2.266, thus SE(f) = 2% =
0.052. Thus the 95% CI for f; is

—0.229 =+ (3.18)(0.052) = [—0.396, —0.062]
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(e) Test the null hypothesis that Y does not depend on X linearly.

We test the hypothesis
Hoiﬁlzo VS. Hazﬁl#()

with level at a = 0.05. This can be tested with t-statistic

~

T = 61/\ and RR: |t’ > t0,02573 = 3.18.
SE(f)

—0.229
The observed t = 0050 - —4.404, which is in the rejection region. Thus

we reject the hypothesis that 8; = 0. This means based on the data we
reject Hy.
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Exercise: A manager wishes to determine whether the mean times required to complete a
certain task differ for the three levels of employee training. He randomly selected
10 employees with each of the three levels of training (Beginner, Intermediate
and Advanced). Do the data provide sufficient evidence to indicate that the
mean times required to complete a certain task differ for at least two of the
three levels of training? The data is summarized in the following table. Use the
level a = 0.05.

T s

Advanced 24.2 21.54
Intermediate | 27.1 18.64
Beginner 30.2 17.76

Solution: Let «; denote the mean effect of ith training level; advanced=1, intermediate=2
and beginner=3. We test the hypothesis

Hy: on=0p=0a3 vs. H,: a; #«; forsomeiandj
We have
Ty =24.2 Ty = 27.1 T3 = 30.2
T. = %(24.2 +27.14302) = 27.17

SSB =10((24.2 = 27.17)* 4+ (27.1 — 27.17)* + (30.2 — 27.17)%) = 180.1
SSW = 9(21.54 + 18.64 + 17.76) = 521.46

Thus we have the following ANOVA-table:

Source of variations | df SS MS F
Treatments 2 180.1 90.03 4.67
Errors 27 521.46 19.31
Total 29 683.52

Since the observed f = 4.67is in RR : f > fo0s5227 = 3.35, we reject the H.
Thus the levels of training appear to have different effects on the mean times
required to complete the task.

e The empirical distribution function; goodness-of-fit-tests; Kolmogorov-Smirnov
tests.

Read the following sections from the text book for the final:
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Chapter 6 excluding 6.4

Chapter 7 excluding 7.8, 7.9

Chapter 8 excluding 8.6

Chapter 9 excluding 9.3, 9.8, 9.9
Chapter 11 excluding 11.4, 11.7, 11.8

Thank you!

Please complete course evaluations!

Questions?
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