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Summary

Large margin classi ers have provento be e ectivein delivering high predictive accuracy
particularly thosefocusingon the decisionboundariesand bypassingthe requiremen of esti-
mating the classprobability giveninput for discrimination. As a result, theseclassi ers may
not directly yield an estimated classprobability, which is of interest itself. To overcomethis
di cult vy, this article proposesa novel method for estimating the classprobability through
sequetial classi cations, by using featuresof interval estimation of large-marginclassi ers.
The method usessequetial classi cations to bradket the classprobability to yield an esti-
mate up to the desiredlevel of accuracy The method is implemerted for support vector
madinesand -learning, in addition to an estimated Kullback-Leibler lossfor tuning. A
solution path of the method is derived for support vector madines to reduce further its
computational cost. Theoretical and numerical analysesindicate that the method is highly
competitiv e againstalternatives, especially whenthe dimensionof the input greatly exceeds

the samplesize. Finally, an application to leukaemiadata is described.

Some key words.  Function estimation; High dimension and low sample size; Interval estimate;

Tuning; Weighting.



1. Intr oduction

In the statistics literature, classi cation is often treated as a problem of density esti-
mation through regression;that is, the classprobability given input is estimated, yielding
classi cation by thresholding. This practice seemgo underminethe fact that classi cation is
generallyeasierthan regressionpecausehe formeris a problem of interval estimation rather
than a point estimation problem. This is evidert from recer successem large-marginclas-
si cation sud assupport vector machines(Cortes & Vapnik, 1995)and -learning (Shenet
al., 2003),wheremany large-marginclassi ersyield high performanceby focusingdirectly on
classi cation, bypassingthe estimation of the classprobability. Howewer, knowledge about
the classprobability itself may be of signi cant scieri ¢ interest, indicating the strength or
con dence of the outcome of classi cation. In this article, we bridge the gap by estimat-
ing the classprobability through interval estimation in classi cation, allowing a large-margin
classi er to enjoy the capability of regressiorwhile maintaining its high generalizationability
and computational advantage.

In binary classi cation, a decisionfunction f is estimated from a training sampleZ; =

probability distribution P (x;y), whereX; 2 RY is a d-dimensionalinput and the output Y;
is labelled as 1. For any input X, classier signff (x)g estimatesthe label of x. Within

the framework of large-margin classi cation, estimation of the classprobability has been
investigated. Steinwart (2003) and Bartlett & Tewari (2007) show that replacingthe large-
margin loss with some di erentiable loss leads asymptotically to conditional probability
estimation. Platt (1999)assumes sigmoidlink function betweenthe conditional distribution

p(x) = pr(Y = 1jX = x) and a large-marginclassi er f , in the form of

1
1+ expf Af (x) + Bg’

p(x) = 1)



with parametersA and B estimated by minimizing the cross-etropy error. Despite its
empirical successstatistical propertiesof the approad have not yet beeninvestigated. There
is no solid evidencethat the link function specied in () should be usedto estimate p(x)
through f (x). In fact, Lin (2002) shavs that the optimal f (x) estimated by support vector
madinesis signfp(x) 1=2g, which implies that the classi er f might only be concerned
about whether p(x) greaterthan 1=2 or not.

In this article, we estimatep for large-marginclassi erswithout imposingany assumption
on the relationship betweenp and f asin (). It is known that signf f'\(x)g > 0 estimates
signfp(x) 1=2g > O for a large-marginclassi er sign(f") sud as support vector machines
(Lin, 2002). On this basis,we designha sequencef weighted classi cations, correspnding to
are ned partition of [0; 1], to locate the subirterval that cortains p(x) for any xed x. This
approad is illustrated with data of high dimensionbut low samplesize,typical of microarray
experimerts.

The proposedmethod is implemerted for support vector madchinesand -learning. To
eliminate dependenceof the method on a tuning parameter, we proposea method of model
selectionthrough the concept of a covariance penalty (Efron, 2004) and the technique of
data perturbation (Shen & Huang, 2006). Moreover, we derive an e cient solution path
algorithm for the proposedmethod via support vector madinesto reduceits computational
cost. We derive rates of convergenceof the proposedestimator for large-marginclassi cation,
and show in an examplethat the accuracyof probability estimation for -learningis of order
n ¥2(logn)®?, whereasits classi cation accuracyis of order n *(logn)3. This con rms the
aforemenioned phenomenonthat classi cation is usually easierthan density estimation.
Our numerical analysessuggestthat the proposed method is highly competitive against
alternatives.

2. Estima tion

2 1. Large-magin classi ers



A large-marginclassi er minimizesa costfunction in f over a decisionfunction classF :
min n YLyt (xa)g+ I (F); (2)

where J(f ) is a regularization term for penalizing model complexity, > 0 is the degreeof
penalization,and L (z) is a margin lossthat is a function of the functional margin yf (x); for
instance,L(z) = (1 z). is the hinge lossfor support vector maciines,and L(z) = (2)
with (2) =1 sign(z)ifz 1orz< 0,and2(1 z) otherwiseisthe -lossfor -learning
(Shenet al., 2003). A margin lossL(z) is saidto be large-marginif L(z) is nonincreasingin
z, penalizingsmall margin values. In linear classi cation, f is linear; in kernelclassi cation,
f usesa kernel represetation - P L iYiK(xi;x) + o with K(; ) a kernel function. In
the kernel case,J(f) = =7 ., P oy iioYiYioK (Xi; Xi0), and F is a reproducing kernel
Hilbert space(Wahba, 1990)inducedby K ( ; ). The weighted versionof (&) is
" X X #
miFn n' @ ) Lfyf(x)g+ Lfyif (x)g + J (f); )
yi=1 yi= 1
which reducesto () when = 1=2. The lossin (@) permits a treatment of an unequal
number of training samplesor unequal costsfor positive and negative misclassi cationsin
margin classi cation, where ( ;1 ) are the known costs for the negative and positive
classeswith 0 1; seeLin et al. (2002) for a discussion. Minimizing (3) with respect
to f 2 F yieldsf" (x), and thus the classi er signff* (x)g, which is an estimate of the Bayes
rule f (x) = signff (x)gwith f (x) = p(x)
Lemma 1 below constitutes a basisfor our proposedmethod. In (&), whenn! 1 , the

rst componert of (3) approades

E S(Y)LFYf(X)g = E (1 )I(Y = DLFYF(X)g+ I(Y = DLIYE(X)g: (4)



wherel () is the indicator function, and S(Y) is 1 if Y =1,and otherwise.

Lemma 1. With L(z) = (1 2z)+ or (z), minimizing (@) with resgect to f yieldsthe Bayes

rule f (x). Moreover, f (Xx) is nonincreasingin

2 2. Estimation

Our proposedmethod is designedto estimate p(x) at any x with x not necessarilybeing
one of the obsened values. First, we construct a uniform partition of [0; 1] with the two
endpoints 0 and lincluded;that is,0= ;< ,<:::< < g+ = 1forany giveninteger
m > 0 that determinesthe estimation precision. By construction, one and only one of the
subintervals brackets p(x). ldeally, one can usethe monotonicity property of signff (x)g;
seeLemmal, to compute p(x) rapidly at one x-value. Howewer, the monotonicity property
may not hold empirically, and in addition it is desirableto compute p(x) at multiple x-
valuessimultaneously We thereforeexamineoneinterval at a time and train m+ 1 weighted
margin classierswith ;, j = 1;:::;m+ 1, to identify the interval capturing p(x). This
is achieved by cheding if sigrff"j(x)g > 0, forj = 1;:::;m+ 1. Moreover, when the
monotonicity property of sigrff* (x)g doesnot hold for a specic set of data, there exists
1 j msud that signff’ (x)g = 1 but signff",,, (x)g = 1, and hencethat more
than oneinterval capturesp(x). This is especially so when the size of the training sample
is not large. To overcomethis dicult y, wedene = argmax sigr‘i‘l"\j (x)g=1 and

= argmin sign‘f'\j (x)g= 1,with O ; 1. Then the proposedestimate p(x)
isdenedasi( + ).

The proposedestimator p can be computedvia Algorithm 1.

Algorithm 1.

Stepl. Initialize ; = (j 1)=m,forj = 1:::;m+ 1.

Step4. Sort signff'\j(x)g,j = 1;:::;m+ 1,to compute = max | :signff’\j(x)g=
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1; = min | :signff’\j (x)g= 1. The estimatedclassprobability is p(x) = %( + ).

Algorithm 1 is designedfor any large-marginclassi er, including weighted support vector
madines (Lin et al., 2002) and weighted -learning. To train weighted support vector
madines, any software with a quadratic programming routine can be employed. To train
weighted -learning, we follow the technique of Liu, Shen& Wong (2005), who use the
di erence corvex algorithm to solwe the non-corvex optimization problemthrough sequetial
guadratic programming. The idea of the di erence corvex algorithm to decompsea non-
cornvex objective function into a di erence of two corvex functions, and solve the non-corvex
problem by solving sequetial corvex problems. Accordingto Liu, Shen& Wong (2005), the
di erence corvex algorithm is appropriate for the -lossbecauseof its encouraginghumerical
performanceand its fast convergencespeed.

Furthermore, a precisionparameterm needsto be prespeci ed in Algorithm 1, achieving
a trade-o betweenthe precisionof p and the number of weighted classi ersto be trained.
Evidently, a large value of m yields better precision but increasescomputational cost. In
implemertation, it is recommendedthat m = bn'*?c, the largest integer no greater than
n'=2, Our simulation suggestghat this choiceis satisfactory Of course,a data-driven choice
of m can be derived by minimizing an estimated lossfunction, at an expenseof increased
computational cost, as discussecdhext.

3. Estima ting generalized Kullba ck-Leibler loss and tuning
3 1. Estimation of generlized Kullback-Leibler loss
The overall performanceof p in estimating p is evaluated by its closenesgo p in terms

of the generalizedKullback-Leibler loss,

p(X)
A(X)

+f1 p(X)gIogl P(X)

GKL(p;p) = E p(X)log T px) ;

(5)

wherethe expectation is takenwith respectto randomnessn X, which di ers from Kullback-



Leibler lossin that (5) is averagedover a random X that has the samedistribution as

unrelated to P are omitted, is

h i
GKL®(p;p) = E p(X)logfp(X)g+ f1l p(X)glogfl p(X)g) :

SinceEf %(Y + 1)jX g = p(X), the empirical versionof GKL ¢(p;p) is

EGKL(P)= n ' (Y +D)logp(x)+ f1 (v + Dglogfl HX)g i  (6)
i=1
which measureghe goodness-of-t of p. To penalizeover tting in EGKL (p), GKL °(p;p) is
estimatedby choosingthe optimal estimator from a classof candidate estimatorsof the form
EGKL(P) + (B X"), where (p;X") 0Ois a penalty dependingon X" = fX;g',, to be
determinedoptimally by minimizing

h i
E GKLY(pip) FEGKL(D)+ (MX")g : @)

Estimation of the Kullback-Leibler losshas beeninvestigatedin Shen& Huang (2006),
but that of the generalizedKullback-Leibler lossinvolving randominput X hasnot yet been
exploredin the literature. Breiman & Spector (1992) arguedthat ignoring randomnessin

linear regressioncould lead to highly biasedestimation of the prediction error.

Theorem 1. The optimal o(p;X ") that minimizes (7) with resgct to (p; X ") is

X0
o XM =n bt cov[(Y; + 1)=2 fP(Xi)giX"]+ Dn(B;X"); (8)

i=1

h
whee (p) = logit(p) and D, (B;X") = Ef ( p; X")  (p;P)iX "9, V\r/]ith (p:p) = E f1
|

P
p(X)glogf1  p(X)g+ p(X)logp(X) and ( p;p;X") = nt L f1 p(X;)glogfl



B(Xi)g + p(Xi) |09l5(xi)l

In (8), n ! P L cov[(Yi+ 1)=2; fP(X;)gjX "] evaluatesthe accuracyof estimating p from
X", which is a covariance penalty in Efron (2004) and the generalizeddegreesf freedomin
Shené& Huang (2006). The term D,(p; X "), on the other hand, is a correction that adjusts
the e ect of random input X on prediction and needsto be estimated (Breiman & Spector,
1992;Breiman, 1992).

Therefore,we proposeto estimate GKL (p;p) by

X
GRL (p;p) = EGKLE(D)+ n 1 cbv[(Y; + 1)=2 fp(X)giX "]+ Ba(p;X");  (9)
i=1
where cbv and B, are estimators of the covariance and D, respectively. To construct ap-

proximately unbiasedestimatorsfor cov[(Y; + 1)=2; fp(X;)gjX"] and D,(p;X"), we adopt

the technique of data perturbation asin Wang & Shen(2006), as follows.

correspnding label Y; with a certain probability, given the perturbed X;. This generates

perturbations for assessindhe accuracyof probability estimation. To be more precise,for

i=1;::0n, let
8 8
2 . . > . -
Xi with probability 1 Y, with probability 1
X, = ) i p y y = _ i p y (10)
Xi with probability , ©Yi with probability
in which X; is sampledfrom F, 0 listhe sizeof perturbation, andY;  Bif 1, p(X; )g,

with p(X;) an initial probability estimate of E(Y;jX;). Hereand in the sequel,we x to
be 0 5.

Denote respectively by E and cov the conditional expectation and covariance, given



X "=1X,g%;Y" = fYgL,. Then we estimate cov[(Y; + 1)=2; fp(X;)gjX"] by

cov[(Yi + 1)=2 fA(Xi)giX"] = cov [(Y; + 1)=2 fp(X;)giX "I, (11)

1
KTYi;p(X;)g
with p obtained by applying the proposedprobability estimation method to fX;;Y; gL, ,
and

fY, pxX,)g® .
pX;)fL  p(X;)g

KM:pXi)= + 1 )

Meanwhile D, (X "; p) is estimated by
Da(@:X") =E (mp:X ") (mp:XN)X " (12)

With (11) and (12), we obtain GRLC(p;p) in (9), which canbe computedby Monte Carlo
appraximations. First, generateD perturbed samplesX " = fX,'gl, accordingto (10) for

| = 1;:::;D. Secondly for ead samplef X, 'g,, generateD perturbed samplesfY, Mg,

compute

v (Y, + D=2 10 (X )aX "= oprr 18X ety ™ Y,

+ 1)=2;

I;m=1
in which p'™ is computed by applying the proposed probability estimation method to
P
fX, Y 'mgL,, and Y, = 2 :D;m=1 Y, '™ Now (11) and (12) are appraximated by the

correspnding Monte Carlo appraximation; that is,

—_. H n 1 >@ 1 m m .
OV D2 TP 3521y Kiveax g FpImX Def(Y; '™ Y )+ 1g;
| (13)
X .
Bn(B:XM 1 57— (p:p™ X ™ (pp'™X") (14)
I;m=1



By the law of large numbers, (13) and (14) convergeto (11) and (12) respectively, as
D! 1. In practice, we recommendD to be at least bn'*?c to ensurethe precisionof the
Monte Carlo appraximation. Plugging (13) and (14) into (9), we obtain the nal estimate
of GKL ¢(p; p).

3 2. Tuning

The performanceof p dependson , and henceoptimal selectionof becomesmportant;
herep is written asp to indicate its dependenceon . Minimization of (9) over the range
of > 0 yieldsthe optimal , denotedby ".

Conditions 1-3 concernoptimality of selecting through(9). They are analogouso those
in Wang & Shen(2006) but di erent in that consistencyis not required here.

Condition 1. For any positive integersm, n and some > 0, E supj (p ;X")j< +1 .

Condition 2. In probability, rT!llrln nI!ilm sup jGKL (p;p )=EfGKL(2[;(;)b))g 1j= 0.

Condition 3. For any positive integersm and n, inf Ef GKL (p;p )g> 0.

Theorem 2. Under Conditions 1-3, for ™ the minimizer of (9), we have

m;Iri]r!r11 l!irEL GKL(p;;f)A):O<i£1f1 GKL(p;p) =1

Theorem 2 says that the ideal optimal performanceinfo<< 1 GKL (p;p ) canbe realized
by GKL (p;p~) when ! 0+ andm;n! 1 . Also, the proposedtuning method is optimal
against other tuning methods in terms of the generalizedKullback-Leibler loss.

4. Solution path for support vector machines

This sectiondewelopsa solution path algorithm for support vector madinesto facilitate
computation. One direct benet of the algorithm is that, given an initial solution for the
path algorithm, the m support vector machines classi ers with di erent weighs in Step 2
there can be trained at essetially the samecost of training one support vector macines

classi er. Our solution path algorithm heredi ers from that of Hastie et al. (2004)in that

10



it is with respectto instead of

To derive the solution path of (3) asa function of , we expressthe solution of (3) with
L(z) = (1 2)- asf’\(x) = o+ (n) 1P in=1 i( )YiK (x; xi) by the reproducing kernel
Hilbert spacerepresetation theorem of Kimeldorf & Wahba (1971). As is to be seen,
()= (1();:::; n( )" is piecewiselinear in  for any xed value of , where |
i( ) 2 [0;S(y;)] with S(y;) = 1 if y = 1and S(y;) = otherwise. On this basis, we
derive an e cien t algorithm for computing an exact solution path of ( ), thusof f* (x), for
0< <1

Before deriving an algorithm for computing the solution path, we rewrite (3) as, after
introducing slak variables i, i = 1;:::;n, as

X 1
”1'” S(yi) i + o TKy (15)

subject to 1  vyif (X;) i and 0,i = 1;:::;n, whereKy isann n matrix with
its (i;i°) elemen y;y;joK (xi;Xi0). Then (15) yields a primal function Lo P TSy i+
2n) ' TK, + Pi"zl f1 vif(x) g Pi"zl i i;with ;  Oand ; 0 Lagrange

multipliers. Setting the derivativesof L, to be zero, we obtain

@p @, * @p
— 0= = iVi=0; — 1 i=3S(i) i (16)

@ @o ., @

with the Karush-Kuhn-Tucker conditions

if1 yf(xi)) i9=0, ;=0 (17)
From (16), O i @@ )ifyy=21and0 i if yy = 1, because; O for
i = 1;::::n, implying that (1) yif (x))> 1) =0, i=0;(2vVyf(x))<1) 60 ;=0,
i = S(yi);and Q) yif (xi)=1) =0, ;2][0;S(yi)].- Notethat ;= ;forall0 1.

11



Following an idea of Hastie et al. (2004), we de ne three setsto track the solution path
in  basedon precedingrelationships: E = fi : yif (x;) = 1,0 i S(Yi)g represets an
elbow; L = fi :yif (xj) < 1; { = S(y;)g represets left of the elbow; and R = fi : y;f (x;) >
1, = Og represets right of the elbow. For L and R, ; remainsknown for their elemens.
Therefore,the algorithm will focuson points resting at the elbow E.

For our path algorithm, a valueof nearthe origin is initialized to computethe solution
of () through Algorithm 1, and then the value of increasesoward 1. As increases,
points move from left of the elbow to the right of the elbow or vice versa. In this process,
their correspnding ;'s changefrom S(y;) towards O, implying that the points must linger
on the elbow by cortinuity while their ;'s changefrom S(y;) to 0.

The algorithm thus tracks the elemens in E, satisfying y;if (x;) = 1 with ; 2 [0; S(y;)].
As increases,when one elemen beginsto change,an ewvert occurs. Sud an ewernt can
be categorizedas follows: an elemen from L hasjust ertered into E with ; to be initially
S(y;); an elemen from R hasjust entered into E with ; to be initially 0; and an eleme(s)
from E has/have just left E to join either L or R.

In what follows, we use the subscript * to index the precedingsetsE', L' and R', as
well as parameter and function values( ;; ,; ) and f , immediately after the “th evert
has occurred. For corvenience,write o = n o and 0 = n 0 Note that f (x) =

P \ \
) o+ L iviKXx)). Then,for < < 1

. . 1 ( . X . ) .
f(x) = f(x) f(x) +f (x)= o o o T | i YiK(xx) +f (x)
1 ( . X . ) ':ll X . .
= o oo+ (i VKX x) . ( YK (X %) + f (x);

i2E i2L "

where the secondequality usesthe fact that the ;'s are xed for elemens in R and are

either (1 ) or for elemens in L , and all elemerts remain in their respective sets. Let

12



jEj = ng. Then, for any elemen k staying in E ,

n o oo T i DYIKXkXi) P ( YK (X Xi) + yif (X)) = L
i2E" oL
Y P P \
This implies that  oyx + o iVKYiIK (Xik; Xi) = ( Wk o K(Xk;Xi), forall k 2 E
_ . . P o~
with ;= ( i)and o= ( o o )- BY (16), & i¥i = ( )n_. Thus we solwe

a systemof ng + 1 linear equationsinvolving the nc + 1 unknown variables ; and .
Let K, bean ng  ng matrix with its ertries y,yiK (Xi;Xi) for i; k 2 E, let yg be the
vector with componerts yi;k 2 E, let  be a vector with componerts ; fori 2 E , and let

. P .
K, be a vector with componerts yx  ;, - K(Xk;Xi);k 2 E. Then
e+t Ky =( Ky Ye=( ne (18)

To simplify (18) further, we let
0 1

Then equationsin (18) canbe combinedto beK, = ( ‘)Ky. If K, hasfull rank, de ne

b = (K,) 'K, to yield
o = o *( Db = +( )b foralli2E: (19)
Thus,for < < *l the ;and , proceedlinearly in . Also,
FO) =1 (x)+ ( Dh (%); (20)

whereh (x) = (n ) * ky+ i i2e BYIK(X;Xi) i i KX Xi)

13



Given -, (19 and (20) permit computationof -,;, the at which the next event occurs.
This will be the smallest greaterthan - sud that either ; fori 2 E readesS(y;) or 0,
or oneof the elemeits in R or L readesthe elbow. The latter evert occursfor elemen X
when = +f1 vyf (x)ofych (x)g *, forallk 2 R [ L . Termination occurswhen
hasbecomesu cien tly closeto 1.

5. Numerical resul ts
51. Preamble

This sectionexaminesthe e ectivenessf the proposedmethod, and comparest to some
popular competitors, mainly the Platt method (Platt, 1999), penalizedlogistic regression
and the nearestneighbour method, although these methods may have di erent objectives.
A primary comparisonis madewith respect to accuracyof probability estimation. Howe\er,
when a method is suited to classi cation, its accuracy with respect to the generalization
error is examinedas well.

In simulated examples,the generalizedKullback-Leibler loss over a test set is used for
ewvaluating probability estimation when the true p is known. In bendimark exampleswhen

p is unknown, the crossenropy error over a test setis used,de ned as

1 X h

CRE(P) = # ftest selgt

Lws y)logtpx)g+ 2@ ylogf1 p0u)g |
est set
where# f Ag is the cardinality of setA.
5 2. Simulation

The proposedmethod is examinedfor support vector maciines and -learning in the
linear and Gaussiankernel caseswhere support vector madinesare trained using the svm
routine in padkageelO071of R211and -learningis carriedout asin Liu et al. (2005)based
on the di erence corvex algorithm. For penalizedlogistic regression training is performed

through routine StepPIrin R2 1 1. For the nearestneighbour method, it is implemerted as

14



in R211.
For our method, the Platt method and penalizedlogistic regressionwe seekthe optimal
by minimizing (9) through a grid seart over interval [10 3;10°] with ten equally-spaced
points in ead interval (10;10*]; j = 3;:::;2. For Gaussiankernel support vector
madines, is setto be the median distance between the positive and negative classes
(Jaakkola et al., 1999), because plays a similar role to that of 2 and it is easierto
optimize with respectto  with 2 xed. For the nearestneighbour method, we examine

methods basedon 4, 9, 16, 25 nearestneighbours and report the best performance.

Example 1. Data f(Xi1;Xi2;Y;); i = 1;:::;100Q are generatedas follows. First,
f(Xi1; Xi2); i = 1;:::;,100Q are sampledfrom the uniform distribution over a unit disk
f(X1;Xp) @ X2+ X2 19 Next, wesetY, = 1if X;; OandY, = 1 otherwise,

i = 1;:::;n. Finally, we randomly choose 20% of the sampleand ip their labelsto gen-
erate the nonseparablecase. This yields the rst simulated example,in which 100 and 900

randomly selectedcasesare usedfor training and testing, respectively.

randomly assign 1 to fY;; i = 1;:::;100@ with equal probability. Next, we generate
Xiy from the uniform distribution over [0;2 ], and set X, = Y;fsin(X;;) + 1+ Z;g, where
Z; N(0;01?). This yieldsthe secondsimulated examplewith 100randomly selectedcases
usedfor training and the remaining 900 for testing.

With regardto probability estimation, the value of generalizedullback-Leibler lossin (5)
is averagedover 100 simulation replications. Unfortunately, howewer, for penalizedlogistic
regressionand the nearestneighbour method, the value of generalizedKullback-Leibler is
in nit y when the estimated probability becomesexactly 0 or 1. To overcomethis di cult vy,
we averageover only 66 nondegeneratereplications for penalized logistic regression,and
leave a blank for the nearestneighbour method in Example 2 in the caseof nondegenerate

replications. With regardto classi cation, the test error is usedto measurethe performance,
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averagedover nondegenerateeplications. Finally, the value of crossentropy error is given
to seehow well the crossertropy error estimatesthe generalizedKullback-Leibler loss. The

simulation results are summarizedin Tables1 and 2.

Tables1 and 2 about here

Our method outperformsthe original and tuned forms of Platt method, in all the exam-
pleswith the linear and Gaussiankernels. The amourt of improvemen of our method over
the original Platt method rangesfrom 2 58%to 9 14%. In addition, our method outperforms
the nearestneighbour method in probability estimation as well asin classi cation, and it
outperforms penalizedlogistic regressionin classi cation but yields a comparable perfor-
mancein probability estimation. This says that a method sud as support vector madcines
or -learning that targets classi cation is able to achieve the performanceof penalizedlo-
gistic regressionwhich is designedfor probability estimation. Also, it seemghat the value

of generalizedKullback-Leibler lossis reasonablywell estimated by the crossertropy error.

Figure 1 about here

Finally, Figure 1 illustrates the piecewise-linearsolution paths of the coe cien ts of the
linearly weighted support vector machinesin Example 1. Interestingly, there appear to be
two roughly at regionsof the coe cients for in [0,02] and [08,1]. The correspnding
solutions " (x) are appraximately 1 and -1 for  in [0,02] and [0 8,1], respectively. This is
becausethe true conditional probability in Example 1 is either 0 2 or 0 8.

5 3. Benchmarksdatasets

We now examine four bendimark examples,called Liver, Mushroom, lonosphereand
Diabetes and available from the University of California at Irvine repository of madine
learning databasesat http://www.ics.uci.edu/ ~mlearn/MLRepository.html. In ead exam-

ple, we randomly choose 100 casedor training and the remainderfor testing.
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For ead pair of training and testing sets, tuning is conductedover for eat method,
using the samegrid over the interval [10 3;10°] as in the simulated examples. For the
Gaussiankernel case, is setto be the median distance betweenthe positive and negative
classes.Moreover, the original Platt method and the tuned Platt method are computedto
illustrate that Platt's original proposal can be further enhancedby tuning.

The value of generalizedKullback-Leibler loss as estimated by the crossenropy error,

averagedover 100 simulation replicates,is usedfor evaluation.

Tables3 and 4 about here

As suggestedby Table 3, our method outperformsthe Platt method in all casesexcept
in the lonosphereexample. The improvemen of our method over the original Platt method
rangesfrom 349% to 482%. On average, the improvemen is more substartial for the
Gaussiankernelcasethan for the linear case. The performanceof our method with  -learning
appearsto be slightly better than that of support vector macines. This indicatesthat the
better classi cation performancein theseexamplestranslatesinto better estimation of the
classprobability. Furthermore, the tuned Platt method yields uniformly better performance
than the original Platt method, with improvemen ranging from 1 04%to 490%. Table 4
shows that our method with  -learning outperforms both nearestneighbour method and
penalizedlogistic regressionin classi cation and probability estimation in theseexamples.

6. An applica tion to micr oarra y data

This sectionappliesthe proposedmethod to DNA microarray data concerningdiagnosisof
leukaemia (Golub et al., 1999)available at http://www.broad.mit.edu /cgi-bi n/cancer/
datasets.cgi . This data set consistsof 72 patients with 7,129 genesexpressedor ead
patient. Through patients' geneexpressionstwo typesof acute leukaemiaare discriminated,
acute myeloid leukaemiaand acute lymphoblastic leukaemia.

Clearly, the number of genesgreatly exceedsthe sample size, which is typical for mi-

croarray data. As a result, convertional methods can not handle data of this type without
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the removal of some ‘irrelevant' genesbefore discrimination; seeGolub et al. (1999) for
a prescreeninganalysis, and Guyon et al. (2002) and Guyon & Elisse (2003) for feature
selection.

For discrimination, we apply linear support vector maciinesand -learningto all 7129
genesfor three reasons. First, support vector machinesand -learning are capableof pro-
cessingsud data e ciently becauseof the usageof dual forms (Vapnik, 1998;Liu et al.,
2005), whereasa corvertional method can not do so. Secondly prescreeningdoesnot take
into accoun the joint behaviour of genes. Thirdly, linear classi cation appears adequate
here (Guyon et al., 2002).

To crossvalidate the performanceof classi cation and probability estimation, we split the
datasetinto atraining setof 38 patients and a test setof 34 patients. For the training and test
sets,11 and 27 patients, and 14 and 20 patients su ered acute myeloid leukaemiaand acute
lymphoblastic leukaemia, respectively. The accuracyof classi cation is measuredby the test
error, where the accuracyof probability estimation is measuredby the estimated value of
generalizedKullback-Leibler loss. Note that we do not include penalizedlogistic regression
and the nearest neighbour method in this example since both of them yield degenerate

estimatesin this high dimensionalexample.

Table 5 about here

For this dataset, support vector macines misclassifytwo samples,which is in cortrast
to onemisclassi edsamplefor -learning. To seethe strength of prediction, we computethe
classprobability at eat obsened input value in the test set. For support vector madines
and -learning, an estimated classprobability of having acute myeloid leukaemiafor ead
patient is near 0 975, exceptfor patients 60 and 66, who are wrongly classi ed by support
vector madines with estimated probabilities of 0 025 for them, and for patient 66, who is
wrongly classi edby -learningwith an estimatedprobability of 0 025. This indicatesstrong

con dence of the cancerdiscrimination.
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We now examinethe overall performanceof our method and the Platt method in support
vector madchinesand -learning. As indicated in Table 5, our proposedmethod yields a more
accurate classprobability estimate than the Platt method in terms of the estimated gener-
alized Kullback-Leibler loss. The amourt of improvemen of our method over the original
Platt method is 29 7% for support vector madines and 22 2% for -learning. Moreover,

-learning yields better performancethan support vector madinesin all cases.

In summary our method appearsto perform well in this “high dimensionbut low sample
size'situation. In cortrast, the Platt method deterioratessubstantially, partly becausethe
link function (1) breaksdown.

7. Asymptotic theor y

In literature, fast corvergencerates have beenderived under various conditions for -
learning (Shenet al., 2003)and for support vector madines;seeSteirwart & Scwel (2007),
an unpublished manuscript by G. Blanchard, O. Bousquet, P. Massart and an unpublished
University of Leidentechnical report by B. Tarigan, & S.van de Geer. Howewer, asymptotic
results about probability estimation for margin classi cation remain unavailable.

This sectiondewelopsa novel theory for the proposedprobability estimator p asmeasured
by the Li-norm kp pky = Ejp(X) p(X)j, in terms of the tuning parameter , the
complexity of F and (m;n), whereF is the classof candidate functions and is allowed to
depend on n. Herethe generalizedKullback-Leibler lossis not consideredbecausdt su ers
from the di cult y of degeneracywhenp = 0 or 1, thus requiring strongerassumptions.

Letey(f;f )= EfV(f;Z) V(f ;Z)gwith V(f;z) = S(y)Lfyf (x)gaweighted margin
lossde ned in (3). The following assumptionsare made.

Assumption 1. (Approximation error) For somepositive sequencesud that s, ! 0 as
n! 1, thereexistsf 2 F sudthat e,(f ;f ) s,.

Assumption 1 is analogousto Assumption A in Shenet al. (2003), and ensuresthat the

Bayesrule f is well appraximated by F.
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De ne atruncated V by VT (f;z) = V(f;2) if V(f;z) T andVT(f;z) = T otherwise
for any f 2 F and sometruncation constart T sud that maxtV(f ;z);V(f ;2)g T
almost surely and ey~ (f;f )= EfVT(f;Z) V({ ;2Z)g.

Assumption 2. (Conversion formula) There exist constarts 0 <1,0 1,

a; > 0 and a, > 0 sud that, for any su ciently small > 0,

sup ksignf) sign(f )k a (21)

ff2F:e,7(fif ) g
sup varfVT(f;Z) V(f ;Z)g a, (22)

ff2F: e, r(fif ) g
Assumption 2 descrites local smoothnessof ksignf) sign( )k, and varf VT (f;Z)
V(f ;Z)gwithin a neighbourhood of f . The exponerts and dependon the joint distri-
bution of (X;Y). The mean-wariancerelationship hereis implied by Tsybakov's assumption
(Tsybakov, 2004),and thus is wealer (Shen& Wang, 2006). A similar assumptionhasbeen
usedin Shen& Wong (1994)in quartifying the rates of convergencefor function estimation.
Next, we de ne the L,-metric entropy with bradketing that measureshe cardinality of
F. Givenany > 0,dene f(f;f%)gM_, to bean -bradketing function setof F if for any
f 2 F,thereexistsanmsudithat | f fYandkf! fUk, form=1;:::;M. Then
the L ,-metric entropy with bracketing Hg ( ; F) is de ned asthe logarithm of the cardinality
of the smallest -bracketing function setof F. Let FV(k) = fVT(f;z) V(f ;2):f 2 F(k)g,
F(ky=ff 2F :J(f) kg, J(f) = %kf k2 andJ = maxfJ(f );1g.

sup (n;k)  asn'? (23)
k 2
Ri=2, - . _
where (;k) = affL ) H%fw; FV(k)gdw=L, and L = L(; ; k) = minf 2+ (k=2

1)J ;1g.
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Theorem 3. Under Assumptions1-3, for the estimator p obtained from Algorithm 1, there
existsa constant ag > 0 suchthat

1 1
prokp pki o+ Ja(m+ 1) g 35expf an(J )? o

provided that * 4 23 , whee 2= minfmax(32;s,);1g.

Corollary 1. Under the assumptionsin Theorem 3,
1 2 1 2
kp pki= Op E+a1(m+1)n ; EKp pky= 0O E+a1(m+1)n ;

provided that n(J )? is boundel awayfrom 0.

Theorem 3 and Corollary 1 provide probability and risk boundsfor kp  pk;. They also
suggestthe ideal m to be of order O( ,, ), yielding the fast rate of O( ) for EKp  pkj.

To illustrate the phenomenonmertioned in x1, considernonlinear classi cation by -
learning with the Gaussiankernelin Example 1. There X = (Xq; X5) is sampledfrom the
uniform distribution over the unit disk f (X1;X3) : X2+ X2 1g, and pr(Y = 1jX) = 08
if X; 0andO0 2 otherwise. In this example,the candidate function classF is ff : f (x) =
P T, iK(Xi;x) + by with Gaussiankernel K (s;t) = exp( k s tk?= ?).

To apply Corollary 1, we verify Assumptions1-3. For Assumption 1, note that F is rich
for su cien tly largen in that, for any cortinuousfunction f , there existsa f~2 F sud that
kf kg 2 (Steinwart, 2001). This implies that there exists a function f~ 2 F sudh
that kf ~ky 2 Choosef = f~ 2 F. Thenksignf ) sign(f )k, = 2prfsign(~) 6
sign(f )g  2pr(jf | 2) 42 where , is de ned below. By construction of f , there
existsa constart ¢c; > Osud that e, (f ;f ) EjV(f ;Z) V(I ;2)] ¢ 2.

For (21) in Assumption2, wehavethat jf j=jp(x) j minfi 02;j 08g> and
e (f;f )= EfI(f;Z) I(f ;Z)g= Ejf jjsign(f ) sign(f)j Ejsign(f ) sign()jl (jf j
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) = Ejsign(f ) sign(f)j with I(f;z) = S(y)f1 sign(yf (x))g for a su ciently small
constart 0 < < minfj 02;] 08jg. Thus, Ejsign(f) sign(f )j le (f;f )
ey (f;f ), implying (21) with = 1. For (22) in Assumption 2, by the triangle inequality,
varf VT (f;Z) V( ;Z)g TEjVT(f;Z) V({ ;2)j T( 1+ »),where ;= Ejl(f;2)
V(f ;Z)j = EjS(Y)jjsign(f) sign(f )j ksign(f) sign(f )k eyt (f;f ), and
,=EfVT(f;Z2) I(f;Z)g= EfVT(f;Z) V(f ;Z)g+EfI(f ;Z) I(f;Z)g 2e,+(f;f ).
Therefore(22) holdswith = 1.

By Lemma Al, we have that Hgf ; FV(k)g  O[flog(k=)g’] for any k. Further-
more, let 1(; k) = asflog(1=L"?)g*>?=L"2 with L = L(; ; k). Solving (23 yields , =
fn (logn)®g*? whenCy,=J, ,%n ! (logn) 3.

By Corollary 1, Ekp pky = O £+ a(m+ 1)n *(logn)® . This also implies that
Ekp pki= O n *(logn)®>? with achoiceof m = n**?(logn)3=2.

In summary, a fast rate n **2(logn)3* is realized by our proposedestimator p, whereas
the classi cation accuracy of -learning as measuredby the generalization error in this
exampleis of order n *(logn)® (Liu & Shen,2006). This con rms our discussionin Xx1.
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Appendix
Proofs
Proof of Lemmal. We rst shav the caseof L(z) = (1 z).. The minimizer f\(x) must
take valuesin [ 1;+1], sinceES(Y)LfYf(X)g ES(Y)LfYf ;(X)gwith f ; =f when
jfj landf ;= sign(f) otherwise. When f (x) takesvaluesin [ 1;+1], f1 Yf(X)g: =
1 Yf(X). Thus minimization of (4) becomesmin; ES(Y)f1 Yf(X)g = ES(Y)
max E[EfS(Y)Y X df (X)]. Furthermore, EfS(Y)YjXg = pr(Y = 1jX)(1 ) f1l
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pr(Y = 1jX)g = pr(Y = 1jX) , yielding the minimizer of (4) to be signf pr(Y
Ix) g

For the caseof L(z) = (z), notethat mins ES(Y)[1 Y signff (X)g] yieldssignf pr(Y
1jX) g following the sameargumert asin caseof L(z) = (1 z).. The desiredresult
follows becauseES(Y) fYf(X)g ES(Y)[1 Y signff(X)glandES(Y) [Y signfpr(Y =
1jX) gl = ES(Y)[1 Y signfpr(Y = 1jX) al.

Proof of Theorem 1. It is easyto show that minimizing (7) with respect to yields that

(B; XM = EfGKLS(p;P)jX"g EfEGKL (p)jX "g, which can be simplied to

E Elogil p(X) _PX) - |
g EpX)logy 50X X E n logf 1 P(Xi)g
i=1 ”
BXi) X BX)  on
n 1i=l PXi)log 3=y 1 1i=1 5+ 1) pXi) logg—=ra X
_ 1t 1 e POXD) o s
= n 1i:1 cov E(Yi"' 1),|09m +E (B X") (p; PjX

where ( p;p) and ( p;P; X") areasde ned in x3 1.

Proof of Theorem 2. The proof is similar to that of Theorem2 in Wang & Shen(2006), and
thus is omitted.

Proof of Theorem 3. We rst introduce somenotation. Let n ! P " ®(f;Z) be the pe-
nalized cost function to be minimized with ¥(f;z) = V(f;2) + J (f), and €7(f;2) =
VT(f;z)+ J (f). Wealsode ne the scaledempirical processE.f€T(f;Z) ®(f ;Z)g, as
nttn, th(f;zi) O 1z) ENOT(:Z) O(f 5209 = EVT(1Z) V(T D)

It follows from the de nition of f* andVT V that

#
X0
prier(f5f ) 29 pr sup nl @@ ;z) ®¢f;z)g O
"e\/T(f;f ) % i=1 #
pr sup nt f@(Ff ;z) €'(f;Zd)g 0 =

ey (it )

=1\

i=1
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wherepr denotesthe outer probability measure.

To bound , we partition ff 2 F : ey (f;f ) 2g into a union of Ag, with Agy =
ff2F 212 e (f;f)<2222213 J(f)<2JgandAgo=ff 2F 212
evr(f;f )< 28 2:3(f)<J g,fors;t = 1;2;:::. Thenit su ces to boundthe correspnding
probability over ead As. Towardsthis end, we needto bound the rst and secondmomert
of 7 (f;Z) ©(f ;Z) overf 2 As;. Without lossof generality, assumethat 4s, < 2 < 1,
J(f ) 1,andthusd = maxfJ(f );1g= J(f ).

For the rst momert, usingthe assumptionthat J (f ) 2=2, we have that

Ln_f Ef@T(f;2) @ ;2Z)g M(s;t)= 2522+ (201 1)J(Ff );

inf Ef@T(f:2) ©( :2)g (251 34)2 M(s00= 232

forany s;t=1;2;::..
For the se%ondmomert, it follows from Assumption 2 and the fact that varf V' (f;Z)
[

V(I ;Z)g 2 varfVvVT(f;Zz) V({ ;Z)g+varfVT(f ;Z) V(f ;Z)g that

supvarf 8T(f;Z) ©(f :Z)g= supvarfVT(f;Z) V({ ;Z)g asM(s;t) = v3(s;t);
As;t Asit
for any s;t = 1;2;::: and someconstart az > 0.
: : P
Now we obtain 1t 2, with 1= [ prisup, Enf®7(f;2Z) 9(f ;Z)g
P
M(s;t)]and , = gzl pr [sups,, Enf®7(f;Z) ®(f ;Z)g M(s;0)]. Next we bound ;

and , separatelyusing Theorem3 of Shen& Wong (1994). For ;, we verify the conditions

RaM (sit)
v(s;t)

(4 5)-(4 7) there. Using the fact that Hézsz; FV(2")gdw=M (s;t) is nonincreasing

in sand M (s;t) for s= 1;:::, we have
yA aM (s;t) yA azM (1;t) =2

Hg “fw; FY(2")gdw=M (s;1) Hg “fw; FY(2)gdw=M (1;t)  (n;2);

v(s;t) aM (1;t)
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with a = 2a, . Then Assumption 3 implies (4 5)-(4 7) in Shen& Wong (1994)with = 1=2,
the choicesof M (s;t) and v(s;t) and someconstaris a; > 0 for i = 3;4. It follows from

Theorem 3 of Shen& Wong (1994) that, for someconstart 0< < 1,

R (1 )NM2(s:t) X
’ . 2

1 N 3exp 2Fav2(s:T) + M (s:0)T=3g N 3exp anfM(s;t)g

s;t=1 s;t=1

s

3exp agnf2s 12+ (21 1) ¢
s;t=1
3exp agn(J )2 =1 exgf an(J ) g’:

Similarly, , 3expf agn(J )2 g1 expf agn(J )? g]°. Combining the boundsfor
= L2 wehave 2 (5=2+ ¥)expf asn(J )2 g Then = prieyr(f ;f)
2g 35expf agn(J )? gbecause 2 1. It follows from (21) that

prik sign(f*) sign(f )k; a 2 g 35expf an(J )’ g (24)

Next we establisha connectionbetweenkp pk, and ksign ) sign( )k,. Forj =

L:iym+ 1, let = fx:sign(f" (x)) 6 sign( | (x))g. Then ksign@",) sign(f )k, =
S
2E1( ). It canbeshawnthat 2EI( ;) a 2;j = L::;;m+1 El T4,
I(m+ 1)a; 2 . Moreover, fx : jp(X) p(X)j  5~g implies that fx : j j >
Zorp(x)2[ ; Jgandfx:] j> T orp(x)2[ ; ]goccursonly if there is some
1 j m+ 1sud that sigrﬂ’\j (x)g 6 signff  (x)g. To be specic, we have J.m;f 4
X j>>orp(x)2[ ; 1] X1jp(x) p(X)j 5= = B. Therefore,
( ! )
T+1 1 ,
El 4 é(m + L)ay ;
j=1
1 1 1
EIB) Sm+lay K pha o+ a(m Day
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Finally, prikp  pki o=+ 2(m+ L)a, 2 g prfoj : ksign(,) signf ki & 2 g.

The desiredresult follows from (24).

LemmaAl. Under the assumptionsin x7, we haveHgf ; FV(k)g Ol[flog(k=)gq].

Proof: From the result of Example 4 in Zhou (2002),H, f ; F(k)g  Oflog(k=)3g under
the Ly metric, kf k; = sup.gr:jf (X)j. Note that, for functions f; and f,, kVT(f; )
VT(fu; ko kfy  fyuka kf;  fuky, implying that Hgf ; FV(k)g Hif;F(k)g. The

desiredresult then follows.
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Table 1: Simulation study. Averagedtrue and estimated values of generalizedKullback-
Leibler lossfor the original and tuned Platt methods and our new method basedon 100
simulation with estimated standard errors in parertheses. Tuning is performedasin x3 2.
Values quoted are the true generalizedKullback-Leibler loss (GKL) and the crossertropy

(CRE) error over the test set.

Platt Tuned Platt New method
Classier?
GKL CRE GKL CRE Improv. GKL CRE Improv.
Example 1

SVM .G 0581 0548 0569 0547 206% 0566 0540 258%

(0 0028) (00027)| (00015) (0 0015) (0 0014) (0 0013)
SVM L 0587 0553 0585 0551 0 34% 0570 0547 290%
(0 0014) (00014)| (00013) (00013) (0 0015) (0 0017)
G 0582 0551 0569 0549 223% 0562 0539 344%
(0 0031) (00029)| (00015) (0 0015) (0 0015) (0 0014)
L 0586 0553 0584 0550 034% 0561 0536 427%
(0 0014) (00013)| (00013) (0 0013) (0 0015) (0 0018)
Example 2

SVM .G 0158 0154 0153 0150 316% 0153 0148 316%

(00016) (0 0014) | (0 0013) (0 0013) (00010) (0 0010)

SVM L 0172 0173 | 0171 0171 058% | 0160 0158  680%
(00010) (0 0010) | (0 0009) (0 0009) (0 0009) (0 0009)

G 0167 0163 | 0157 0154 599% | 0153 0151  838%
(00024) (0 0026) | (0 0015) (0 0015) (00018) (0 0019)

L 0175 0174 | 0171 0170 229% | 0159 0157  914%
(00018) (0 0019) | (0 0010) (0 0010) (00014) (0 0015)

Yimprov. denotesthe improvemerts relative to the original Platt method. svm L and svMm _G denote the
support vector machines with linear and Gaussiankernelsrespectively; _L and _G denotethe -learning
with linear and Gaussiankernelsrespectively.
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Table 2: Simulation study. Averagedvaluesof generalizedKullback-Leibler lossesand pre-
diction error ratesfor penalizedlogistic regressiorand nearestneighbour and our newmethod
with  -learning basedon 66 simulation replicationswith estimatedstandard errorsin paren-
theses. Tuning is performedasin x3 2 and Wang & Shen (2006). Values quoted are the

generalizedKullback-Leibler loss(GKL ) and the prediction error rate (TE) over the test set.

GKL for probability estimation TE for classi cation

Method?
NN PLR New NN PLR New

Examplel | 0582 0579 0552 | 0232 0258 0217
(00014) (00021) (00010) | (00015) (00053) (0 0021)
Example 2 - 0138 0149 | 0089 0075 0069

- (00024) (0 0013) | (00020) (00018) (0 0014)

2pLR denotesthe penalized logistic regression,NN denotes the method of nearest neighbour and New
denotesour new method.
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Table 3: Bendimark datasets. Averagedtrue and estimated valuesof generalizedKullback-
Leibler lossfor the original and tuned Platt methods and our new method basedon 100
simulation with estimated standard errors in parertheses. Tuning is performedasin x3 2.
Values quoted are the true generalizedKullback-Leibler loss (GKL) and the crossertropy

error (CRE) over the test set.

Classier? Platt Tuned Platt  Improv. New Improv.

Mushroom

SVM_G | 0305(00035) | 0243(00038) 203% | 0234(00031) 233%
SYM_L | 0325(00066) | 0296(00054) 892% | 0223(00062) 314%
G 0297(00038) | 0242(00029) 185% | 0232(00034) 219%
L 0315(00072) | 0281(00052) 108% | 0215(00050) 317%

Liver

SVM_G | 0724(00053) | 0655(00028) 953% | 0648(00025) 105%
SVM_L | 0663(00051) | 0647(00031) 241% | 0635(00021) 422%
G 0690(00021) | 0650(00019) 580% | 0643(00017) 681%
L 0672(00026) | 0665(00024) 104% | 0628(00019) 655%

Diabetes

SVM_G | 0587(00053) | 0542(00038) 767% | 0536(00020) 869%
SVM_L | 0545(00026) | 0526(00024) 349% | 0526(00027) 3v49%
G 0591(00057) | 0546(00041) 761% | 0536(00021) 931%
L 0573(00028) | 0528(00029) 785% | 0528(00029) 7 85%

lonosphee

SYM_G | 0430(00062) | 0242(00052) 437% | 0250(00040) 419%
SVM_L | 0526(00102) | 0383(00045) 272% | 0384(00039) 270%
G 0469(00067) | 0239(00046) 490% | 0243(00048) 482%
L 0466(00089) | 0383(00045) 178% | 0382(00039) 180%

SImprov. denotesthe improvemerts relative to the original Platt method. svM_L and svM _G denote the
support vector machines with linear and Gaussiankernelsrespectively; _L and _G denotethe -learning
with linear and Gaussiankernelsrespectively.
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Table 4. Bendhmark datasets. Averagedvalues of generalizedKullback-Leibler lossesand
prediction error rates for penalizedlogistic regressionand nearestneighbour and our new
method with  -learningbasedon nondegenerateimulation replicationswith estimatedstan-
dard errorsin parertheses.Tuning is performedasin x3 2 and Wang & Shen(2006). Values
guoted are the generalizedKullback-Leibler loss(GKL) and the prediction error rate (TE)

over the test set.

CRE for probability estimation TE for classi cation
Method*
NN PLR New NN PLR New
Mushroom - - 0215(00050) | 0482(00008) 0085(00034) 0065(00021)
Liver - 0665(00049) 0628(00019) | 0578(00017) 0335(00032) 0316(00034)
Diabetes - 0553(00052) 0528(00029) | 0348(00007) 0252(00017) 0232(00021)
lonosphere - - 0243(00048) | 0642(00014) 0195(00033) 0083(00024)

4pLR denotesthe penalized logistic regression,NN denotes the method of nearest neighbour and New
denotesour new method.
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Table 5: Leukaemiadataset. Estimated value of generalizedKullback-Leibler lossesfor the
original and tuned Platt methods and our new method with m = 19 basedon a testing set.

Tuning is performedasin x3 2.

Classier® | Platt | TunedPlatt Improv. New  Improv.

SVM _L 0343 0343 0 00% 0241 297%

L 0171 0171 0 00% 0133 222%

SImprov. denotesthe improvemerts relative to the original Platt method. svm _L denotesthe support
vector machines with linear kernel,and _L denotesthe -learning with linear kernel.
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Figure 1. The solution paths of o( ), wy( ) and wy( ) as functions of

in Example 1,

wheref" (x) = o )+ xj1wi( ) + XipWo( ) is the minimizer of (3) with a linear kernel.
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