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Summary

Largemargin classi�ershave proven to be e�ective in delivering high predictive accuracy,

particularly thosefocusingon the decisionboundariesand bypassingthe requirement of esti-

mating the classprobability given input for discrimination. As a result, theseclassi�ersmay

not directly yield an estimatedclassprobability, which is of interest itself. To overcomethis

di�cult y, this article proposesa novel method for estimating the classprobability through

sequential classi�cations, by using featuresof interval estimation of large-marginclassi�ers.

The method usessequential classi�cations to bracket the classprobability to yield an esti-

mate up to the desired level of accuracy. The method is implemented for support vector

machines and  -learning, in addition to an estimated Kullback-Leibler loss for tuning. A

solution path of the method is derived for support vector machines to reduce further its

computational cost. Theoretical and numerical analysesindicate that the method is highly

competitiv e againstalternatives,especially when the dimensionof the input greatly exceeds

the samplesize. Finally, an application to leukaemiadata is described.

Some key words: Function estimation; High dimension and low sample size; Interval estimate;

Tuning; Weighting.
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1. Intr oduction

In the statistics literature, classi�cation is often treated as a problem of density esti-

mation through regression;that is, the classprobability given input is estimated, yielding

classi�cation by thresholding. This practiceseemsto underminethe fact that classi�cation is

generallyeasierthan regression,becausethe former is a problemof interval estimation rather

than a point estimation problem. This is evident from recent successesin large-marginclas-

si�cation such assupport vector machines(Cortes & Vapnik, 1995)and  -learning (Shenet

al., 2003),wheremany large-marginclassi�ersyield high performanceby focusingdirectly on

classi�cation, bypassingthe estimation of the classprobability. However, knowledgeabout

the classprobability itself may be of signi�cant scienti�c interest, indicating the strength or

con�dence of the outcome of classi�cation. In this article, we bridge the gap by estimat-

ing the classprobability through interval estimation in classi�cation, allowing a large-margin

classi�er to enjoy the capability of regressionwhile maintaining its high generalizationabilit y

and computational advantage.

In binary classi�cation, a decisionfunction f is estimated from a training sampleZ i =

(X i ; Yi ), i = 1; : : : ; n, independent and identically distributed according to an unknown

probability distribution P(x; y), whereX i 2 Rd is a d-dimensionalinput and the output Yi

is labelled as � 1. For any input x, classi�er signf f (x)g estimatesthe label of x. Within

the framework of large-margin classi�cation, estimation of the classprobability has been

investigated. Steinwart (2003) and Bartlett & Tewari (2007) show that replacing the large-

margin loss with some di�erentiable loss leads asymptotically to conditional probability

estimation. Platt (1999)assumesa sigmoidlink function betweenthe conditional distribution

p(x) = pr(Y = 1jX = x) and a large-marginclassi�er f , in the form of

p(x) =
1

1 + expf Af (x) + Bg
; (1)

2



with parametersA and B estimated by minimizing the cross-entropy error. Despite its

empirical success,statistical propertiesof the approach havenot yet beeninvestigated. There

is no solid evidencethat the link function speci�ed in (1) should be usedto estimate p(x)

through f (x). In fact, Lin (2002) shows that the optimal f (x) estimatedby support vector

machines is signf p(x) � 1=2g, which implies that the classi�er f might only be concerned

about whether p(x) greater than 1=2 or not.

In this article, weestimatep for large-marginclassi�erswithout imposingany assumption

on the relationship betweenp and f as in (1). It is known that signf f̂ (x)g > 0 estimates

signf p(x) � 1=2g > 0 for a large-marginclassi�er sign(f̂ ) such as support vector machines

(Lin, 2002). On this basis,we designa sequenceof weighted classi�cations, corresponding to

a re�ned partition of [0; 1], to locate the subinterval that contains p(x) for any �xed x. This

approach is illustrated with data of high dimensionbut low samplesize,typical of microarray

experiments.

The proposedmethod is implemented for support vector machines and  -learning. To

eliminate dependenceof the method on a tuning parameter,we proposea method of model

selection through the concept of a covariance penalty (Efron, 2004) and the technique of

data perturbation (Shen & Huang, 2006). Moreover, we derive an e�cien t solution path

algorithm for the proposedmethod via support vector machinesto reduceits computational

cost. Wederive ratesof convergenceof the proposedestimator for large-marginclassi�cation,

and show in an examplethat the accuracyof probability estimation for  -learning is of order

n� 1=2(log n)3=2, whereasits classi�cation accuracyis of order n� 1(logn)3. This con�rms the

aforementioned phenomenonthat classi�cation is usually easier than density estimation.

Our numerical analysessuggestthat the proposed method is highly competitiv e against

alternatives.

2. Estima tion

2�1. Large-margin classi�ers
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A large-marginclassi�er minimizesa cost function in f over a decisionfunction classF :

min
f 2F

n� 1
nX

i =1

Lf yi f (x i )g + �J (f ); (2)

whereJ (f ) is a regularization term for penalizing model complexity, � > 0 is the degreeof

penalization,and L(z) is a margin lossthat is a function of the functional margin yf (x); for

instance, L(z) = (1 � z)+ is the hinge loss for support vector machines, and L(z) =  (z)

with  (z) = 1� sign(z) if z � 1 or z < 0, and 2(1� z) otherwiseis the  -lossfor  -learning

(Shenet al., 2003). A margin lossL(z) is said to be large-marginif L(z) is nonincreasingin

z, penalizingsmall margin values. In linear classi�cation, f is linear; in kernel classi�cation,

f usesa kernel representation 1
n�

P n
i=1 � i yi K (x i ; x) + � 0 with K (�; �) a kernel function. In

the kernel case,J (f ) = 1
2n2 � 2

P n
i=1

P n
i 0=1 � i � i 0yi yi 0K (x i ; x i 0), and F is a reproducing kernel

Hilbert space(Wahba, 1990)induced by K (�; �). The weighted versionof (2) is

min
f 2F

n� 1

"

(1 � � )
X

yi =1

Lf yi f (x i )g + �
X

yi = � 1

Lf yi f (x i )g

#

+ �J (f ); (3)

which reducesto (2) when � = 1=2. The loss in (3) permits a treatment of an unequal

number of training samplesor unequal costs for positive and negative misclassi�cations in

margin classi�cation, where (� ; 1 � � ) are the known costs for the negative and positive

classeswith 0 � � � 1; seeLin et al. (2002) for a discussion.Minimizing (3) with respect

to f 2 F yields f̂ � (x), and thus the classi�er signf f̂ � (x)g, which is an estimateof the Bayes

rule �f � (x) = signf f � (x)g with f � (x) = p(x) � � .

Lemma 1 below constitutes a basisfor our proposedmethod. In (2), when n ! 1 , the

�rst component of (3) approaches

E
�
S(Y)Lf Yf (X )g

�
= E

�
(1 � � )I (Y = 1)Lf Yf (X )g + � I (Y = � 1)Lf Yf (X )g

�
; (4)
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whereI (�) is the indicator function, and S(Y) is 1 � � if Y = 1, and � otherwise.

Lemma 1. With L(z) = (1 � z)+ or  (z), minimizing (4) with respect to f yields the Bayes

rule �f � (x). Moreover, �f � (x) is nonincreasing in � .

2�2. Estimation

Our proposedmethod is designedto estimatep(x) at any x with x not necessarilybeing

one of the observed values. First, we construct a uniform partition of [0; 1] with the two

endpoints 0 and 1 included; that is, 0 = � 1 < � 2 < : : : < � m < � m+1 = 1 for any given integer

m > 0 that determinesthe estimation precision. By construction, one and only one of the

subintervals brackets p(x). Ideally, one can use the monotonicity property of signf f � (x)g;

seeLemma 1, to computep(x) rapidly at onex-value. However, the monotonicity property

may not hold empirically, and in addition it is desirable to compute p(x) at multiple x-

valuessimultaneously. We thereforeexamineoneinterval at a time and train m + 1 weighted

margin classi�ers with � j , j = 1; : : : ; m + 1, to identify the interval capturing p(x). This

is achieved by checking if signf f̂ � j (x)g > 0, for j = 1; : : : ; m + 1. Moreover, when the

monotonicity property of signf f̂ � (x)g does not hold for a speci�c set of data, there exists

1 � j � m such that signf f̂ � j (x)g = � 1 but signf f̂ � j +1 (x)g = 1, and hencethat more

than one interval captures p̂(x). This is especially so when the sizeof the training sample

is not large. To overcomethis di�cult y, we de�ne � � = argmax� j

�
signf f̂ � j (x)g = 1

�
and

� � = argmin� j

�
signf f̂ � j (x)g = � 1

�
, with 0 � � � ; � � � 1. Then the proposedestimate p̂(x)

is de�ned as 1
2(� � + � � ).

The proposedestimator p̂ can be computedvia Algorithm 1.

Algorithm 1.

Step1. Initialize � j = (j � 1)=m, for j = 1; : : : ; m + 1.

Step2. Train a weighted margin classi�er for � j as in (3), for j = 1; : : : ; m + 1.

Step3. Estimate labelsof x by signf f̂ � j (x)g.

Step 4. Sort signf f̂ � j (x)g, j = 1; : : : ; m + 1, to compute � � = max
�
� j : signf f̂ � j (x)g =
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1
�
; � � = min

�
� j : signf f̂ � j (x)g = � 1

�
. The estimatedclassprobability is p̂(x) = 1

2(� � + � � ).

Algorithm 1 is designedfor any large-marginclassi�er, including weighted support vector

machines (Lin et al., 2002) and weighted  -learning. To train weighted support vector

machines, any software with a quadratic programming routine can be employed. To train

weighted  -learning, we follow the technique of Liu, Shen & Wong (2005), who use the

di�erence convex algorithm to solve the non-convex optimization problemthrough sequential

quadratic programming. The idea of the di�erence convex algorithm to decomposea non-

convex objective function into a di�erence of two convex functions, and solve the non-convex

problem by solvingsequential convex problems. According to Liu, Shen& Wong(2005), the

di�erence convex algorithm is appropriate for the  -lossbecauseof its encouragingnumerical

performanceand its fast convergencespeed.

Furthermore, a precisionparameterm needsto be prespeci�ed in Algorithm 1, achieving

a trade-o� betweenthe precisionof p̂ and the number of weighted classi�ers to be trained.

Evidently, a large value of m yields better precision but increasescomputational cost. In

implementation, it is recommendedthat m = bn1=2c, the largest integer no greater than

n1=2. Our simulation suggeststhat this choiceis satisfactory. Of course,a data-driven choice

of m can be derived by minimizing an estimated loss function, at an expenseof increased

computational cost, as discussednext.

3. Estima ting generalized Kullba ck-Leibler loss and tuning

3�1. Estimation of generalized Kul lback-Leibler loss

The overall performanceof p̂ in estimating p is evaluated by its closenessto p in terms

of the generalizedKullback-Leibler loss,

GKL (p; p̂) = E
�
p(X ) log

p(X )
p̂(X )

+ f 1 � p(X )g log
1 � p(X )
1 � p̂(X )

�
; (5)

wherethe expectation is takenwith respect to randomnessin X , which di�ers from Kullback-
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Leibler loss in that (5) is averagedover a random X that has the same distribution as

X i , i = 1; : : : ; n. The corresponding comparative Kullback-Leibler loss, after terms in (5)

unrelated to p̂ are omitted, is

GKL c(p; p̂) = � E
h
p(X ) logf p̂(X )g + f 1 � p(X )g logf 1 � p̂(X )g)

i
:

SinceEf 1
2(Y + 1)jX g = p(X ), the empirical versionof GKL c(p; p̂) is

EGKL (p̂) = � n� 1
nX

i =1

�
1
2

(Yi + 1) logp̂(X i ) + f 1 �
1
2

(Yi + 1)g logf 1 � p̂(X i )g
�

; (6)

which measuresthe goodness-of-�t of p̂. To penalizeover�tting in EGKL (p̂), GKL c(p; p̂) is

estimatedby choosingthe optimal estimator from a classof candidateestimatorsof the form

EGKL (p̂) + � (p̂; X n), where � (p̂; X n ) � 0 is a penalty depending on X n = f X i gn
i=1 , to be

determinedoptimally by minimizing

E
h
GKL c(p; p̂) � f EGKL (p̂) + � (p̂; X n)g

i 2
: (7)

Estimation of the Kullback-Leibler losshas beeninvestigated in Shen& Huang (2006),

but that of the generalizedKullback-Leibler lossinvolving random input X hasnot yet been

explored in the literature. Breiman & Spector (1992) argued that ignoring randomnessin

linear regressioncould lead to highly biasedestimation of the prediction error.

Theorem 1. The optimal � o(p̂;X n) that minimizes (7) with respect to � (p̂; X n ) is

� o(p̂;X n) = n� 1
nX

i =1

cov[(Yi + 1)=2; � f p̂(X i )gjX n ] + Dn (p̂;X n ); (8)

where � (p) = logit(p) and Dn (p̂;X n) = Ef �( p; p̂; X n) � �� (p; p̂)jX ng, with �� (p; p̂) = E
h
f 1�

p(X )g logf 1 � p̂(X )g + p(X ) logp̂(X )
i

and �( p; p̂; X n) = n� 1 P n
i=1

h
f 1 � p(X i )g logf 1 �
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p̂(X i )g + p(X i ) logp̂(X i )
i

.

In (8), n� 1 P n
i=1 cov[(Yi + 1)=2; � f p̂(X i )gjX n ] evaluatesthe accuracyof estimating p̂ from

X n , which is a covariancepenalty in Efron (2004)and the generalizeddegreesof freedomin

Shen& Huang (2006). The term Dn(p̂;X n ), on the other hand, is a correction that adjusts

the e�ect of random input X on prediction and needsto be estimated(Breiman & Spector,

1992;Breiman, 1992).

Therefore,we proposeto estimate GKL c(p; p̂) by

GbKL
c
(p; p̂) = EGKL c(p̂) + n� 1

nX

i =1

cbov[(Yi + 1)=2; � f p̂(X i )gjX n ] + bDn (p̂;X n ); (9)

where cbov and bDn are estimators of the covariance and Dn respectively. To construct ap-

proximately unbiasedestimators for cov[(Yi + 1)=2; � f p̂(X i )gjX n ] and Dn (p̂;X n), we adopt

the technique of data perturbation as in Wang & Shen(2006), as follows.

First, we perturb X i , i = 1; : : : ; n, via its empirical distribution F̂ , and then 
ip the

corresponding label Yi with a certain probability, given the perturbed X i . This generates

perturbations for assessingthe accuracyof probability estimation. To be more precise,for

i = 1; : : : ; n, let

X �
i =

8
><

>:

X i with probability 1 � � ,

~X i with probability � ,
Y �

i =

8
><

>:

Yi with probability 1 � � ,

~Yi with probability � ,
(10)

in which ~X i is sampledfrom F̂ , 0 � � � 1 is the sizeof perturbation, and ~Yi � Bif 1; p̂(X �
i )g,

with p̂(X �
i ) an initial probability estimate of E(Yi jX �

i ). Here and in the sequel,we �x � to

be 0�5.

Denote respectively by E � and cov� the conditional expectation and covariance, given
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X � n = f X �
i gn

i=1 ; Y n = f Yi gn
i=1 . Then we estimate cov[(Yi + 1)=2; � f p̂(X i )gjX n ] by

cbov[(Yi + 1)=2; � f p̂(X i )gjX n ] =
1

K f Yi ; p̂(X �
i )g

cov� [(Y �
i + 1)=2; � f p̂� (X �

i )gjX � n ]; (11)

with p̂� obtained by applying the proposedprobability estimation method to f X �
i ; Y �

i gn
i=1 ,

and

K (Yi ; p̂(X �
i )) = � + � (1 � � )

f Yi � p̂(X �
i )g2

p̂(X �
i )f 1 � p̂(X �

i )g
:

Meanwhile Dn (X n ; p̂) is estimatedby

D̂n (p̂;X n ) = E �
�

�( p̂; p̂� ; X � n) � �( p̂; p̂� ; X n )jX � n
	

: (12)

With (11) and (12), we obtain GbKL
c
(p; p̂) in (9), which canbe computedby Monte Carlo

approximations. First, generateD perturbed samplesX � ln = f X � l
i gn

i=1 accordingto (10) for

l = 1; : : : ; D . Secondly, for each samplef X � l
i gn

i=1 , generateD perturbed samplesf Y � lm
i gn

i =1

according to (10) for m = 1; : : : ; D . Furthermore, for l ; m = 1; : : : ; D and i = 1; : : : ; n,

compute

cbov� [(Y �
i + 1)=2; � f p̂� (X �

i )gjX � n ] =
1

D 2 � 1

DX

l ;m=1

� f p̂� lm (X � l
i )g(Y � lm

i � �Y �
i + 1)=2;

in which p̂� lm is computed by applying the proposed probability estimation method to

f X � l
i ; Y � lm

i gn
i=1 , and �Y �

i = 1
D 2

P D
l;m=1 Y � lm

i . Now (11) and (12) are approximated by the

corresponding Monte Carlo approximation; that is,

cbov[(Yi + 1)=2; � f p̂(X i )gjX n ] l
1

2(D 2 � 1)

DX

l ;m=1

1
K f Yi ; p̂(X � l

i )g
� f p̂� lm (X � l

i )gf (Y � lm
i � �Y �

i )+ 1g;

(13)

D̂n (p̂;X n) l
1

D 2 � 1

DX

l ;m=1

�
�( p̂; p̂� lm ; X � l ;n ) � �( p̂; p̂� lm ; X n )

	
: (14)
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By the law of large numbers, (13) and (14) converge to (11) and (12) respectively, as

D ! 1 . In practice, we recommendD to be at least bn1=2c to ensurethe precisionof the

Monte Carlo approximation. Plugging (13) and (14) into (9), we obtain the �nal estimate

of GKL c(p; p̂).

3�2. Tuning

The performanceof p̂� dependson � , andhenceoptimal selectionof � becomesimportant;

here p̂ is written as p̂� to indicate its dependenceon � . Minimization of (9) over the range

of � > 0 yields the optimal � , denotedby �̂ .

Conditions 1-3concernoptimalit y of selecting� through(9). They areanalogousto those

in Wang & Shen(2006) but di�erent in that consistencyis not required here.

Condition 1. For any positive integersm, n and some� > 0, E sup
� 2 (0;� )

j �̂ (p̂� ; X n)j < + 1 .

Condition 2. In probability, lim
m!1

lim
n!1

sup� jGKL (p; p̂� )=Ef GKL (p; p̂� )g � 1j = 0.

Condition 3. For any positive integersm and n, inf � Ef GKL (p; p̂� )g > 0.

Theorem 2. Under Conditions 1-3, for �̂ the minimizer of (9), we have

lim
m;n !1

�
lim

� ! 0+
GKL (p; p̂�̂ )= inf

0<�< 1
GKL (p; p̂� )

�
= 1:

Theorem2 says that the ideal optimal performanceinf 0<�< 1 GKL (p; p̂� ) can be realized

by GKL (p; p̂�̂ ) when � ! 0+ and m; n ! 1 . Also, the proposedtuning method is optimal

against other tuning methods in terms of the generalizedKullback-Leibler loss.

4. Solution path f or suppor t vector machines

This sectiondevelopsa solution path algorithm for support vector machinesto facilitate

computation. One direct bene�t of the algorithm is that, given an initial solution for the

path algorithm, the m support vector machines classi�ers with di�erent weights in Step 2

there can be trained at essentially the samecost of training one support vector machines

classi�er. Our solution path algorithm heredi�ers from that of Hastie et al. (2004) in that
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it is with respect to � instead of � .

To derive the solution path of (3) asa function of � , we expressthe solution of (3) with

L(z) = (1 � z)+ as f̂ � (x) = � 0 + (n� ) � 1
P n

i=1 � i (� )yi K (x; x i ) by the reproducing kernel

Hilbert spacerepresentation theorem of Kimeldorf & Wahba (1971). As is to be seen,

� (� ) = (� 1(� ); : : : ; � n (� ))T is piecewiselinear in � for any �xed value of � , where � i �

� i (� ) 2 [0; S(yi )] with S(yi ) = 1 � � if yi = 1 and S(yi ) = � otherwise. On this basis,we

derive an e�cien t algorithm for computing an exact solution path of � (� ), thus of f̂ � (x), for

0 < � < 1.

Before deriving an algorithm for computing the solution path, we rewrite (3) as, after

introducing slack variables� i , i = 1; : : : ; n, as

min
� 0 ;�

nX

i =1

S(yi )� i +
1

2n�
� T K y � (15)

subject to 1 � yi f (x i ) � � i and � i � 0, i = 1; : : : ; n, where K y is an n � n matrix with

its (i; i
0
) element yi yi 0K (x i ; x i 0). Then (15) yields a primal function L p �

P n
i=1 S(yi )� i +

(2n� )� 1� T K y � +
P n

i=1 � i f 1 � yi f (x i ) � � i g �
P n

i=1 
 i � i ; with � i � 0 and 
 i � 0 Lagrange

multipliers. Setting the derivativesof L p to be zero,we obtain

@Lp

@�
: � i = � i ;

@Lp

@� 0
:

nX

i =1

� i yi = 0;
@Lp

@� i
: � i = S(yi ) � 
 i ; (16)

with the Karush-Kuhn-Tucker conditions

� i f 1 � yi f (x i ) � � i g = 0; 
 i � i = 0: (17)

From (16), 0 � � i � (1 � � ) if yi = 1 and 0 � � i � � if yi = � 1, because
 i � 0 for

i = 1; : : : ; n, implying that (1) yi f (x i ) > 1 ) � i = 0; � i = 0; (2) yi f (x i ) < 1 ) � i 6= 0; 
 i = 0,

� i = S(yi ); and (3) yi f (x i ) = 1 ) � i = 0, � i 2 [0; S(yi )]. Note that � i = � i for all 0 � � � 1.
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Following an idea of Hastie et al. (2004), we de�ne three setsto track the solution path

in � basedon precedingrelationships: E = f i : yi f (x i ) = 1; 0 � � i � S(yi )g represents an

elbow; L = f i : yi f (x i ) < 1; � i = S(yi )g represents left of the elbow; and R = f i : yi f (x i ) >

1; � i = 0g represents right of the elbow. For L and R, � i remainsknown for their elements.

Therefore,the algorithm will focuson points resting at the elbow E.

For our path algorithm, a value of � near the origin is initialized to computethe solution

of � (� ) through Algorithm 1, and then the value of � increasestoward 1. As � increases,

points move from left of the elbow to the right of the elbow or vice versa. In this process,

their corresponding � i 's changefrom S(yi ) towards 0, implying that the points must linger

on the elbow by continuity while their � i 's changefrom S(yi ) to 0.

The algorithm thus tracks the elements in E, satisfying yi f (x i ) = 1 with � i 2 [0; S(yi )].

As � increases,when one element begins to change, an event occurs. Such an event can

be categorizedas follows: an element from L has just entered into E with � i to be initially

S(yi ); an element from R hasjust entered into E with � i to be initially 0; and an element(s)

from E has/have just left E to join either L or R.

In what follows, we use the subscript ` to index the precedingsets El , L l and R l , as

well as parameter and function values (� `
i ; � `

0; � ` ) and f ` , immediately after the `th event

has occurred. For convenience,write � 0;� = n�� 0 and � `
0;� = n�� `

0. Note that f (x) =

(n� )� 1 (� 0;� +
P n

i=1 � i yi K (x; x i )). Then, for � ` < � < � `+1 ,

f (x) =
�

f (x) � f ` (x)
	

+ f ` (x) =
1

n�

(
�
� 0;� � � `

0;�

�
+

nX

i =1

�
� i � � `

i

�
yi K (x; x i )

)

+ f ` (x)

=
1

n�

(
�
� 0;� � � `

0;�

�
+

X

i 2E `

(� i � � `
i )yi K (x; x i )

)

�
1

n�

X

i 2L `

(� � � `)K (x; x i ) + f ` (x);

where the secondequality usesthe fact that the � i 's are �xed for elements in R ` and are

either (1 � � ) or � for elements in L ` , and all elements remain in their respective sets. Let
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jE` j = n`
E. Then, for any element k staying in E` ,

yk

n�

(
�
� 0;� � � `

0;�

�
+

X

i 2E `

(� i � � `
i )yi K (xk ; x i )

)

�
yk

n�

X

i 2L `

(� � � ` )K (xk ; x i ) + yk f ` (xk) = 1:

This implies that � 0yk +
P

i 2E ` � i ykyi K (xk ; x i ) = (� � � ` )yk
P

i 2L ` K (xk ; x i ), for all k 2 E`

with � i = (� i � � `
i ) and � 0 = (� 0;� � � `

0;� ). By (16),
P

i 2E ` � i yi = (� � � ` )n`
L . Thus we solve

a systemof n`
E + 1 linear equationsinvolving the n`

E + 1 unknown variables� i and � 0.

Let K `
y be an n`

E � n`
E matrix with its entries ykyi K (xk ; x i ) for i; k 2 E` , let y`

E be the

vector with components yk ; k 2 E` , let � be a vector with components � i for i 2 E` , and let

K `
y be a vector with components yk

P
i 2L ` K (xk ; x i ); k 2 E` . Then

� 0y`
E + K `

y � = (� � � ` )K `
y ; � 0y`

E = (� � � `)n`
L : (18)

To simplify (18) further, we let

K �
y =

0

B
@

0 (y`
E)0

y`
E K `

y

1

C
A ; � � =

0

B
@

� 0

�

1

C
A ; K �

y =

0

B
@

n`
L

K `
y

1

C
A :

Then equationsin (18) canbe combined to be K �
y � � = (� � � ` )K �

y . If K �
y hasfull rank, de�ne

b� = (K �
y)� 1K �

y to yield

� 0;� = � `
0;� + (� � � `)b�

0; � i = � `
i + (� � � ` )b�

i ; for all i 2 E` : (19)

Thus, for � ` < � < � `+1 , the � i and � 0;� proceedlinearly in � . Also,

f (x) = f ` (x) + (� � � ` )h` (x); (20)

whereh` (x) = (n� ) � 1
�

b�
0 +

P
i 2E ` b�

i yi K (x; x i ) �
P

i 2L ` K (x; x i )
	

:

13



Given � ` , (19) and (20) permit computation of � `+1 , the � at which the next event occurs.

This will be the smallest � greater than � ` such that either � i for i 2 E` reachesS(yi ) or 0,

or oneof the elements in R or L reachesthe elbow. The latter event occurs for element xk

when � = � ` + f 1 � yk f `(xk)gf ykh` (xk)g� 1, for all k 2 R ` [ L ` . Termination occurswhen �

hasbecomesu�cien tly closeto 1.

5. Numerical resul ts

5�1. Preamble

This sectionexaminesthe e�ectivenessof the proposedmethod, and comparesit to some

popular competitors, mainly the Platt method (Platt, 1999), penalized logistic regression

and the nearestneighbour method, although thesemethods may have di�erent objectives.

A primary comparisonis madewith respect to accuracyof probability estimation. However,

when a method is suited to classi�cation, its accuracy with respect to the generalization

error is examinedas well.

In simulated examples,the generalizedKullback-Leibler loss over a test set is usedfor

evaluating probability estimation when the true p is known. In benchmark exampleswhen

p is unknown, the crossentropy error over a test set is used,de�ned as

CRE(p̂) = �
1

# f test setg

X

test set

h1
2

(1 + yi ) logf p̂(x i )g +
1
2

(1 � yi ) logf 1 � p̂(x i )g
i
;

where# f Ag is the cardinality of set A.

5�2. Simulation

The proposedmethod is examined for support vector machines and  -learning in the

linear and Gaussiankernel cases,wheresupport vector machinesare trained using the svm

routine in packagee1071of R2�1�1 and  -learning is carried out as in Liu et al. (2005)based

on the di�erence convex algorithm. For penalizedlogistic regression,training is performed

through routine StepPlr in R2�1�1. For the nearestneighbour method, it is implemented as
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in R2�1�1.

For our method, the Platt method and penalizedlogistic regression,we seekthe optimal

� by minimizing (9) through a grid search over interval [10� 3; 103] with ten equally-spaced

points in each interval (10j ; 10j +1 ]; j = � 3; : : : ; 2. For Gaussiankernel support vector

machines, � is set to be the median distance between the positive and negative classes

(Jaakkola et al., 1999), because� plays a similar role to that of � 2 and it is easier to

optimize with respect to � with � 2 �xed. For the nearestneighbour method, we examine

methods basedon 4, 9, 16, 25 nearestneighbours and report the best performance.

Example 1. Data f (X i 1; X i 2; Yi ); i = 1; : : : ; 1000g are generated as follows. First,

f (X i 1; X i 2); i = 1; : : : ; 1000g are sampled from the uniform distribution over a unit disk

f (X 1; X 2) : X 2
1 + X 2

2 � 1g. Next, we set Yi = 1 if X i 1 � 0 and Yi = � 1 otherwise,

i = 1; : : : ; n. Finally, we randomly choose20% of the sampleand 
ip their labels to gen-

erate the nonseparablecase.This yields the �rst simulated example,in which 100 and 900

randomly selectedcasesare usedfor training and testing, respectively.

Example 2. Data f (X i 1; X i 2; Yi ); i = 1; : : : ; 1000g are generatedas follows. First, we

randomly assign � 1 to f Yi ; i = 1; : : : ; 1000g with equal probability. Next, we generate

X i 1 from the uniform distribution over [0; 2� ], and set X i 2 = Yi f sin(X i 1) + 1 + Z i g, where

Z i � N (0; 0�12). This yields the secondsimulated examplewith 100randomly selectedcases

usedfor training and the remaining 900 for testing.

With regardto probability estimation, the valueof generalizedKullback-Leibler lossin (5)

is averagedover 100 simulation replications. Unfortunately, however, for penalizedlogistic

regressionand the nearestneighbour method, the value of generalizedKullback-Leibler is

in�nit y when the estimatedprobability becomesexactly 0 or 1. To overcomethis di�cult y,

we averageover only 66 nondegeneratereplications for penalized logistic regression,and

leave a blank for the nearestneighbour method in Example 2 in the caseof nondegenerate

replications. With regardto classi�cation, the test error is usedto measurethe performance,
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averagedover nondegeneratereplications. Finally, the value of crossentropy error is given

to seehow well the crossentropy error estimatesthe generalizedKullback-Leibler loss. The

simulation results are summarizedin Tables1 and 2.

Tables1 and 2 about here

Our method outperformsthe original and tuned forms of Platt method, in all the exam-

pleswith the linear and Gaussiankernels. The amount of improvement of our method over

the original Platt method rangesfrom 2�58%to 9�14%. In addition, our method outperforms

the nearestneighbour method in probability estimation as well as in classi�cation, and it

outperforms penalized logistic regressionin classi�cation but yields a comparableperfor-

mancein probability estimation. This says that a method such as support vector machines

or  -learning that targets classi�cation is able to achieve the performanceof penalizedlo-

gistic regression,which is designedfor probability estimation. Also, it seemsthat the value

of generalizedKullback-Leibler lossis reasonablywell estimatedby the crossentropy error.

Figure 1 about here

Finally, Figure 1 illustrates the piecewise-linearsolution paths of the coe�cien ts of the

linearly weighted support vector machines in Example 1. Interestingly, there appear to be

two roughly 
at regionsof the coe�cien ts for � in [0,0�2] and [0�8,1]. The corresponding

solutions f̂ � (x) are approximately 1 and -1 for � in [0,0�2] and [0�8,1], respectively. This is

becausethe true conditional probability in Example 1 is either 0�2 or 0�8.

5�3. Benchmarksdatasets

We now examine four benchmark examples,called Liver, Mushroom, Ionosphereand

Diabetes and available from the University of California at Irvine repository of machine

learning databasesat http://www.ics.uci.edu/ ~mlearn/MLRepository.html. In each exam-

ple, we randomly choose100casesfor training and the remainder for testing.
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For each pair of training and testing sets, tuning is conductedover � for each method,

using the same grid over the interval [10� 3; 103] as in the simulated examples. For the

Gaussiankernel case,� is set to be the median distancebetweenthe positive and negative

classes.Moreover, the original Platt method and the tuned Platt method are computed to

illustrate that Platt's original proposalcan be further enhancedby tuning.

The value of generalizedKullback-Leibler lossas estimated by the crossentropy error,

averagedover 100simulation replicates,is usedfor evaluation.

Tables3 and 4 about here

As suggestedby Table 3, our method outperforms the Platt method in all casesexcept

in the Ionosphereexample. The improvement of our method over the original Platt method

ranges from 3�49% to 48�2%. On average, the improvement is more substantial for the

Gaussiankernelcasethan for the linear case.The performanceof our method with  -learning

appearsto be slightly better than that of support vector machines. This indicates that the

better classi�cation performancein theseexamplestranslates into better estimation of the

classprobability. Furthermore, the tuned Platt method yields uniformly better performance

than the original Platt method, with improvement ranging from 1�04% to 49�0%. Table 4

shows that our method with  -learning outperforms both nearestneighbour method and

penalizedlogistic regressionin classi�cation and probability estimation in theseexamples.

6. An applica tion to micr oarra y dat a

This sectionappliesthe proposedmethod to DNA microarray data concerningdiagnosisof

leukaemia(Golub et al., 1999)available at http://www.broad.mit.edu /cg i-bi n/ca ncer /

datasets.cgi . This data set consistsof 72 patients with 7,129genesexpressedfor each

patient. Through patients' geneexpressions,two typesof acute leukaemiaarediscriminated,

acute myeloid leukaemiaand acute lymphoblastic leukaemia.

Clearly, the number of genesgreatly exceedsthe samplesize, which is typical for mi-

croarray data. As a result, conventional methods can not handle data of this type without
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the removal of some`irrelevant' genesbefore discrimination; seeGolub et al. (1999) for

a prescreeninganalysis, and Guyon et al. (2002) and Guyon & Elisse� (2003) for feature

selection.

For discrimination, we apply linear support vector machines and  -learning to all 7129

genesfor three reasons.First, support vector machines and  -learning are capableof pro-

cessingsuch data e�cien tly becauseof the usageof dual forms (Vapnik, 1998; Liu et al.,

2005),whereasa conventional method can not do so. Secondly, prescreeningdoesnot take

into account the joint behaviour of genes. Thirdly , linear classi�cation appears adequate

here(Guyon et al., 2002).

To crossvalidate the performanceof classi�cation and probability estimation, wesplit the

datasetinto a training setof 38patients anda test setof 34patients. For the training and test

sets,11 and 27 patients, and 14 and 20 patients su�ered acute myeloid leukaemiaand acute

lymphoblastic leukaemia,respectively. The accuracyof classi�cation is measuredby the test

error, where the accuracyof probability estimation is measuredby the estimated value of

generalizedKullback-Leibler loss. Note that we do not include penalizedlogistic regression

and the nearest neighbour method in this example since both of them yield degenerate

estimatesin this high dimensionalexample.

Table 5 about here

For this dataset, support vector machines misclassifytwo samples,which is in contrast

to onemisclassi�edsamplefor  -learning. To seethe strength of prediction, we computethe

classprobability at each observed input value in the test set. For support vector machines

and  -learning, an estimated classprobability of having acute myeloid leukaemia for each

patient is near 0�975, except for patients 60 and 66, who are wrongly classi�ed by support

vector machines with estimated probabilities of 0�025 for them, and for patient 66, who is

wrongly classi�ed by  -learningwith an estimatedprobability of 0�025. This indicatesstrong

con�denceof the cancerdiscrimination.

18



We now examinethe overall performanceof our method and the Platt method in support

vector machinesand  -learning. As indicated in Table5, our proposedmethod yieldsa more

accurateclassprobability estimate than the Platt method in terms of the estimated gener-

alized Kullback-Leibler loss. The amount of improvement of our method over the original

Platt method is 29�7% for support vector machines and 22�2% for  -learning. Moreover,

 -learning yields better performancethan support vector machines in all cases.

In summary, our method appearsto perform well in this `high dimensionbut low sample

size' situation. In contrast, the Platt method deterioratessubstantially , partly becausethe

link function (1) breaksdown.

7. Asymptotic theor y

In literature, fast convergencerates have been derived under various conditions for  -

learning (Shenet al., 2003)and for support vector machines;seeSteinwart & Scovel (2007),

an unpublishedmanuscript by G. Blanchard, O. Bousquet,P. Massart and an unpublished

University of Leiden technical report by B. Tarigan, & S. van de Geer. However, asymptotic

results about probability estimation for margin classi�cation remain unavailable.

This sectiondevelopsa novel theory for the proposedprobability estimator p̂ asmeasured

by the L1-norm kp̂ � pk1 = Ejp̂(X ) � p(X )j, in terms of the tuning parameter � , the

complexity of F and (m; n), where F is the classof candidate functions and is allowed to

depend on n. Here the generalizedKullback-Leibler lossis not consideredbecauseit su�ers

from the di�cult y of degeneracywhen p̂ = 0 or 1, thus requiring stronger assumptions.

Let eV (f ; �f � ) = Ef V(f ; Z ) � V ( �f � ; Z )g with V(f ; z) = S(y)Lf yf (x)g a weighted margin

lossde�ned in (3). The following assumptionsare made.

Assumption 1. (Approximation error) For somepositive sequencesuch that sn ! 0 as

n ! 1 , there exists f �
� 2 F such that eV (f �

� ; �f � ) � sn .

Assumption 1 is analogousto Assumption A in Shenet al. (2003), and ensuresthat the

Bayesrule �f � is well approximated by F .
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De�ne a truncated V by V T (f ; z) = V(f ; z) if V(f ; z) � T and V T (f ; z) = T otherwise

for any f 2 F and some truncation constant T such that maxf V( �f � ; z); V(f �
� ; z)g � T

almost surely, and eV T (f ; �f � ) = Ef V T (f ; Z ) � V( �f � ; Z )g.

Assumption 2. (Conversion formula) There exist constants 0 � � < 1 , 0 � � � 1,

a1 > 0 and a2 > 0 such that, for any su�cien tly small � > 0,

sup
f f 2F : eV T (f ; �f � )� � g

k sign(f ) � sign( �f � )k1 � a1� � ; (21)

sup
f f 2F : eV T (f ; �f � )� � g

varf V T (f ; Z ) � V( �f � ; Z )g � a2� � : (22)

Assumption 2 describes local smoothnessof k sign(f ) � sign( �f � )k1 and varf V T (f ; Z ) �

V ( �f � ; Z )g within a neighbourhood of f � . The exponents � and � depend on the joint distri-

bution of (X ; Y). The mean-variancerelationship hereis implied by Tsybakov's assumption

(Tsybakov, 2004),and thus is weaker (Shen& Wang, 2006). A similar assumptionhasbeen

usedin Shen& Wong (1994) in quantifying the ratesof convergencefor function estimation.

Next, we de�ne the L 2-metric entropy with bracketing that measuresthe cardinality of

F . Given any � > 0, de�ne f (f l
m ; f u

m )gM
m=1 to be an � -bracketing function set of F if for any

f 2 F , thereexistsan m such that f l
m � f � f u

m and kf l
m � f u

m k2 � � for m = 1; : : : ; M . Then

the L2-metric entropy with bracketing HB (�; F ) is de�ned asthe logarithm of the cardinality

of the smallest� -bracketing function setof F . Let F V (k) = f V T (f ; z) � V(f �
� ; z) : f 2 F (k)g,

F (k) = f f 2 F : J (f ) � kg, J (f ) = 1
2kf k2

K and J �
� = maxf J (f �

� ); 1g.

Assumption 3. (Metric entropy) For someconstants ai > 0, i = 3; : : : ; 5 and � n > 0,

sup
k� 2

� (� n ; k) � a5n1=2; (23)

where � (�; k) =
Ra1=2

3 L � =2

a4L H 1=2
B f w; F V (k)gdw=L, and L = L(�; �; k) = minf � 2 + � (k=2 �

1)J �
� ; 1g.
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Theorem 3. Under Assumptions1-3, for the estimator p̂ obtained from Algorithm 1, there

existsa constant a6 > 0 suchthat

pr
�

kp̂ � pk1 �
1

2m
+

1
2

a1(m + 1)� 2�
n

�
� 3�5expf� a6n(�J �

� )2� � g;

provided that � � 1 � 4� � 2
n J �

� , where � 2
n = minf max(� 2

n ; sn ); 1g .

Corollary 1. Under the assumptionsin Theorem 3,

kp̂ � pk1 = Op

�
1
m

+ a1(m + 1)� 2�
n

�
; Ekp̂ � pk1 = O

�
1
m

+ a1(m + 1)� 2�
n

�
;

provided that n(�J �
� )2� � is bounded away from 0.

Theorem3 and Corollary 1 provide probability and risk boundsfor kp̂ � pk1. They also

suggestthe ideal m to be of order O(� � �
n ), yielding the fast rate of O(� �

n ) for Ekp̂ � pk1.

To illustrate the phenomenonmentioned in x1, considernonlinear classi�cation by  -

learning with the Gaussiankernel in Example 1. There X = (X 1; X 2) is sampledfrom the

uniform distribution over the unit disk f (X 1; X 2) : X 2
1 + X 2

2 � 1g, and pr(Y = 1jX ) = 0�8

if X 1 � 0 and 0�2 otherwise. In this example,the candidate function classF is f f : f (x) =
P n

i=1 � i K (x i ; x) + bg with Gaussiankernel K (s; t) = exp(�k s � tk2=� 2).

To apply Corollary 1, we verify Assumptions1-3. For Assumption 1, note that F is rich

for su�cien tly large n in that, for any continuousfunction f , there existsa ~f 2 F such that

kf � ~f k1 � � 2
n (Steinwart, 2001). This implies that there exists a function ~f � 2 F such

that kf � � ~f � k1 � � 2
n . Choosef �

� = ~f � 2 F . Then k sign(f �
� ) � sign(f � )k1 = 2prf sign(~f � ) 6=

sign(f � )g � 2pr(jf � j � � 2
n ) � 4� 2

n , where � n is de�ned below. By construction of f �
� , there

exists a constant c1 > 0 such that eV (f �
� ; �f � ) � E jV(f �

� ; Z ) � V( �f � ; Z )j � c1� 2
n .

For (21) in Assumption2, wehavethat jf � j = jp(x)� � j � minfj � � 0�2j; j� � 0�8jg > � and

e� (f ; �f � ) = Ef l(f ; Z )� l( �f � ; Z )g = Ejf � jj sign( �f � )� sign(f )j � � E j sign( �f � )� sign(f )jI (jf � j �
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� ) = � E j sign(f � ) � sign(f )j with l(f ; z) = S(y)f 1 � sign(yf (x))g for a su�cien tly small

constant 0 < � < minfj � � 0�2j; j� � 0�8jg. Thus, E j sign(f ) � sign( �f � )j � � � 1e� (f ; �f � ) �

� � 1eV T (f ; �f � ), implying (21) with � = 1. For (22) in Assumption2, by the triangle inequality,

varf V T (f ; Z ) � V (f �
� ; Z )g � TEjV T (f ; Z ) � V ( �f � ; Z )j � T(� 1 + � 2), where� 1 = Ejl(f ; Z ) �

V ( �f � ; Z )j = EjS(Y)jj sign(f ) � sign( �f � )j � k sign(f ) � sign( �f � )k1 � � � 1eV T (f ; �f � ), and

� 2 = Ef V T (f ; Z ) � l(f ; Z )g = Ef V T (f ; Z ) � V( �f � ; Z )g+ Ef l( �f � ; Z ) � l(f ; Z )g � 2eV T (f ; �f � ).

Therefore(22) holds with � = 1.

By Lemma A1, we have that HB f �; F V (k)g � O[f log(k=�)g3] for any k. Further-

more, let � 1(�; k) = a3f log(1=L1=2)g3=2=L1=2 with L = L(�; �; k). Solving (23) yields � n =

f n� 1(log n)3g1=2 when C2=J0 � � � 2
n n� 1 � (log n) � 3.

By Corollary 1, Ekp̂ � pk1 = O
�

1
m + a1(m + 1)n� 1(logn)3

	
. This also implies that

Ekp̂ � pk1 = O
�

n� 1=2(log n)3=2
	

with a choiceof m = n1=2(logn)3=2.

In summary, a fast rate n� 1=2(logn)3=2 is realizedby our proposedestimator p̂, whereas

the classi�cation accuracy of  -learning as measuredby the generalization error in this

exampleis of order n� 1(logn)3 (Liu & Shen,2006). This con�rms our discussionin x1.
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Appendix

Proofs

Proof of Lemma 1. We �rst show the caseof L(z) = (1 � z)+ . The minimizer f̂ (x) must

take valuesin [� 1; +1], sinceES(Y)Lf Yf (X )g � ES(Y)Lf Yf � 1(X )g with f � 1 = f when

jf j � 1 and f � 1 = sign(f ) otherwise. When f (x) takesvaluesin [� 1; +1], f 1 � Yf (X )g+ =

1 � Yf (X ). Thus minimization of (4) becomesminf ES(Y)f 1 � Y f (X )g = ES(Y) �

maxf E[Ef S(Y)YjX gf (X )]. Furthermore, Ef S(Y)YjX g = pr(Y = 1jX )(1 � � ) � f 1 �
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pr(Y = 1jX )g� = pr(Y = 1jX ) � � , yielding the minimizer of (4) to be signf pr(Y =

1jX ) � � g.

For the caseof L(z) =  (z), note that minf ES(Y)[1� Y signf f (X )g] yieldssignf pr(Y =

1jX ) � � g following the sameargument as in caseof L(z) = (1 � z)+ . The desiredresult

follows becauseES(Y) f Yf (X )g � ES(Y)[1 � Y signf f (X )g] and ES(Y) [Y signf pr(Y =

1jX ) � � g] = ES(Y)[1 � Y signf pr(Y = 1jX ) � � g].

Proof of Theorem 1. It is easyto show that minimizing (7) with respect to � yields that

� (p̂; X n) = Ef GKL c(p; p̂)jX ng � Ef EGKL (p̂)jX ng, which can be simpli�ed to

E
�
� E logf 1 � p̂(X )g � E p(X ) log

p̂(X )
1 � p̂(X )

�
�
�
� X n

�
� E

"

� n� 1
nX

i =1

logf 1 � p̂(X i )g

� n� 1
nX

i =1

p(X i ) log
p̂(X i )

1 � p̂(X i )
� n� 1

nX

i =1

�
1
2

(Yi + 1) � p(X i )
�

log
p̂(X i )

1 � p̂(X i )

�
�
�
�
�
X n

#

= n� 1
nX

i =1

cov
�

1
2

(Yi + 1); log
p̂(X i )

1 � p̂(X i )

�
+ E

�
�( p; p̂; X n ) � �� (p; p̂)jX n

	
:

where ��( p; p̂) and �( p; p̂; X n) are as de�ned in x3�1.

Proof of Theorem 2. The proof is similar to that of Theorem2 in Wang & Shen(2006),and

thus is omitted.

Proof of Theorem 3. We �rst introduce somenotation. Let n� 1
P n

i=1
eV(f ; Z i ) be the pe-

nalized cost function to be minimized with eV(f ; z) = V(f ; z) + �J (f ), and eV T (f ; z) =

V T (f ; z) + �J (f ). We alsode�ne the scaledempirical process,En f eV T (f ; Z ) � eV(f �
� ; Z )g, as

n� 1 P n
i=1

h
eV T (f ; Z i ) � eV(f �

� ; Z i ) � E f eV T (f ; Z i ) � eV(f �
� ; Z i )g

i
= En f V T (f ; Z ) � V(f �

� ; Z )g:

It follows from the de�nition of f̂ � and V T � V that

prf eV T (f̂ � ; �f � ) � � 2
ng � pr�

"

sup
eV T (f ; �f � )� � 2

n

n� 1
nX

i =1

f eV(f �
� ; Z i ) � eV(f ; Z i )g � 0

#

� pr�

"

sup
eV T (f ; �f � )� � 2

n

n� 1
nX

i =1

f eV(f �
� ; Z i ) � eV T (f ; Z i )g � 0

#

= � ;
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wherepr� denotesthe outer probability measure.

To bound �, we partition f f 2 F : eV T (f ; �f � ) � � 2
ng into a union of As;t , with As;t =

f f 2 F : 2s� 1� 2
n � eV T (f ; �f � ) < 2s� 2

n ; 2t � 1J �
� � J (f ) < 2tJ �

� g and As;0 = f f 2 F : 2s� 1� 2
n �

eV T (f ; �f � ) < 2s� 2
n ; J (f ) < J �

� g, for s; t = 1; 2; : : :. Then it su�ces to bound the corresponding

probability over each As;t . Towards this end, we needto bound the �rst and secondmoment

of eV T (f ; Z ) � eV(f �
� ; Z ) over f 2 As;t . Without lossof generality, assumethat 4sn < � 2

n < 1,

J (f �
� ) � 1, and thus J �

� = maxf J (f �
� ); 1g = J (f �

� ).

For the �rst moment, using the assumptionthat �J (f �
� ) � � 2

n=2, we have that

inf
A s;t

Ef eV T (f ; Z ) � eV(f �
� ; Z )g � M (s; t) = 2s� 1� 2

n + � (2t � 1 � 1)J (f �
� );

inf
A s; 0

Ef eV T (f ; Z ) � eV(f �
� ; Z )g � (2s� 1 � 3=4)� 2

n � M (s;0) = 2s� 3� 2
n ;

for any s; t = 1; 2; : : :.

For the secondmoment, it follows from Assumption 2 and the fact that varf V T (f ; Z ) �

V (f �
� ; Z )g � 2

h
varf V T (f ; Z ) � V ( �f � ; Z )g + varf V T (f �

� ; Z ) � V( �f � ; Z )g
i

that

sup
A s;t

varf eV T (f ; Z ) � eV(f �
� ; Z )g = sup

A s;t

varf V T (f ; Z ) � V (f �
� ; Z )g � a3M (s; t) � = v2(s; t);

for any s; t = 1; 2; : : : and someconstant a3 > 0.

Now we obtain � � � 1 + � 2, with � 1 =
P 1

s;t=1 pr� [supA s;t
En f eV T (f ; Z ) � eV(f �

� ; Z )g �

M (s; t)] and � 2 =
P 1

s=1 pr� [supA s; 0
En f eV T (f ; Z ) � eV(f �

� ; Z )g � M (s;0)]. Next we bound � 1

and � 2 separatelyusingTheorem3 of Shen& Wong(1994). For � 1, we verify the conditions

(4�5)-(4�7) there. Using the fact that
RaM (s;t )

v(s;t ) H 1=2
B f w; F V (2w)gdw=M (s; t) is nonincreasing

in s and M (s; t) for s = 1; : : :, we have

Z aM (s;t )

v(s;t )
H 1=2

B f w; F V (2t )gdw=M (s; t) �
Z a3M (1;t ) � =2

aM (1;t )
H 1=2

B f w; F V (2t )gdw=M (1; t) � � (� n ; 2t );
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with a = 2a4� . Then Assumption 3 implies (4�5)-(4�7) in Shen& Wong (1994)with � = 1=2,

the choicesof M (s; t) and v(s; t) and someconstants ai > 0 for i = 3; 4. It follows from

Theorem3 of Shen& Wong (1994) that, for someconstant 0 < � < 1,

� 1 �
1X

s;t=1

3exp
�
�

(1 � � )nM 2(s; t)
2f 4v2(s; t) + M (s; t)T=3g

�
�

1X

s;t=1

3exp
�
� a6nf M (s; t)g2� �

�

�
1X

s;t=1

3exp
�
� a6nf 2s� 1� 2

n + � (2t � 1 � 1)J �
� g2� �

�

� 3exp
�

� a6n(�J �
� )2� �

	
=

�
1 � expf� a6n(�J �

� )2� � g
� 2

:

Similarly, � 2 � 3expf� a6n(�J �
� )2� � g=[1� expf� a6n(�J �

� )2� � g]2. Combining the boundsfor

� i , i = 1; 2, we have � 1=2 � (5=2 + � 1=2) expf� a6n(�J �
� )2� � g. Then � = prf eV T (f̂ � ; �f � ) �

� 2
ng � 3�5expf� a6n(�J �

� )2� � g because� 1=2 � 1. It follows from (21) that

prfk sign(f̂ � ) � sign( �f � )k1 � a1� 2�
n g � 3�5expf� a6n(�J �

� )2� � g: (24)

Next we establisha connectionbetween kp̂ � pk1 and k sign(f̂ � ) � sign( �f � )k1. For j =

1; : : : ; m + 1, let � j = f x : sign(f̂ � j (x)) 6= sign( �f � j (x))g. Then k sign(f̂ � j ) � sign( �f � j )k1 =

2EI (� j ). It can be shown that
�

2EI (� j ) � a1� 2�
n ; j = 1; : : : ; m + 1

	
�

�
E I

� S m+1
j =1 4 j

�

� 1
2(m + 1)a1� 2�

n

	
. Moreover, f x : jp̂(x) � p(x)j � 1

2m g implies that f x : j� � � � � j >

1
m or p(x) =2 [� � ; � � ]g and f x : j� � � � � j > 1

m or p(x) =2 [� � ; � � ]g occursonly if there is some

1 � j � m + 1 such that signf f̂ � j (x)g 6= signf �f � j (x)g. To be speci�c, we have
S m+1

j =1 4 j �
�

x : j� � � � � j > 1
m or p(x) =2 [� � ; � � ]

	
�

�
x : jp̂(x) � p(x)j � 1

2m

	
= B. Therefore,

(

EI

 
m+1[

j =1

4 j

!

�
1
2

(m + 1)a1� 2�
n

)

�
�

E I (B) �
1
2

(m + 1)a1� 2�
n

�
�

�
kp̂ � pk1 �

1
2m

+
1
2

(m + 1)a1� 2�
n

�
:
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Finally, prfk p̂ � pk1 � 1
2m + 1

2(m + 1)a1� 2�
n g � prf9 j : k sign(f̂ � j ) � sign( �f � j )k1 � a1� 2�

n g.

The desiredresult follows from (24).

LemmaA1. Under the assumptionsin x7, we haveHB f �; F V (k)g � O[f log(k=�)g3].

Proof: From the result of Example 4 in Zhou (2002), H1 f �; F (k)g � Of log(k=�)3g under

the L1 � metric, kf k1 = supx2R 2 jf (x)j. Note that, for functions f l and f u, kV T (f l ; �) �

V T (f u; �)k2 � kf l � f uk2 � kf l � f uk1 , implying that HB f �; F V (k)g � H1 f �; F (k)g. The

desiredresult then follows.
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Table 1: Simulation study. Averagedtrue and estimated values of generalizedKullback-

Leibler loss for the original and tuned Platt methods and our new method basedon 100

simulation with estimated standard errors in parentheses. Tuning is performed as in x3�2.

Valuesquoted are the true generalizedKullback-Leibler loss (GKL ) and the crossentropy

(CRE) error over the test set.

Platt Tuned Platt New method
Classi�er1

GKL CRE GKL CRE Improv. GKL CRE Improv.

Example 1

SVM G 0�581 0�548 0�569 0�547 2�06% 0�566 0�540 2�58%

(0�0028) (0�0027) (0�0015) (0�0015) (0�0014) (0�0013)

SVM L 0�587 0�553 0�585 0�551 0�34% 0�570 0�547 2�90%

(0�0014) (0�0014) (0�0013) (0�0013) (0�0015) (0�0017)

 G 0�582 0�551 0�569 0�549 2�23% 0�562 0�539 3�44%

(0�0031) (0�0029) (0�0015) (0�0015) (0�0015) (0�0014)

 L 0�586 0�553 0�584 0�550 0�34% 0�561 0�536 4�27%

(0�0014) (0�0013) (0�0013) (0�0013) (0�0015) (0�0018)

Example 2

SVM G 0�158 0�154 0�153 0�150 3�16% 0�153 0�148 3�16%

(0�0016) (0�0014) (0�0013) (0�0013) (0�0010) (0�0010)

SVM L 0�172 0�173 0�171 0�171 0�58% 0�160 0�158 6�80%

(0�0010) (0�0010) (0�0009) (0�0009) (0�0009) (0�0009)

 G 0�167 0�163 0�157 0�154 5�99% 0�153 0�151 8�38%

(0�0024) (0�0026) (0�0015) (0�0015) (0�0018) (0�0019)

 L 0�175 0�174 0�171 0�170 2�29% 0�159 0�157 9�14%

(0�0018) (0�0019) (0�0010) (0�0010) (0�0014) (0�0015)

1Improv. denotesthe improvements relative to the original Platt method. SVM L and SVM G denote the
support vector machines with linear and Gaussiankernels respectively;  L and  G denote the  -learning
with linear and Gaussiankernelsrespectively.
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Table 2: Simulation study. Averagedvaluesof generalizedKullback-Leibler lossesand pre-

diction error ratesfor penalizedlogistic regressionandnearestneighbour andour newmethod

with  -learningbasedon 66 simulation replicationswith estimatedstandard errors in paren-

theses. Tuning is performed as in x3�2 and Wang & Shen(2006). Values quoted are the

generalizedKullback-Leibler loss(GKL ) and the prediction error rate (TE ) over the test set.

GKL for probabilit y estimation TE for classi�cation
Method2

NN PLR New NN PLR New

Example 1 0�582 0�579 0�552 0�232 0�258 0�217

(0�0014) (0�0021) (0�0010) (0�0015) (0�0053) (0�0021)

Example 2 - 0�138 0�149 0�089 0�075 0�069

- (0�0024) (0�0013) (0�0020) (0�0018) (0�0014)

2PLR denotes the penalized logistic regression,NN denotes the method of nearest neighbour and New
denotesour new method.
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Table 3: Benchmark datasets.Averagedtrue and estimatedvaluesof generalizedKullback-

Leibler loss for the original and tuned Platt methods and our new method basedon 100

simulation with estimated standard errors in parentheses. Tuning is performed as in x3�2.

Valuesquoted are the true generalizedKullback-Leibler loss (GKL ) and the crossentropy

error (CRE) over the test set.

Classi�er3 Platt Tuned Platt Improv. New Improv.

Mushroom

SVM G 0�305(0�0035) 0�243(0�0038) 20�3% 0�234(0�0031) 23�3%

SVM L 0�325(0�0066) 0�296(0�0054) 8�92% 0�223(0�0062) 31�4%

 G 0�297(0�0038) 0�242(0�0029) 18�5% 0�232(0�0034) 21�9%

 L 0�315(0�0072) 0�281(0�0052) 10�8% 0�215(0�0050) 31�7%

Liver

SVM G 0�724(0�0053) 0�655(0�0028) 9�53% 0�648(0�0025) 10�5%

SVM L 0�663(0�0051) 0�647(0�0031) 2�41% 0�635(0�0021) 4�22%

 G 0�690(0�0021) 0�650(0�0019) 5�80% 0�643(0�0017) 6�81%

 L 0�672(0�0026) 0�665(0�0024) 1�04% 0�628(0�0019) 6�55%

Diabetes

SVM G 0�587(0�0053) 0�542(0�0038) 7�67% 0�536(0�0020) 8�69%

SVM L 0�545(0�0026) 0�526(0�0024) 3�49% 0�526(0�0027) 3v49%

 G 0�591(0�0057) 0�546(0�0041) 7�61% 0�536(0�0021) 9�31%

 L 0�573(0�0028) 0�528(0�0029) 7�85% 0�528(0�0029) 7�85%

Ionosphere

SVM G 0�430(0�0062) 0�242(0�0052) 43�7% 0�250(0�0040) 41�9%

SVM L 0�526(0�0102) 0�383(0�0045) 27�2% 0�384(0�0039) 27�0%

 G 0�469(0�0067) 0�239(0�0046) 49�0% 0�243(0�0048) 48�2%

 L 0�466(0�0089) 0�383(0�0045) 17�8% 0�382(0�0039) 18�0%

3Improv. denotesthe improvements relative to the original Platt method. SVM L and SVM G denote the
support vector machines with linear and Gaussiankernels respectively;  L and  G denote the  -learning
with linear and Gaussiankernelsrespectively.
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Table 4: Benchmark datasets. Averagedvaluesof generalizedKullback-Leibler lossesand

prediction error rates for penalizedlogistic regressionand nearestneighbour and our new

method with  -learningbasedon nondegeneratesimulation replicationswith estimatedstan-

dard errors in parentheses.Tuning is performedas in x3�2 and Wang & Shen(2006). Values

quoted are the generalizedKullback-Leibler loss(GKL ) and the prediction error rate (TE )

over the test set.

CRE for probabilit y estimation TE for classi�cation
Method4

NN PLR New NN PLR New

Mushroom - - 0�215(0�0050) 0�482(0�0008) 0�085(0�0034) 0�065(0�0021)

Liver - 0�665(0�0049) 0�628(0�0019) 0�578(0�0017) 0�335(0�0032) 0�316(0�0034)

Diabetes - 0�553(0�0052) 0�528(0�0029) 0�348(0�0007) 0�252(0�0017) 0�232(0�0021)

Ionosphere - - 0�243(0�0048) 0�642(0�0014) 0�195(0�0033) 0�083(0�0024)

4PLR denotes the penalized logistic regression,NN denotes the method of nearest neighbour and New
denotesour new method.
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Table 5: Leukaemiadataset. Estimated value of generalizedKullback-Leibler lossesfor the

original and tuned Platt methods and our new method with m = 19 basedon a testing set.

Tuning is performedas in x3�2.

Classi�er5 Platt Tuned Platt Improv. New Improv.

SVM L 0�343 0�343 0�00% 0�241 29�7%

 L 0�171 0�171 0�00% 0�133 22�2%

5Improv. denotes the improvements relative to the original Platt method. SVM L denotes the support
vector machines with linear kernel, and  L denotesthe  -learning with linear kernel.
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Figure 1: The solution paths of � 0(� ), w1(� ) and w2(� ) as functions of � in Example 1,
where f̂ � (x) = � 0(� ) + x i 1w1(� ) + x i 2w2(� ) is the minimizer of (3) with a linear kernel.
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